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Abstract

The aim of this thesis is to study which polynomials appear as minimal polyno-
mials of integer symmetric matrices. It has been known for a long time that to
be the minimal polynomial of a rational symmetric matrix it is necessary and
sufficient that the polynomial is monic, separable and has only real roots. It
was conjectured by Estes and Guralnick that the equivalent conditions should
hold for integer symmetric matrices.

We present counterexamples to Estes—Guralnick’s conjecture for every de-
gree strictly larger than five. In the process, we construct Salem numbers of
trace —2 for every even degree strictly larger than 22. Furthermore, we settle
the Schur—Siegel-Smyth trace problem for polynomials that appear as minimal

polynomials of integer symmetric matrices or integer oscillatory matrices.
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Notation

We fix the following notation:

C = complex numbers
R = real numbers
R, = positive real numbers
Q = rational numbers
7, = rational integers
Z. = positive rational integers
O = a commutative ring
Mat(Q) = the set of square matrices over O
Mat(n, Q) = the set of n x n matrices over O
Sym(QO) = the set of symmetric matrices over O
Sym(n, Q) = the set of n X n symmetric matrices over O
I,, = the identity matrix of order n
O = the zero matrix
Tr(A) = the trace of a matrix A
A" = the transpose of a matrix A
Xa(z) = the characteristic polynomial of a matrix A
diag(---) = a diagonal matrix
deg(f(x)) = the degree of a polynomial f(x)
| = the restriction of a function

| X | = the cardinality of a set X.



Chapter 1

Introduction

1.1 An overview

Our starting point is an old question (1933) of Lehmer:

Question 1.1.1. [68] Let € > 0. Does there exist a monic f € Z[z]| such that
the absolute value of the product of the roots of f that lie outside of the unit

circle, lies between 1 and 1 + €?

This question was motivated by the search for large prime numbers. In

particular, Lehmer was interested in primes dividing the function

T

Aa(h) = (a2 ~ ).

i=1
where [ € Z[z] is an irreducible monic polynomial of degree r, with roots
aq,...,q.. By picking f = x — 2, we observe that this method generalises the

search of Mersenne primes.

Definition 1.1.2. Let f = ao[[;_,(z — «;) € Z[z]. Then the Mahler mea-
sure of [ is defined as M(f) := |ao| [ [}, max(1,|cy]).

Notice that the Mahler measure respects multiplication, i.e. M(fg) =
M(f)M(g) for f,g € Z[z]. A cyclotomic polynomial is a monic integer poly-
nomial such that all its roots are roots of unity (see Chapter 4). The following

is a well known result of Kronecker:



Theorem 1.1.3. [65] Let f € Z[x] and f # 0. Then M(f) =1 if and only if

f s a cyclotomic polynomial.
Thus in the light of Lehmer’s question there exists the following conjecture:

Conjecture 1.1.4 (Lehmer’s conjecture). There exists € > 0 such that for all

f € Zx]if M(f) <14 € then M(f) = 1.

Over the past 70 years some progress has been achieved in the pursuit of
settling this conjecture. Many special cases of Lehmer’s conjecture have been
proved [101]. One of the best general bounds for the Mahler measure of a

polynomial was given by Dobrowolski:

Theorem 1.1.5. [30] Let f € Z[x] be a nonzero monic polynomial of degree
n. If

M(f) <1+ 1 log logn s
- 1200 logn

then M(f) = 1.

The smallest known Mahler measure of a monic integer polynomial is \y =

M(L) =1.17628..., where
Lz)=2"42" 2" —2%— 2% a2t — P o +1,

which sometimes is known as Lehmer’s polynomial. All but two roots of
this polynomial are on the unit circle. For any such polynomial we can define
the polynomial g € Z[x] such that f(z) = z&@g (m + i) (see Proposition
4.1.5). We say that f is the associated reciprocal polynomial of g. All
roots of the polynomial g are real; moreover all but one is in the interval [—2, 2].

For example, Lehmer’s polynomial is the associated reciprocal polynomial of
2 + ot — 52® — 5a? 4 4x + 3.

Accordingly we shall depart from the general statement of Lehmer’s conjecture

and focus our attention to the monic integer polynomials with all real roots



and their corresponding associated reciprocal polynomials. The central result

motivating this deviation is the following theorem due to McKee and Smyth:

Theorem 1.1.6. [80] Let S be an integer symmetric matriz. Then the Mahler
measure of the associated reciprocal polynomial of the characteristic polynomial

of S is either one or at least \g.

Hence understanding which polynomials appear as characteristic polyno-
mials of integer symmetric matrices is paramount in this case of Lehmer’s
conjecture.

Symmetric matrices play an important role in many areas of mathematics.
In graph theory the adjacency matrix of a simple graph is a (0, 1)-symmetric
matrix, and in number theory quadratic forms have a representation as sym-
metric matrices. Much of what follows will rely on the findings and notions in
these two areas of research.

The question of which polynomials appear as characteristic polynomials of
integer symmetric matrices was studied quite extensively, and yet it is far from
being answered. Much has been contributed by the wide outreach of work of
Taussky [106], Faddeev [35, 36, 37, 38], Bender [10, 11, 12, 13, 14], Shapiro
[92, 93, 94|, and many others [15, 16, 41, 89, 90, 110]. A real symmetric matrix
has only real eigenvalues. By considering diagonal matrices, it is clear that
every real number can appear as an eigenvalue of a real symmetric matrix. If
we restrict to rational symmetric matrices, then linear polynomials are char-
acteristic polynomials of integer symmetric matrices, under the necessary and
sufficient condition that the given polynomial is monic. But even for quadratic

polynomials, it is not sufficient any more to be monic and have real roots.

Example 1.1.7. Let P(z) := z* — p, where p is a prime number. A 2 x 2

(9

symmetric matrix
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has the characteristic polynomial 2> — (a + ¢)z + (ac — b?), where a,b,c € Q.
This polynomial is equal to P(z) if and only if @ = —c and p = a® + b*. But
it is well known that a prime number can be represented as a sum of two
squares of rational numbers if and only if p is 2 or p =1 (mod 4). Therefore,
there exist infinitely many monic rational polynomials that have all real roots,
but are not characteristic polynomials of rational symmetric matrices. For
example, 2% — 3 is not the characteristic polynomial of a rational symmetric

matrix.

However, 22 — 3 is the minimal polynomial of rational symmetric matrix

-1 1 1 0
1 1 0 1
1 0 1 -1
0 1 -1 -1

Thus it is pertinent to revise our investigation to consideration of minimal
polynomials of integer symmetric matrices. Given that we are working over
fields of characteristic zero, the question of which polynomials appear as min-
imal polynomials of symmetric matrices, requires an extra condition of sep-
arability, i.e. that all the roots of the polynomial are distinct. We pose the

following conjecture:

Conjecture 1.1.8. Let S be an integer symmetric matrix. Then the Mahler
measure of the associated reciprocal polynomial of the minimal polynomial of

S is either one or at least .
For rational symmetric matrices it was proved that:

Theorem 1.1.9. [11, 13, 64] Let f € Q[z] be a monic polynomial of degree n
such that all its roots are real and distinct. Then f is the minimal polynomial
of a 4n x 4n rational symmetric matrixz. Furthermore, if n is odd, then f is

the characteristic polynomial of a rational symmetric matriz.

11



Bender complemented the above result for polynomials of even degree, by
showing that an appropriate polynomial of degree 2n divides the characteristic
polynomial of a 2n 4+ 1 X 2n + 1 rational symmetric matrix [11].

It is natural to ask which of the theorems above hold for integer symmetric
matrices. Obviously, the necessary conditions over the field remain necessary
over the ring. Estes and Guralnick, in their paper [34], conjectured that those

conditions are sufficient:

Conjecture 1.1.10 (Estes—Guralnick’s conjecture). An integer polynomial is
the minimal polynomial of an integer symmetric matrix if and only if it is

monic, separable and all its roots are real.

Furthermore, they showed that every monic separable polynomial with all
real roots and of degree n < 4, is the minimal polynomial of a 2n x 2n integer
symmetric matrix. We shall expand on this in the next chapter.

Estes—Guralnick’s conjecture was proved to be wrong. The first counterex-
amples were due to Dobrowolski [31] based on the discriminant bound. He
showed that there exists an infinite family of counterexamples, with the small-
est being of degree 2880. Not much later McKee [76] found counterexamples
by studying polynomials with a small span (separation between the largest
and smallest roots), the smallest such counterexample being of degree six.
The lowest degree for which Estes—Guralnick’s conjecture is unknown is five.
Given that Estes—Guralnick’s conjecture is false, it is worthwhile to propose a

“weaker” form of Question 5.1 in [34] as a conjecture:

Conjecture 1.1.11 (Weak Estes—Guralnick’s conjecture). If an integer poly-
nomial of degree n is the minimal polynomial of an integer symmetric matrix,

then it is the minimal polynomial of a 2n x 2n integer symmetric matrix.

An affirmative answer to this conjecture would give us an effective way

of determining whether a given polynomial is the minimal polynomial of an

12



integer symmetric matrix. This follows from the fact that to check that a given
polynomial is the characteristic polynomial of an integer symmetric matrix is
a finite search (see Chapter 3).

The following chapters are divided into two parts. The first part presents
the general overview of Estes and Guralnick’s approach and the case for Estes—
Guralnick’s conjecture. The second part focuses on the array of previously
unknown methods of finding counterexamples to the conjecture. We show

that:

Theorem 3.2.1. Let A € Sym(n,Z) be a connected and positive definite
matrix. Then Tr(A) > 2n — 1.

Therefore, for a monic irreducible polynomial f € Z[z] such that all its
n roots are real and positive, to be the minimal polynomial of an integer
symmetric matrix it is necessary that the sum of the roots of f is strictly
larger than 2n — 2. By constructing infinite families of Salem numbers we

show that:

Proposition 4.1.25. There are Salem numbers of trace —2 of degree 2d for

all d > 12.

As a consequence, we show that for each degree strictly larger than five
there exists a counterexample to Estes—Guralnick’s conjecture (see Corollary
4.1.26). In addition we show that if n is squarefree, not a prime number or
twice a prime number, and ¢(n) > 8, then the minimal polynomial of ,+¢; ! is
noninterlacing and thus is a counterexample to Estes—Guralnick’s conjecture
(Corollary 4.2.42). Finally, we prove that there do not exist noninterlacing
monic irreducible integer polynomials of degree n such that all their roots are
real and n = 1,2,3,4,5 or 7 (Corollary 4.2.51).

Throughout the work, all the computation were performed by PARI/GP.

13



Part 1

Estes—Guralnick’s conjecture
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Chapter 2

Minimal polynomials of integer
symmetric matrices

This chapter presents the main body of Estes and Guralnick’s method of
constructing positive definite odd unimodular lattices that have a self-adjoint
operator acting on them. This will entail us proving a version of Theorem
1.1.9. Consequently we shall be able to show that every totally real algebraic
integer is an eigenvalue of an integer symmetric matrix, and is in the spectrum
of adjacency matrices of simple graphs. Much of this chapter is an expansion
of the proof in the paper of Estes and Guralnick [34], but the subsection at

the end about quintic polynomials is new.

2.1 Preliminaries

We begin by introducing all the necessary definitions and notations that we
shall employ in the forthcoming sections. We used [57, 58] as the main ref-
erence for commutative algebra, [84, 86] for quadratic forms, and [67, 85] for
algebraic number theory. Throughout the chapter by a ring we should always

mean a commutative domain with an identity and of characteristic zero.

2.1.1 Modules

First let us remind ourselves about modules.

15



Definition 2.1.1. Let O be a ring. An O-module is an abelian group A on

which O acts linearly. Thus for 1,a,5 € O and v,w € A we have
(1) a(v+w) =av+ ow;

(i1) (a+ P)v = av+ Po;

(1ii) (af)v = a(fv);

() 1-v=nuv,

where v (or - v) is the action of O on A.

We say that an O-module A is a left (right) O-module if O acts on the
left (right) of A. Evidently a module is a generalisation of a vector space over

an arbitrary ring.

Definition 2.1.2. Let A and B be two O-modules. Define an O-homomorphism

to be a mapping

f:A— B,
such that
(1) f(v+w) = f(v) + f(w);
(i) flav) =a- f(v),
fora e O, v,w e A.

Note that the map is O-linear. The set of all such O-homomorphisms

forms an O-module, i.e. given
f,g: A— B,
we define f + g and a - f for « € O and v € A by

(f +9)(v) = f(v) + g(v);

16



(- f)(v) = - f(v).

This O-module is denoted Homp(A, B). We shall drop O from the notation
(i.e. leaving us with Hom(A, B)) if the underlying ring is obvious from the

context. In the case when B = A we obtain an endomorphism ring, denoted

End(A) := Hom(A, A).

Definition 2.1.3. Let O be a ring and X be a nonempty set. A free O-module
D.cx As is a direct product of copies of O indexed by X, where A, = O for
each x. We say that | X| is the rank of @, As.

To work with lattices we will need the following generalisation of a free

module.

Definition 2.1.4. A module M is a projective module if given modules N
and P and an epimorphism

g: P — N,

then any homomorphism

h:M-— N

can be factored as h = gf, where
f:M— P.

Note that the epimorphism in our context is a surjective homomorphism.

2.1.2 Lattices

Definition 2.1.5. Let O be a ring. We say that F:= {af™ |a,8 € O, #
0} is the quotient field of O.

Let Sq(O) denote the set of all the elements of O that can be represented

as a sum of squares in O, i.e.

Sq(O) := {T’E O | r:szz, for some m € N, and z; € (’)}.

=1
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Let Sq,,(O) C Sq(O) be the subset of all those elements of O that can be

represented as a sum of n squares, i.e.

Sq,(0) = {r eO|r= sz, for some z; € (9} .
i=1
Example 2.1.6. (i) Sq(Z) =NU{0};

(i) Sqy(Z) = {n € N | if for each prime p = 4m+3, p*||n, then k is even}U

{0};
(i17) Sq3(Z) ={n e N|n#4*8m +7), k e NU{0}} U{0};

(iv) Sq4(Z) = NU{0}.
By p*||n we convey that p*|n but p**! fn.

Let O* denote the group of units of O, i.e.
O :={reo|r!eo}l
Example 2.1.7. (i) 2* ={1,—-1};
(17) Mat(n,0)* = GL(n, O);
(1ii) Z[i]* ={-1,1,—1,i}.

Definition 2.1.8. Let A be a left O-module. Define a bilinear form on A
to be a map

B:iAXA—0,

such that

B(yv1 + dvg, wy) = vB(v, wr) + 65(ve, wr),

5(01777111 + 5w2) = ’Yﬁ(vhwl) + 5/8(Ula w2)7

for vy, vo, wy,wy € A and v,6 € O.

18



Definition 2.1.9. We say that a bilinear form B on A is symmetric if

ﬁ(U, w) = 5(71)7 U)
for all v,w € A.

We assume that all bilinear forms in this work are symmetric.
By putting Q(v) := 5(v,v) we obtain a quadratic form over O, ie. a

homogeneous polynomial of degree two in O[vy, ..., v,] such that:
() Qav) = a*Q(v);
(i) Qv +w) = Qv) + Q(w) +26(v, w),

where v,w € A and a € O.

Let F be the quotient field of O, and let V' be a finite dimensional vector
space on F, i.e. V is an F-space. If there exists a quadratic form ¢ on V
with the corresponding symmetric bilinear form [, then we say that (V, 3) is

a quadratic space.

Definition 2.1.10. An O-lattice is a pair (L,[3) where L is a finitely gen-
erated projective and torsion-free O-module and 5 s a symmetric O-bilinear

form on L,

6:LxL— Q.

A module L is torsion-free if there does not exist an element v € L,
r € O, v # 0, such that r is not a zero divisor and rv = 0. The rank of
a lattice L, denoted rank(L), is the rank of the corresponding module. If L
has O-basis and if O is a commutative domain with the quotient field F, then
(L, 3) is contained in the quadratic space (V, ), where V' = FL. We can say
that L is a lattice on V.

Definition 2.1.11. Let (V, 3) be a quadratic space. Then (V,[3) is a nonsin-
gular quadratic space if and only if: B(v,w) = 0 for all w € V implies that
v=0.

19



All the quadratic spaces that we shall consider in the next few chapters

will be nonsingular, unless stated otherwise.

Definition 2.1.12. Let (L, ) be an O-lattice. We say that (L, ) is even if
and only if f(v,v) € 20 for allv € L. Otherwise, the lattice is said to be odd.

Definition 2.1.13. Let (L, 3) be an O-lattice. We define the dual of L to be
LY := Hom(L,O). Specifically, for v € L, let ¢, € LY be the map

¢p: L — O

w = B(v,w).

Definition 2.1.14. Let (L,5) be an O-lattice. We say that (L, ) is uni-

modular if L = LY. In particular, the map

L— 1LY

V= Oy
is an isomorphism between L and L.
Let (L, 3) be an O-lattice and (V, ) be a nonsingular quadratic space.

Proposition 2.1.15. Let (L, 3) be an O-lattice and (V, [3) be its nonsingular
quadratic space. Then LY = {v e V | B(v, L) C O}.

Proof. Let vi,vy € V. If ¢, = ¢y, then (v, w) = B(ve,w) for all w € V.
Therefore (v; — vg,w) = 0 for all w € V. Given that V is a nonsingular
quadratic space implies that v; = vy. Therefore v — ¢, is an injection from L
to LY.

Let ¢ € LY. We can extend ¢ to an element of V¥ = Hom(V,F), where F
is the quotient field of @. The map v — ¢, defines a bijection from V to V'V,
as v — ¢, clearly is an injection and dim V' = dim VY. Therefore there exists
v € V such that ¢ = ¢,. Since ¢ [€ LY implies that ¢,(L) C O. Hence
v — ¢, defines a bijection and therefore LY = {v € V' | (v, L) C O}. O

20



If L is a free O-module of rank n then by choosing a basis {wy,...,w,}
we can associate L with a matrix X = (X;;) € Sym(n,O) defined by X;; =
B(wi,w;). We denote by I,, the sum of squares lattice, i.e. the lattice with
the corresponding matrix being the identity matrix of order n. Note that if an

O-lattice is unimodular then the corresponding matrix is invertible over O.

Definition 2.1.16. Let F be a number field. We say that F is a totally real
number field if all embeddings o : F — C satisfy o(F) C R. An element «
in a totally real field F is totally positive, denoted o > 0, if o(a) > 0 for
all embeddings o of F in R.

We denote by F, the set of all the totally positive elements in F.

Definition 2.1.17. Let O be a ring with the quotient field F, where F is a
totally real number field. Let (L, 5) be an O-lattice. We say that (L, ) is a
positive definite lattice if and only if B(v,v) > 0 for allv € L, v # 0.

To distinguish among the various elements we shall choose to use bold

script for vectors.

Example 2.1.18. (i) Let (L, 3) be an Z-lattice such that L = Z? has the
standard basis {e1,e3}. Let § be given by a matrix X,

()

Thus (v, v) = 2v? + v3. Tt follows that (L,3) is an odd and positive
definite lattice.

Let v = (v, v2)", then

dv(er) = B(v,er)

~ e (2 9) ()

- 2U17
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and

Pv(es) = B(v,ez)

=) (5 9) (0)

= V2.

Therefore the corresponding matrix for the dual space of L with respect

()

(i4) A Z[v/2]-lattice with the corresponding matrix

<2 _1\/5 2 +1\/§)

is a positive definite lattice.

to the standard basis is

(4ii) A Z[v/2]-lattice with the corresponding matrix
(% )
2 V2
is a definite lattice, as the above matrix is a positive definite matrix,
while its conjugate is a negative definite matrix.
(iv) A Z[v/3]-lattice with the corresponding matrix
(2 2vs)
2 243
is an indefinite lattice, i.e. it is not definite.

Definition 2.1.19. We say that A € End(L) is a self-adjoint operator on
a lattice (L, B) if and only if B(Au,v) = B(u, Av) for all u, v € L.

Example 2.1.20. (¢) Trivial examples of self-adjoint operators are the iden-

tity and the zero maps.
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(17) Let (L, ) be an Z-lattice with the corresponding matrix

S:G é)

0 3). Now B(v,w) = v'Sw and given that A'S = SA

LetA:(l 0

implies that

B(Av, w) = (Av)'Sw
— VAl Sw
— VIS Aw
= B(v, Aw),

for all v,w € Z?. Thus A is a self-adjoint operator on L.

Remark. Let A, B € Mat(n,Z). We say that A is similar (over O) to B
if there exists X € GL(n, ) such that A = XBX~'. It is an equivalence
relation. Define the class of A to be the set {XAX ™! | X € GL(n,Z)}. If in

the class of A there exists a symmetric matrix X AX ! then
XAX = (XAX !
— (X) 7 AX
therefore
X'XA=AX'X.

Notice that S = X'X is a symmetric positive definite matrix; in particular
S € SL(n,Z). Therefore we can think of A as a self-adjoint operator on
a unimodular positive definite lattice, as SA = A'S. This is a necessary

condition for the existence of a symmetric matrix in the class of A.

Proposition 2.1.21. Let (L, 5) be a lattice with an orthonormal basis. Then
A is a self-adjoint operator on L if and only if the matriz of A with respect to

the orthonormal basis is symmetric.
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Proof. Let {ey,...,e,} be the orthonormal basis for (L, 5). Thus 5(e;, ;) =
0i;, and therefore the matrix corresponding to the lattice L over this basis is

I,. So AI, = I, A" if and only if A = A', as was required to show. O

Definition 2.1.22. We say that matrices A, B € Mat(n, Q) are equivalent
over O, denoted A ~o B, if there exists X € GL(n, Q) such that X AX" = B.

We say that two lattices are equivalent (or isometric) if their correspond-
ing matrices are equivalent [82:1, 86]. In particular, if O-lattices (L, ) and
(M, ~) are isometric then we will write (L, ) ~o (M,~y) or L ~po M.

Definition 2.1.23. Let (L, 3) be a lattice in a quadratic space V. The scale
of L, denoted sL, is an O-module generated by S(L, L), i.e.

k
sL = {Zﬁ(vi,wj) | vi,w; € L, k € N} :
1]

Similarly, the norm of L is

k
nl = {ZB(%W) | v; € L, kEN}.

Definition 2.1.24. Let (L, ) be an O-lattice. We say that the lattice L is

proper if nL = Q.
Trace forms

We introduce an algebraic construction of quadratic forms which play a promi-

nent role throughout this work.

Definition 2.1.25. Let K be a finite field extension of a number field F. For

x € K we define an endomorphism

T,: K— K

o= T

24



We let the trace map be the trace of this endomorphism, i.e. trg/p(z) =
Tr(T,). Furthermore, we define the trace form to be the nonsingular bilinear
form
Kx K— F
(z,y) = tr(zy).
Note that tr is nonsingular as there exists an element y € K* such that

tr(y) # 0. Thus if we assume that x # 0 and tr(zz) = 0 for all z € K, then

letting z = 27ty we get tr(zz) = tr(y) = 0, a contradiction.

Definition 2.1.26. Let (L, tr) be a bilinear form. Then for « € K* we define

another bilinear form t, by

to: LxL — K

(v, w) = tr(avw).
Example 2.1.27. t1(u,v) = tr(uv).

Let K be a finite field extension of F. For each a € K, ¢, is a symmetric
bilinear form. Furthermore (K,t,) is a quadratic space. Let Ok denote the
ring of integers of K, and let Oy denote an Op-dual of (O, tr), i.e. O =
{u e K| tr(u,Ox) C Op}.

Definition 2.1.28. A symmetric bilinear form
b:AxA—B

is said to be associative if f(ab,c) = B(a,bc) for all a,b,c € A. We say that
a lattice (L, 8) is an associative lattice if 5 is associative symmetric bilinear

form.

Remark. The above definition only make sense if the multiplication of the

elements of the lattice is defined.
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Example 2.1.29. Let K be a number field and let § € K. Then
ts(s, tu) = tr(ds(tu))
= tr(d(st)u)

= ts(st,u),
and therefore t5 is an associative form.

2.1.3 Semilocal rings

We refer to [3] as a reference for quadratic forms over semilocal rings.

Definition 2.1.30. We define the Jacobson radical J of a ring O to be the

intersection of all the mazximal ideals of O, i.e.

J={\m, (2.1.1)
where the m; run over all the mazximal ideals of O.

Proposition 2.1.31. [Prop. 1.9, 2| Let O be a ring and J be its Jacobson
radical. Then x € J if and only if u —xy € O* for all uw € O* and for all
ye 0.

Proof. Let u € O*. If x € J and u — zy is not a unit then there exists some
maximal ideal m such that v — xy € m. However xy € m and consequently
u € J, a contradiction.

On the other hand let x € O. Let us assume that there exists a maximal
ideal m such that x ¢ m (and therefore z ¢ J). Then the ideal generated by x
and m is the whole ring O. In particular, there exists some a € m such that

a+ xy =u € OF. Therefore u — xy = a € m, and « is not a unit. ]

Proposition 2.1.32. [Ch. 11, §3.5, 20] Let O be a ring and J be its Jacobson

radical. The following are equivalent:

(1) O has a finite number of mazximal ideals.
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(i1) O/J is isomorphic to a finite product of fields.

Proof. Let J be the Jacobson radical of O. Assume that (i) holds, so that
O/3 is a product of a finite number of fields. Therefore O/J has finitely many
ideals and maximal ideals. Given that J is contained in each maximal ideal of
O, there is one-to-one correspondence between the maximal ideals of O and
O/J. Thus (i) follows.

Assume now that (i) holds and we have that {my, ..., m;} is the complete
set of maximal ideals of O. For each maximal ideal m; the quotient O/m; is a

field. Consider the following map
k
0 — [Jo/m.
i=1

As maximal ideals are coprime, by the Chinese Remainder Theorem [Ch. T,
Thm. (3.6), 85] we have that the map above is surjective and its kernel is

exactly J. Therefore O/J = Hle O/m,. O

Definition 2.1.33. We say that a ring is semilocal if it satisfies (i) and (i7)
of Proposition 2.1.32.

Given a finite set S of maximal ideals of O we define a semilocalisation
of O at S to be
Os:={as'|a€O,s¢S}.

In particular Og is a semilocal ring.
Example 2.1.34. Z, = {ab™! | a,b € Z, b# 0 (mod 2)}.
2.2 Estes—Guralnick’s theorem

The recurring themes in this area of research is its reliance on the classification
of positive definite unimodular lattices over the rational integers. Noteworthy

is the lack of equivalence classes for the low rank lattices.
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Theorem 2.2.1. [106:13, 86 Positive definite, odd and unimodular Z-lattices

over n-ary quadratic space are equivalent to I, for 1 <n < 8. O

In dimension 8 there exists an even unimodular positive definite lattice Eg
(Gosset’s roots lattice [26]) and therefore for ranks strictly larger than 8, along
with I,,, there also exists an odd unimodular lattice Eg @ I,,_g. The number of
distinct classes of unimodular lattices grows fast. For instance, in dimension
32 there are at least 80,000,000 different classes of even unimodular lattices
[Ch. 2, 26].

Estes and Guralnick proved the following theorem in their paper.

Theorem 2.2.2. [Thm. A, 34] Let f € Z[z] be a monic polynomial of degree n
such that all its roots are real and distinct. Then there exists an odd unimodular
positive definite lattice of rank 2n with a self-adjoint operator A such that the

minimal polynomial of A is f. O

In the light of the classification of positive definite unimodular lattices and

Proposition 2.1.21, Estes and Guralnick concluded that:

Corollary 2.2.3. Let f € Z[z] be a monic polynomial of degree n such that all
its roots are real and distinct, 1 < n < 4. Then f is the minimal polynomial

of an integer symmetric matriz of order 2n. [

We shall describe a local version of Estes—Guralnick’s theorem. Further-
more we present some of the machinery from the global case. In particular, we
shall see that finding a unimodular positive definite lattice with a self-adjoint
operator is equivalent to finding a unimodular lattice over a ring of algebraic

integers.

2.2.1 Lattices over semilocal rings

Let us assume that O is a commutative domain with a quotient field F. Let

f € Olz] be a monic separable polynomial of degree n. We define Ok =
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O[z]/(f) and let K be its quotient field. Note that Ok is not to be confused
with the ring of integers in K; Ok is an order in K which may or may not be

the full ring of integers (see [Ch.I, §12, 85]).

Definition 2.2.4. Let K be a number field of degree n. Then Ok is an order
of K if Ok s a subring of the rings of integers of K such that Og contains a
basis of length n, i.e. QO = K.

Our aim shall be to show the following result.

Theorem 2.2.5. Let O be a semilocalisation of Z and f € Olx] be a monic
polynomial of degree n such that all its roots are real and distinct. Then there

ezists § € K such that for an O-lattice (O, ts) we have Ok ~o L.

We understand Oy to be an orthogonal sum of four copies of lattice Ok.

Consequently we have the following.

Corollary 2.2.6. Let O be a semilocalisation of Z and let f € Olx] be a monic
polynomial of degree n such that all its roots are real and distinct. Then f is

the minimal polynomial of an O-symmetric matriz of order 4n. O

We observe that as a semilocal ring of rational integers is contained in the
rational field, we recoup Theorem 1.1.9 of Krakowski and Bender. However

given that the proof is over semilocal rings we achieve more.

Spectra of simple graphs

Definition 2.2.7. Let £(Z) C R denote the set of all the algebraic integers

that appear as eigenvalues of integer symmetric matrices.
Proposition 2.2.8. £(Z) is a ring.

Proof. Let A\, u € E(Z) be eigenvalues of matrices A € Sym(n,Z) and B €
Sym(m, Z), respectively. Then Au is an eigenvalue of the Kronecker product

A® B, and A — 1 is an eigenvalue of A® I,,, — I, ® B. Thus £(Z) is aring. [
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Corollary 2.2.9. Every totally real algebraic integer is an eigenvalue of an

integer symmetric matrix.

Proof. Let A be an algebraic integer and let m, € Z[z]| be the minimal polyno-
mial of A\. By the corollary to Theorem 2.2.5 there exists a symmetric matrix
A over Zgyy (see Example 2.1.34) that has m, as its minimal polynomial. Let
P1,...,pr be a complete list of primes that divide the denominators of the
entries in this matrix. Let h be the least common multiple of all those de-
nominators. Thus hA € Sym(Z) and hence hA € E(Z). There also exists a
symmetric matrix over Zg,, ., with the minimal polynomial my. Due to
the analogous argument as before we have that there exists j € Z such that
jA € E(Z) and ged(h, j) = 1. The latter statement follows from the fact that
we semilocalised at all the primes that divide A. By Bézout’s identity and the
fact that £(Z) is a ring, we have that A € £(Z). O

This corollary was first proved in [33] and was further generalised in [4]. It
was conjectured by Alan J. Hoffman [55], motivated by the following result in

[56], which was proved for nonnegative matrices.

Proposition 2.2.10. Let a € R be a totally real algebraic integer. Then
a 1s an eigenvalue of the adjacency matrix of a simple graph if and only if

ac&(Z).

Proof. The adjacency matrix of a graph is a (0, 1)-symmetric matrix with a
zero trace. Therefore one direction of the proposition is obvious. Assume now
that a € £(Z) and let A € Sym(n,Z) be a matrix such that « appears as an
eigenvalue of A. Let A = Zle A; where A; € Sym(n,{0,+1}) (note that such

decomposition is not unique). Let A be a block circulant matrix with blocks
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Ai7 ie.

Al A2 . Ak
Z — A2 Ag - Al
A Ay o Aga

We have that A € Sym(kn,{0,41}) as each matrix A; is symmetric. We

claim that a is an eigenvalue of A. Let v be an eigenvector of A with the
v

corresponding eigenvalue «, i.e. Av = av. We construct a vectorv= | : | €

Mat(kn, 1,R). Then

k

1=1
= Av
= Vv,

where by (A¥); we mean the product of the j-th column of n x n blocks of A

and ¥. Therefore AV = o¥, and hence the claim follows. Let us represent A

— + -
as A= AT — A7 where AT, A~ € Sym(kn,{0,1}). Then A’ = (j iJr) €

Sym(2kn, {0, 1}) is a symmetric matrix also. Let v/ = (_V_ , then A’V = av’.

Finally, if there exists a nonzero value on the diagonal of A" we can extend

0 A . . i o
A’ further to ( P O) to give us the desired symmetric matrix with the
/
eigenvalue « and its corresponding eigenvector (:,) O]

Corollary 2.2.11. [33] Every totally real algebraic integer is an eigenvalue of
the adjacency matriz of a simple graph. [

Recently this corollary was extended (by a completely different method)
to show that every totally real algebraic integer is an eigenvalue of a tree [91].
Bass, Estes and Guralnick were first to show that for a given totally real
algebraic integer of degree n, the integer symmetric matrix for which it appears

as an eigenvalue is at most of order (n+¢€)(n+2), where € is 1 or 0, depending

31



on whether n is even or odd [4]. Recently, Mario Kummer improved this bound
to 9n [66]. An affirmative answer to the weak Estes—Guralnick’s conjecture
would give us a bound of 2n for all those algebraic integers whose minimal
polynomial is the minimal polynomial of an integer symmetric matrix. Recall
that this bound is n or n + 1 for rational symmetric matrices. It is not known
whether the bound for integer symmetric matrices should be analogous to the

rational case.

Proof of Theorem 2.2.5
We need the following results.

Proposition 2.2.12. [Ch. I, Prop. 3.5, 3] Let O be a semilocal ring and let
(L, B) be an O-lattice such that L is proper. Then L has an orthonormal basis
over O. ]

The next lemma is attributed to Euler.

Lemma 2.2.13. [Ch. III, §1, 67] An O-lattice (Ok, ts) is unimodular for some
de K~

Proof. Let f € Z[x] be an irreducible monic polynomial, Ox = Z[z]/(f) and
K be the quotient field of Ok. Let 6 = 1/f" € K*, where f’ is the derivative of
f- Given that O’ = Oxk (see [p. 231, 86]), it suffices to show that Oy = 6Ok,
for if O = 6Ok then
(Ok,ts5) ={a e K| ts(aOk) C Z}

={ae K| tr(adOk) CZ}

={a e K |tr(aOx) C Z}

= Ok.

Let us consider the following equation

fX) 1
X o —jl_[(X—Oéj)

o
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=bo+0 X +...+b, 1 X" (2.2.1)

where «; ..., «a, are the roots of f, b; € K and b,,_; = 1. We claim that
X — (07 f/(CYi)

=1

Let

RAC N
g;(X) = — X,
J( ) ;X—Oéif,(@i)
Now
P =3 JIx —ay.
i=1 j=1
J#i
which implies that f/(«;) = [[j=1(c; — j). Therefore ay, ..., o, are the roots
JFi
of g;(X) for each 0 < j <mn—1. As degree of g;(X) < n—1 we conclude that

the g;(X) are the zero polynomials. Therefore

X ] .
tr f( ) /Oél — X‘j,
X —ay f'(a1)
where tr = trg g applied to each coefficient of the polynomial. From equation
b,
(2.2.1) and the additive property of the tr(-) it follows that tr (a{m> =
aq

dij. Now {1, g, . .. ,a?‘l} is a basis of Ok, and the above computation shows
that {bd,...,b,—10} is the dual basis for O. Therefore, Oy C 00k. And

since b,_1 = 1 we have 0 € O, and hence 00k C Of. Thus 60k = Of. O

Lemma 2.2.14. Let S be a finite set of mazximal ideals of O. Let 3 be an as-
sociative symmetric bilinear O-form on Ok such that (Og, B) is a unimodular

lattice. Then there exist u,v € Ok such that uB(uv,v) € Ok q.

Proof. We want to show that for u € O ¢ and v € Ok we have 3(uv,v) € Og,
which will suffice for the proof of the lemma as Ok ¢ D Og. Given that there
exists a correspondence between the ideals in S and the maximal ideals of
Os [Ch. I, Prop. 11.1, 85|, we can find elements satisfying conditions of the

lemma over each maximal ideal and then with Chinese Remainder Theorem
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lift it over the whole ring. Thus without loss of generality we can assume that

O is a local ring. Let m be the maximal ideal of O.
Ok /mOx = (’)E) X ... X Og),

where each (’)&) is a local ring. The quadratic form 3 induces an associative

form,

(bl + m(’)K, bg + mOK) — 5(bl,b2) +m

Let X be the matrix of 8 with respect to a basis {1,w,...,w" 1}. As (Ok, B3)

is a unimodular lattice, det(X) is a unit in O, so det(X) ¢ m. Since
B : Ox/mOk X Og/mOkg — O/m

has the same matrix as X (mod m) with respect to {1,w,...,w" '}, and we
have that det(X) # 0, therefore (Okx/mOk, ) is a unimodular lattice.

Let e; € Ok/mOk correspond to 1 in C’)ﬁ? and 0 in all other Og), ie.
e;=(0,...,0,1,0,...,0)". Let u € Oé? and v € Og) for i # 7. We have

ﬁ(u’ v) = 5(”31'7 U)

(u, e;v)

(u, 0)

I
S ™ ™

The bases for OE), ce Ogﬂ ) give a basis for Og/mOk. The matrix of

with respect to this basis has a block diagonal form, with blocks giving the

matrix of 3 restricted to the Oé?. Since (Ok/mOx, () is a unimodular lattice,
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the determinant of the matrix is invertible, hence so is the determinant of each
block. Therefore, g restricted to each Oﬁ? is unimodular.

We claim that there exists u; € (’)&)’X, with S(uq,1) # 0. Since (Ok, )
is unimodular, there exists v; € (’)ﬁ) with S(vy,1) = 1. If vy is a unit then
put v; = u; and we are done. Else, if f(1,1) # 0 put u; = 1. Otherwise,
B(1+wvy,1) = B(1,1)+ B(v1,1) and put u; = 14 vy, which is a unit, since OE)
is a local ring.

Let u = (u,1,...,1)" € Ox/mOk and v = (1,0,...,0)". Then S(uv,v) #
0in O/m. Let u,v € Ok such that u + mOg =1u, v+ mOkg =Vv. As O isa
local ring and B(uv,v) ¢ m, we have that g(uv,v) € O*. O

Proposition 2.2.15. Let O be a semilocalisation of Z. Then there exists

0 € K such that (Ok,ts) is proper and positive definite over Q.

Proof. From Lemma 2.2.13 we know that we can find 6 € K* making our
lattice unimodular. Our form is totally positive if ¢5(z,z) > 0 for all z € Ok.
We can modify 4 so that 6 € Sq(K). As § € K* there exists A € Ok such that
0N =q € Q. Let j € J, where J is the Jacobson radical of Ok, and jq is large
enough. By Proposition 2.1.31 we have 1+ jA € Ok and §(1+jA) = 0+jg > 0
is a unit. Let ¢’ = 0(1 + jA). As ¢’ can be represented as a sum of squares it
follows that tr(8'z*) > 0 for all z € Ok.

To show that our form is proper it suffices to find = € Ok such that t5(x, )
is a unit in O, and by definition the ideal generated by such element is the
entire ring. By Lemma 2.2.14 adjusting 6 by u € O we achieve precisely the

element we are looking for, thus (O, ts) is a proper lattice. O]

Lemma 2.2.16. Let n € Q, n > 0. Then there exists A € Mat(4,Q) such
that AAt = 7’LI4.

Proof. Given that n is a positive number, we can represent it as a sum of four

squares. In particular n = a? + b + ¢® + d?, where a,b,c,d € Q. We define
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the following matrix

a b c —d
b —a d c
A= c —d —a —b
d ¢ —=b a
Clearly AA" = nl,. O

Notice that the matrix in the lemma above is almost always not invertible

over the integers, as det(AA") = det(A)? = n'.

Proof of Theorem 2.2.5. Let f € O[x] satisfy the hypothesis of the theorem.
Then by Proposition 2.2.15 we can find a lattice, say (L, ), such that it is
unimodular, proper and positive definite over the QQ, and so by Proposition
2.2.12 such lattice has an orthogonal basis. In particular it implies that there
exists a basis {wi,...,w,} such that B(w;,w;) = A;;0;;, where by positive
definiteness we have that A;; > 0 for 1 < ¢ < n. The corresponding matrix
is A := diag(A11,...,An). Construct a matrix A* .= AGAD Ad A (by
a direct sum we mean a block diagonal matrix with blocks of A). We can
permute the matrix so that A* = A; & Ay & ... & A,,, where each A; =
diag( Ay, ..., Ai) € Mat(4,0). By Lemma 2.2.16 there exists a matrix M;
such that M;M! = A;, therefore A; ~o I;. So we can construct a block
diagonal matrix M := diag(Mj, ..., M,) such that MM' = A* thus A* ~o

14, and the theorem follows. O

2.2.2 Lattices over global rings

In this section we demonstrate that the existence of an odd positive definite
unimodular lattice over the rational integers with a self-adjoint operator acting
on it is equivalent to the existence of a unimodular definite lattice over the
integers of a totally real field. Let O be a commutative integral domain, let
F be the quotient field of O. Let Ok be a commutative domain that contains

O and let K be its quotient field. Let tr : Ox — O be the trace map and
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(V,5) be a nonsingular K-space. Let L be an Ok-lattice. We will need the

following result.

Theorem 2.2.17. [Thm. 11.3, 74] Let Ok be an integral domain, and a be a

fractional ideal of Ok. The following are equivalent:
(1) a is an invertible ideal;
(i1) a is a projective ideal;

(i13) a is a finitely generated Ok ideal and for every prime p in Ok, aOk,, is

a principal ideal in Ok, . 0
By a projective ideal a we understand a as an O-module that is projective.

Lemma 2.2.18. Let a be an invertible fractional ideal of Ok and (a,ts) be a
unimodular O-lattice. Then the O-lattice (aL,tso3) is unimodular if and only
if (L, B) is a unimodular Ok-lattice.

Proof. First, note that from the theorem above we have that a, = aOk is
a principal ideal in Ok for every maximal ideal p in Ok. Given that the
lattice is unimodular over Ok if and only if it is unimodular over Ok, for
every maximal ideal p, it will suffice to prove the lemma locally. Let p be any
maximal ideal in Ok, then a, = Ok, (a,,1s) is isometric to (Ok,,t5) and
(ap,Ly, ts0B) is isometric to (Ly,t503) (considering the facts that Ok ,L, = L,
and the existence of the isometry o, : a,L, — L, that “forgets” «, i.e.
o(abm) = bm, for all b € Ok , and m € L,). In particular we can assume that

ay = Ok . Therefore (Ly, )Y = (Ly,ts0 )Y, as

(Lp,ts0 B) ={x € K|ts0f(xL,) C Oy}
={reK|p(zL,) C Ok,}

= (vaﬁ)v' ]
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Parts of the above result can be traced back to J. Milnor and to M. Kneb-
usch and W. Scharlau [Lemma 3.4, 63].

Lemma 2.2.19. Let K be a totally real field extension of F. Then (V,[) is
totally positive definite over K if and only if (V,tro) is totally positive definite

over F.

Proof. Let V be a K-space. If § is a positive definite bilinear form over V
then clearly tro ( is positive definite too, as f(x,z) > 0 for all x € V' and the
trace of a totally positive element is positive by definition. Given that K has
characteristic zero we can find an orthogonal basis for (V, ). Thus we can
assume that tro 3 is of dimension one, i.e. f(z,r) = az? and thus tro 8 = t,,
where a € K. The bilinear form f is positive definite if and only if o > 0.
Let {wi,...,w,} be a basis of K over F. Let x = "' | viw;, 7 € F. Then

2
n
traz? = tra (Z %wi>

i=1

=v'B'diag(a, . .., a,) By,
where v € F", 0, : K — R is an F-embedding, B € Mat(n, K) such that
B;j = 0;(w;), and o; = 0;(«). As a basis is linearly independent, B is invertible
over K. We have that tro 3 is equivalent to diag(ay, ..., «,) and thus tro /3 is
positive definite if and only if diag(ay, ..., a,) is positive definite. The latter
is valid if and only if each a;; > 0. Therefore o > 0 and f is a positive definite

bilinear form as was required to show. O

Definition 2.2.20. Let f = 2" + ajz" ' + ... + a, € Olz|. We define the
companion matriz of f to be C; € Mat(n,O), such that

00 --- 0 —a,

10 --- 0 —Anp—1
Cf = O 1 e 0 —Anp—2

00 -+ 1 —a

and Xc, = f.

38



Lemma 2.2.21. Let f be a monic polynomial of degree n and let Cy be its
companion matriz. Then for every n x n matrix X that satisfies XCy = C}X

we have that X; = XlCJ’}’l, where X; is the j-th row of X, andi=1,...,n.

Proof. Let X € Mat(n,F) such that XC; = C’}X, where C is the companion

matrix of polynomial f = 2™ + a;2" ! + ... + a,, represented in the form

Ot
= (31e)

where 0 is an n dimensional zero vector and f = (—a,,...,—a;)" € F". Let

X = ()V(t,) : (2.2.2)

where v € F" and X’ € Mat(n — 1,n,F). Then

XCy = ( ;;%; ) (2.2.3)
— X
- (%) . (2.2.4)
Therefore
Xi = (XCp)
= X,Cy. (2.2.5)

From equation (2.2.3) we have that X;Cy = X/ ,Cy for i = 2,...,n, while
from equation (2.2.4) we have that X,Cy = X/ for i = 1,...,n — 1. Given

equation (2.2.2) we conclude that

Xy = X]
- Xz(—lcf

for i = 2,...,n — 1. Therefore in the light of equation (2.2.5) the lemma

follows. u
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Although the consequences of the lemma above is well known, we believe

that the explicit construction is new.

Corollary 2.2.22. Let K be a finite separable extension of a field F such that
[K: F| =n. Let V be a finite dimensional vector space over K. If an F-lattice
(V,7) is such that K acts on (V,7) as self-adjoint operators, then there exists

a symmetric bilinear K-form (B such that v = tro 3.

Proof. Let K = F[a] and let f = 2" +a12" ' +...+a, € Flz] be the minimal
polynomial of a. Let C'y be the companion matrix of f. Consider the space

of F-bilinear forms of rank r on which K acts as self-adjoint operators,
{A € Sym(rn,F) | AC; = C} A}, (2.2.6)

where C; = diag(Cy,...,C}) is a block diagonal matrix with r blocks of

. . . . . onr(r+1
matrix Cy. We claim that this space has dimension M

over F. First,
by the previous lemma we have that the space of matrices X that satisfies
XCy = C{X is n dimensional, as for a given matrix C; we can only freely

choose the first row in X. Second, every matrix in the set (2.2.6) can be written
r(r+1)

as blocks of matrices Y that satisty Y Cy = C}Y. Thus this is a space

1
of dimension w

over F, as was claimed.
Clearly K acts on (V,tr o () as self-adjoint operators, as V' is a K-space.
Thus,
(V,tro ) C {A € Sym(rn,F) | AC = C A}.

nr(r+1)

Given that the F-dimension of this space is , the corollary follows.

]

Proposition 2.2.23. [Lemma 3.1, 34] Let r € N, Ok be a ring of integer of
a finite field extension K of F. The following are equivalent:

(1) There exists a positive definite unimodular F-lattice (L, () of rank nr

such that Ok acts as self-adjoint operators on L.
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(i1) There exists a unimodular Ok-lattice (M, o) of rank r such that (KM, o)

s a totally positive definite lattice, for some § € K.

Proof. Let us assume that (7) holds. Then by Corollary 2.2.22 it follows that
there exists a K-bilinear form ~ such that (L,5) = (L,tr o). Let a be an
invertible fractional ideal of Ok and let § € K such that (a, ¢5) is a unimodular
O-lattice. We know that such § exists from Lemma 2.2.13. Let us define
M = a'L. Then by Lemma 2.2.18 if (aM,t; 0§~ 'v) is unimodular then so is
(M,571y). Lemma 2.2.19 implies that (KM, ~) is a positive definite lattice,
thus letting a = §~ 1y it follows that (KM, d«) is a positive definite lattice,
thus (i7) follows.

Now let us assume that (i) holds. Let a be an invertible fractional Ok-
ideal such that (a,ts) is a unimodular lattice. Then by Lemma 2.2.18 it follows
that (aM,ts o ) is a positive definite unimodular O-lattice. Obviously, Ok

acts on it as self-adjoint operators. Thus (i7) implies (7). O
Quintic polynomials

In this final section we list some of the conditions under which a given quintic

polynomial is the minimal polynomial of an integer symmetric matrix.

Conjecture 2.2.24. Estes—Guralnick’s conjecture holds true for quintic poly-

nomials.

We computed all the 5 x 5 positive definite integer symmetric matrices of
traces 9, 10 and 11. Then we compared the irreducible quintic polynomials
that appeared as characteristic polynomials of those matrices with the com-
plete list of minimal polynomials of totally real algebraic integers up to trace
11 (those polynomials can be found in [103]). Those polynomials that did
not appear as characteristic polynomials of integer symmetric matrices, were
found to be minimal polynomial of 10 x 10 integer symmetric matrices, by ap-

plying either construction that can be found in Estes and Guralnick’s paper,
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or the one described below. Therefore we confirmed the above conjecture for
all the quintic polynomials with only positive roots up to trace 11. This may
not constitute as a strong evidence, however all the known counterexamples
of Estes—Guralnick’s conjecture can be categorised as either polynomials with

small trace, small discriminant or small span of roots.

Definition 2.2.25. Let (L, ) be a positive definite lattice. We denote by
min(L, #) := min{S(v,v) | 0 £ v € L}
the minimum of (L, 3), and by
M(L, B) :={v e L | B(v,v) = min(L, 5)}
the set of the minimal vectors of L.

We will write min(L) and M(L) if the quadratic form S is clear from
the context. Given that f(v,v) is a quadratic form, if v € L is in M(L)
then —v € M(L) too, and therefore |[M(L)| = 0 (mod 2). For example
|IM(I,)| = 2n.

Let (L, 8) be a unimodular binary quadratic lattice over Ok. Let K be the
quotient field of Ok and (KL, §5) be a totally positive definite for some ¢ € K.
Then by Proposition 2.2.23 we know that Ok acts as self-adjoint operators on
(L,ts 0 B). From the classifications of positive definite unimodular lattices we
gather that L is either Iy or Is @& Eg, where FEg is an even unimodular lattice
of rank 8. Now, |[M(ly @ Eg)| = 4, thus if we can show that our lattice has

|IM(L)| > 4 then necessarily L ~z I19. More generally we have:

Lemma 2.2.26. Let K be a totally real number field of degree n and let Ok be
a ring of integers in K. Let (L, ) be a unimodular Ok-lattice of rank r such
that (KL, ) is a totally positive definite for some 6 € K. If min(L,ts003) =1
and 5|M(L,ts 0 8)| > nr — 8 then L ~z I,,,.
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Proof. Given that 3| M(L,ts0 )| > nr—8 implies that L ~z I, M where
M is a positive definite unimodular lattice of rank 7. In particular, M is odd,
and therefore by Theorem 2.2.1 we have that M ~y I7, thus L ~z I,,,, as was

required to show. O

Let f € Z[x] be an irreducible monic polynomial such that all its roots are
real, Ox = Z[z]/(f) and K is the quotient field of Ok. Let 6 = 1/f" € K*,
where f’ is the derivative of f. Let A € Sym(r, Og). We shall write AY if
A € GL(r,Ok) and §A is a positive definite matrix. Let v, C Ok be the set
of elements a € O such that da > 0 and 3| M(O, tss)| > m, where m € N.
We denote by

Vo ¥ *
* b S k

) C Sym(n, Ok)
* * *k

a set of n X n matrices such that the top diagonal entry comes from the set

.. Now if we write

N

’}/x k *

* ok *

% % *

then we state that there exists
Vo *
* * *
Ace .

* % *

such that AY.

Example 2.2.27. (i) Let f = 2>—3 and Z[z]/(f) = Z[/3]. Then § = 1

2V/3
and vy, = {\/§ —1,v3,v/3+ 1}. Consider the matrix

M- <\/§1+ 1 \/gl_ 1) |
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As det(M) =1 we }gave that M € GL(2,Z[v/3]). Furthermore, §M >> 0,
therefore (11 ;1) is not empty over Z[v/3]. Let (L,a) be a Z[/3]-
lattice such that the corresponding matrix of «a is M, i.e (L,a) is a
unimodular lattice of rank 2 such that (Q(v/3)L, da) is a totally positive
definite lattice. By Proposition 2.2.23 we deduce that there exists a
positive definite unimodular Z-lattice (L, 3) of rank 4 such that Z[v/3]
acts on it as self-adjoint operators. Now %|M(L, B)>2as B =tsox
and t5 o «((1,0)%,(1,0)") = 1 (the same holds for vector (0,1)"). From
Lemma 2.2.26 it follows that L ~z I (actually the minimal vector data is
redundant in this case, as the rank of the lattice is low enough to achieve
the same result directly from the classification of unimodular lattice).
And therefore we show again that 2 — 3 is the minimal polynomial of

an integer symmetric matrix.

(ii) Let f = 2® —102* + 3223 — 37224+ 122 — 1, f is an irreducible polynomial
with only real roots. Let a € R be one of the roots of f and Z[z]|/(f) =
Zla]. We denote by K the quotient field of Z[«], and let § = ﬁ. We
have that trK/Q(o/) = 10,36, 151 and 680 for ¢ = 1,...,4, respectively.
We can check that {a* — 7a3 + 14a® — 9a + 1,a* — 7a® + 14a® — Ta +

1,a* — 7a3 4+ 16a% — 13a + 2} C 73. Let

M= ot — 7 4+ 1402 — Ta+ 1 o’ =30+«
o o? — 3%+« ot =70 +14a® —8a+1)°

N
Given that M € GL(2,Z[a]) and §M > 0 implies that (’f’ :) is not

empty over Z[a|. Let (L, ) be a Z[a]-lattice such that the corresponding
matrix for § is M. In the light of the lemma above, (L,ts o 5) ~z I,

thus f is the minimal polynomial of an integer symmetric matrix.

Proposition 2.2.28. Let f € Z[z] be an irreducible quintic monic polyno-
mial such that the roots of f are all real. Let O = Zlx]/(f). If there exists

44



Y1,Y2, 73, Y4 or V5 C O such that at least one of

R

- X S U Ao VRN SIS
(75)7(* *) 7(* 72) ) * Y4 X )

SR T
7B N S A I I
I 7R e 7
x ko Yy % ok ok 3 %
x k% %0 S )

R

0 7B T o 7R T
X Yy ox k% S 7R S
* ok oy ok % e o oy % x
* ok ok Yy % * % kY3 %
* %k kY I
o 7R T S

R VR S

kox Yy k%

kookx %y ok
kok ok ok Yy

k% % k%

k% % k%

Ya kX 73**N
x 3 x| L, x 3 %
* kM * ok Y
R N
7R T S
x Y3 k%
B B e R
Xk kY3
R
N [y4 % ok ok %k
kY4 %k k%
x %y k% %
B T T R S
x ok ok ok Yy %
k ox %k kY3
w0
* %
* %
* %
* %
Ya ook
* Yy

is not empty over O, then f is the minimal polynomial of an integer symmetric

matriz.

Proof. Let f € Z[z] be an irreducible quintic monic polynomial such that

the roots of f are all real. Let O = Z[z]/(f).

By Proposition 2.2.23 we

have that if any of the above sets is not empty then there exist a matrix in

Sym(r,O) C GL(r,O), and thus a positive definite Z-lattice (L, 3) of rank

5r, such that O act on it as self-adjoint operators. Furthermore, due to the

restrictions of the possible elements on the diagonal of such matrices, we will

1
have that for each of such lattice §|./\/l(L, B)| > nr — 8. Therefore, by Lemma

2.2.26 the proposition follows.
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Part 11

Counterexamples
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Chapter 3

Linear algebraic études

In this chapter we introduce some necessary conditions for the existence of
an integer symmetric matrix with a given minimal polynomial. These condi-
tions derive almost exclusively from the linear algebraic considerations. The
main new result of this chapter is Theorem 3.2.1, which appeared in [82].
As a corollary we will find counterexamples to Estes—Guralnick’s conjecture,
some previously unknown. Moreover we are able to settle the Schur—Siegel—
Smyth trace problem for polynomials that are minimal polynomials of integer
symmetric matrices. In the end of this chapter we will take a little detour in
introducing a new class of matrices, totally nonnegative matrices, for which we
can pose an analogous problem to Estes—Guralnick’s conjecture and the Schur—
Siegel-Smyth trace problem. Throughout the chapter there will be sporadic
references to graph theory; we consulted [46] for everything graph-related that

we required.

3.1 Elementary methods

The following theorem will play a crucial role throughout the chapter.

Theorem 3.1.1 (Cauchy Interlacing Theorem). [Thm. 9.1.1, 46] Let A €
Sym(n,R) have eigenvalues \y > ... > A, and let A" € Sym(n — 1,R) be a

principal submatriz of A, where puy > ... > u,_1 are the eigenvalues of A’.
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Then the eigenvalues of A and A’ interlace, i.e.
M2 > A2 2 i1 2 A [

It will be useful to associate to a given A € Sym(n,Z) a simple graph on
n vertices labelled 1, ..., n, defined as follows: the vertices of the graph, ¢ and
J, are connected by an edge if and only if A;; # 0. Note that we ignore the

values on the diagonal of the matrix.

Definition 3.1.2. Let A € Sym(n,Z). We say that A is indecomposable (or
connected) if for all permutation matrices P, PAP" is not a block diagonal

matriz with more than one block.

Remark. By a permutation matrix P we mean a square (0,1)-matrix such that
in each row and column there exists a single entry of one, and zeros elsewhere.
It is well known that det(P) = +1 and PP' = I,.

If a symmetric matrix A is indecomposable then in each row and column
of A there exists at least one nonzero off-diagonal entry. The name connected
is coined from graph theory, as an indecomposable symmetric matrix will
correspond to a connected simple graph. More can be said if a give matrix is
also nonnegative (see [p.178, 46]). Given a not connected (or decomposable)
symmetric matrix A, we can permute its basis so that we gain a block diagonal
matrix with more than one block, i.e. there exists a permutation matrix P
such that

PAP' = A, & ...® A;.

The characteristic polynomial of such matrix A is reducible, as

k
X4 = HXAi'
i=1

Thus a necessary condition for a matrix to have an irreducible characteris-

tic polynomial is to be indecomposable. However it is not sufficient; see for
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example
2 1
1 2)
This matrix is connected but its characteristic polynomial is (z — 3)(x — 1).

We will need the following proposition.

Proposition 3.1.3 (Maclaurin’s inequality). [27] Let ay,..., o, € Ry and
n € N. Then

My >~/ My>...> /M,

where
> < Oy ...y
1<i1<..<1p,<n 1 1k
= =1 k= O

M= @)

Let us recall the Leibniz formula for determinants ([p. 95, 57]). For A €
Mat(n, Z) we have

det(A) = Z sign(o) HAU(i)'ia

where S, is the symmetric group on n elements, and sign(+) is the sign function,
ie.

sign : S, — {£1},

such that for o € S, the sign(c) = 1 if and only if ¢ is an even permutation.
We are interested in the characteristic polynomial of a symmetric matrix A,

1.e.

X4 : = det(zl, — A)

=2" —a 2" (1) "a,,
where a; = Tr(A) and a,, = det(A).

Example 3.1.4. Consider a coefficient as of 2”2 in X4. We claim that

ay= Y Aady— Y AyAg

1<i<j<n 1<i<j<n
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From the Leibniz formula it follows that

X4 = det(zl, — A)

= Z sign(o ﬁ xl, — m)z.

For 1 € S,, we have a contribution of

H(az— i) =a" —ZA“xnl—l— Z AjiAji" 2

i=1 1<i<j<n

and thus ), <j<n Ai;Aj; will contribute to the coefficient ay. Next, notice

that the product

n

H(xjn - A)O‘(’L)Z

i=1
will contribute to the coefficient of an indeterminate of degree n — 2 if a

permutation o € 5, fixes n — 2 points and swaps the other 2, i.e. o is a
transposition. Thus for a given o, that swaps j and k, we have: sign(o) = —1

and furthermore
n

AjkAkj H (l’ — Au)
Nalialy
Given that

n

1] @A)
itk
is a monic polynomial of degree n — 2, the claim follows.

For a polynomial f = [[i_, (z—a;) weshall write a; := 3 ; o o, - .

We are ready to present the first bound.
Proposition 3.1.5. Let f € Z[x] be a monic irreducible polynomial such that

all its roots are real and positive. If

(n—1)
o al —n < ay, (3.1.1)

then f is the minimal polynomial of an integer symmetric matrix if and only

if there ezists A € Sym(In,Z) for which f is the minimal polynomial and
le{l,... k}, where

k< (ag Y- (”2;1)&{) o (3.1.2)
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Proof. Let f € Z[z] be a monic irreducible polynomial of degree n such that
all its roots are real and positive. Obviously f is the minimal polynomial of
an integer symmetric matrix if and only if there exists A € Sym(kn,Z) such
that f annihilates it. Let us assume that A is the smallest such matrix, i.e. k
is minimal. Given that f is irreducible and k is minimal it follows that A is

an indecomposable matrix. We note the following
fk — xkn o bll'kn_l + bQ.Tkn_Q +...,

where by a simple counting one sees that by = ka; and by = (g) a% + kay. From
the example above examining the determinant of kn x kn integer symmetric
matrix we see that
o= Y AuAy— > AL (3.1.3)
1<i<j<kn 1<i<j<kn
By the Maclaurin’s inequality it follows

kn —1 k(kn —1
S Ay < B g < M =D

— 2kn 2n
1<i<j<kn

Combining the above facts together gives us

(g) CL% + kag = Z AiiAjj — Z A?]

1<i<j<kn 1<i<j<kn
k
1<i<j<kn 1<i<j<kn
k k(kn —1
(2>a%+k‘ag+ Z Afjg—( Z )a%
1<i<j<kn "
k(k — 1)naj + 2nkas + 2n Z A% < k(kn —1)a}
1<i<j<kn
k(1 —mn)ai + 2nkas + 2n Z A% <0
1<i<j<kn
V2 2
k ((1—n)ai + 2naz) + 2n Z A3 <0,
1<i<j<kn

Given that A is indecomposable implies that

> AL zkn—1,

1<i<j<kn
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And thus

(1 = n)a? + 2nay + 2n*)k — 2n < 0.
In particular we will have an effective bound if the coefficient of k is strictly
positive, i.e. (1 —n)a? + 2nas + 2n? > 0. This is equivalent to

(n—1)
2n

al —n < ay.
as was required to show. O

Corollary 3.1.6. There exist counterexamples to Estes—Guralnick’s conjecture

for degrees 8 and 9.

Proof. Consider the following irreducible polynomials
2 —212°% + 18827 — 93725 4 28482° — 54342 + 64472 — 45282 + 16762 — 241
and

2% — 2027 4 1682°% — 7702 + 20922 — 34202 + 32472% — 16102 + 311.

We claim that neither of them can be the minimal polynomial of an inte-
ger symmetric matrix. In each case the polynomial satisfies the condition of
Proposition 3.1.5, thus based on bound (3.1.2) it suffices to examine whether
the polynomial can appear as the characteristic polynomial of an integer sym-
metric matrix.

Consider the degree 8 polynomial. We can avoid computation of all possible
symmetric matrices by noting that if A € Sym(8,Z) is the corresponding

integer symmetric matrix then

Tr(A)* — Z?: A,
> AuAy = 5

1<i<j<8

20 -3, A2
_ : ,
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To maximise this sum we have to minimise ) . ; A%. The matrix A is con-

nected, thus ), ;. A7, > 7. From equation (3.1.3) we have that

1<i<j<8 1<i<j<8

< Z AiiAjj -7

1<i<j<8

and hence

175< > Ay

1<i<j<8

202 — 58 A2
175§ 0 %2—1 %

8
350 < 20° — ) A7

=1
8
50 > A%
=1

Given that

5
with equality only if all A;; are equal, i.e. A;; = 3 As A;; € Z, we conclude
that such matrix does not exist. The analogous method covers the polynomial

of degree 9 too. Thus the corollary follows. O

Note that the two polynomials in the proof above are not small-span, and
thus were previously unknown to be counterexamples to Estes—Guralnick’s

conjecture.

Definition 3.1.7. Let f € Z[z] be a monic polynomial such that all its roots
are real and positive. Then f has minimal trace (or is of minimal trace) if

at least one of its roots is less than one.
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It is sometimes convenient to regard monic polynomials f and g € Zl[x]
as equivalent if there exists m € Z such that f(z) = g(x + m). Any such
polynomial with only real roots is equivalent to the unique one of minimal

trace.

Proposition 3.1.8. Let n € N and B > 0 be given. Then there are only

finitely many monic irreducible polynomials f € Z|x] of degree n such that:

e f has all roots real and positive, and is of minimal trace;

(n—1)
o a? — B.

® (9 >

Proof. Let f be of minimal trace, then by definition, there exists v € (0,1)
such that f(y) = 0. Let v,aq,...,a,-1 € Ry be the roots of f. Then by

Maclaurin’s inequality (Proposition 3.1.3) we have

(n—2)

m(al —7)* = ay, (3.1.4)
where
ap = Z ;.
1<i<j<n—1
Note that

ay = ay + (a1 — )y
<ah+a;—v

< (1,2—|—6L1.

Combining this and inequality (3.1.4) we have

%(a1—7)2+a1>a2
%(a% — 27&1 + '72) +a; > aq

(n-2) , (n—2) (n-2) ,
mal—i—(l—m’y)al—km'y > Qa9
ua2—|—a +1>a
2n—1) + >
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Let B € R,. By hypothesis of the proposition we have that

-1
(n2n )af -B

n(n —2)a3 +2(n — )na; +2(n — )n > (n — 1)%a] —2(n — 1)B

as >

2(n — Dnay +2(n — 1)n > a2 —2(n—1)B
a? +2n(1 —n)a; +2n(1 —n)(B + 1) < 0. (3.1.5)

There are only finitely many a; € Z, for a given n satisfying the bound. Thus

the proposition follows from Proposition 3.1.3 again. O

We note that using inequality (3.1.5) one can effectively compute the bound

for a;.

Corollary 3.1.9. Let f € Z[x] be a monic irreducible polynomial of degree n
such that the roots of f are real and positive. If

-1
(n2n )af—n+1<a2

then f is not the minimal polynomial of an integer symmetric matriz, and for
a given degree n there can be only finitely many such polynomials of minimal

trace.

Proof. We begin by noticing that such polynomials would satisfy condition

(3.1.1) and letting
(n—1
2n

we see that inequality (3.1.2) gives us

a—n+1<ay

k<1

and so f is not the minimal polynomial of an integer symmetric matrix. The

finiteness of examples follows from the previous proposition. O

Example 3.1.10. Consider the polynomial

220 — 602" + 16922 — 2980827 + 3677932 — 337732821 + 23938743,
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— 134063334z + 60220810422 — 21901718162 + 64814033632°
— 156266365382 + 306254016862° — 4849676227227 + 6141119193445
— 611914702682 + 468238701562* — 26500746624x> + 1042884436822

— 2542580352z + 288610561.

It is irreducible and has all real and positive roots. From the bound above we

60% x 19
see that % —19 = 1691 < 1692, thus this polynomial is not the minimal

polynomial of an integer symmetric matrix.
Lemma 3.1.11. [Lemma 6.1.6, 83] Let f € Z[x] be a monic polynomial with
roots aq,...,o, € Ry, where n > 1. Let agk), e ,aﬁf)k be roots of the k-th

derivative of f. Then

1 1 (k) _ (k)2
_ (i —a;)? = (o " —a; ). O
n?(n—1) 1<;<n J (n—k)?2*(n—Fk—1) 1Si<j2§n_k J
Corollary 3.1.12. Let f € Z[x] be a monic polynomial as above. Then
(n—1) n—1

o a% = ay + B, where B > 1

Proof. Let f € Z[z], such that a, ..., a, € R, are the roots of f. Let

|
=2 .= %ﬁ —(n—Dlayz + (n — 2)lay

be its n — 2-th derivative. Thus by the previous lemma we have that
1 21 o) m-2)?
=1 > (ai—ay) :Z<O‘1 —a ) :
1<i<j<n

where

Therefore,

m Yo (a—ay) = (%_%)

1<i<j<n

o, o e =2 (- )

1<i<j<n
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()

2n

2
Let B € Q be such that nlag =a? —

B. Let the discriminant of our
n— n—1

polynomial be

Ayp = H (o — ;).

1<i<j<n
We have
2 s 2/, 9 2n
; — — B
B 4B
-1

And finally by the arithmetic mean—geometric mean inequality it follows

n(n —1) n(n — 1)
2 2 4B 9
1<ar< [——— 3 (a-a) :( )
/ <n(n -1) 1§;§n ! n—1
n—1 .
Therefore B > as was claimed. O

3.2 A trace bound for positive definite integer
symmetric matrices

Some of the new results of this section appeared in the paper [82]. We present a
lower bound for the trace of connected and positive definite integer symmetric
matrices. This bound will play a key role in showing that a given polynomial

cannot be the minimal polynomial of an integer symmetric matrix.

Theorem 3.2.1. [Thm. 1, 82] Let A € Sym(n,Z) be a connected and positive
definite matriz. Then Tr(A) > 2n — 1.

Proof. Let A € Sym(n,Z) be a matrix satisfying conditions of the theorem.
We prove by induction on n that Tr(A) > 2n — 1. It clearly true for n = 1, as

(0) is not a positive definite matrix. Assume that the theorem holds for n — 1,
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where n > 1. If it fails for n then there exists A € Sym(n,Z) such that A is a
positive definite, connected matrix and Tr(A) < 2n —2. Let us assume that A
is such matrix with the smallest possible trace. Let {ej,...,e,} be the basis
for R” such that A represents a symmetric bilinear form 3, i.e. f(e;, ;) = A;;.
Given that A is a positive definite matrix, §(x,x) > 0 for all x € R", x # 0,
implies that A;; > 0 for all i € {1,...,n}. By assumption that Tr(A) < 2n—2
we have that at least two entries on the diagonal are equal to one.

Without loss of generality assume that A;; = 1. Our matrix is connected
and so in each row and column there exists at least one off-diagonal nonzero
entry. Therefore there exists j such that A;; # 0; assume that j = 2. Let
e, := ey — Ajseq, and define a new basis {e;,€),...,e,} for R" and a new
matrix A’ such that 3(e,e}) = A}, (where €; = e; when j # 2). The matrix

A’ is symmetric and positive definite. We have

Bley, e;) = Blea, ;) — Axf(er, e;)

Specifically if j = 1, then A}, = 0. Furthermore

5(9/2, 9,2) = ((eq,e2) — 2A15/(e1,€2) + A%g@(el, e)
= Agy — A%z.

Given that A}, = A;; for ¢ # 2, we have conclude that Tr(A’) < Tr(A).
From the minimality assumption on the trace of A we can conclude that A’ is
decomposable. We claim that A’ splits exactly into two connected components;
moreover one of these components contains A}; and the other contains A%,.
We define a path in a matrix to represent a chain of nonrepeating off-
diagonal entries of the matrix, such that consecutive entries in a chain share a
common index, i.e. for A" an example of a chain is A, , A AL .. AL

where each A;MJ_ # 0. One notices that two entries are in the same path only

if they are in the same connected component. So given any j € {3,...,n}, if
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A’ cannot be in any path with Aj, then we claim that there exists a path with
Al such that A, is there. This would prove our claim. From the assumption
that A is connected, and A’ differs from A only in the entries of the second
row and column, if there does not exist a path from Aj, to A%, then either
the existent path in A was through Ay or Ayj, both of which got annihilated
through the change of basis (see 3.2.1). In either case, this implies that A], is
in the path with A’ as we wanted to show.

Therefore we have that A’ is subdivided into two connected components,
say By and B, of size m; x my and my X mao, respectively. Thus A’ = B; & B,

and m; +mo = n. Now
Tr(A") = Tr(By) + Tr(Bs) < Tr(A) < 2n — 1.

In particular, both of B; are positive definite and connected but at least one

has Tr(B;) < 2m; — 2, contradicting the inductive hypothesis. ]

Remark. This theorem does not hold for matrices over QQ as it fails in the base
case, i.e. there does not exist a smallest positive rational number. And fur-
thermore, if for a given connected and positive definite matrix A € Sym(n, Q)
there exists B € R such that Tr(A) > 2n — B, then for any £ € N we con-
struct an another matrix %A € Sym(n, Q) which is still a positive definite and
connected matrix, but its trace is smaller.

One could try to restrict to A € Sym(n,Q) such that X4 € Z[z], but
when we change the basis and find two submatrices, it is not always true

that either would have an integer characteristic polynomial. For example

7 3
-2 1
2 2
—% % —1 | has integer characteristic polynomial z3 — 72% + 11z — 4,
1 -1 2
US|
but the characteristic polynomial of submatrix i 9 is 2% — 13133 + 137 It is

known that for X4 € Z[z] such that x4(0) = £1 and A € Sym(Q) there exists
k € N such that A* € Sym(Z) (see [28]).
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It is rather easy to see that Theorem 3.2.1 also holds for negative definite
matrix (the bound would be Tr(A) < —2n + 1). Further generalisations can
be made to hermitian matrices over the ring of integers of totally imaginary

quadratic fields. Denoting by
—:C—C

the ordinary complex conjugation, we say that the matrix H is hermitian if
H!' = H. And by a totally imaginary quadratic field F we mean a quadratic
extension of Q such that there are no embeddings of F into R. We shall return
to the topic of symmetric matrices over ring of algebraic integers in the last

chapter.

Corollary 3.2.2. Let f € Z[x] be a monic irreducible polynomial of degree n
such that all its roots are real and positive. If the trace of f is less than 2n—1,

then f is not the minimal polynomial of an integer symmetric matriz.

Proof. Let f satisfy the hypothesis of the corollary, and let us write tr(f) for
the sum of roots of f. Thus the degree of f is n and tr(f) < 2n —1. Then the

corollary follows from the following identity:

tr(f*) = ktr(f)

for k € N. Therefore tr(f*) < 2nk—k and f cannot be the minimal polynomial
of any integer symmetric matrix, as any such matrix A € Sym(nk, Z), would

be positive definite, connected (assuming minimality of k) and have Tr(A) <

2nk — k. O

Example 3.2.3. (i) Let A, = (A;;) € Sym(n,Z) be defined as follows:

2 ifi=j5>1
Ay — 1 %fi-:jlzl

1 ifli—j]=1

0 otherwise.
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Then Tr(A,) = 2n — 1, A,, is connected and positive definite, thus the
trace bound of Theorem 3.2.1 is sharp. It was shown in [Table 1, 79]

that
x2n+1 -1

1
x"Xa, (x—i———l—Q) S ——
T r—1

From [76] we know that
f=2a%— 132" + 642 — 14623 + 1482% — 48z + 1

is not the minimal polynomial of an integer symmetric matrix. The

1 2
polynomial x° f (x + -+ 2) divides ~ T Thus f | Xa,,-
x

(it) Let B,, = (Byj) € Sym(n,Z) be defined as follows:

ifi=5=1
B = %fl::j>1.
ifir=1orj=1

o = ~ 3

otherwise.

Then Tr(B,) = 2n — 1, B, is connected and positive definite and its

characteristic polynomial is (z — 1)""?(2? — (n + 1)z + 1). Therefore

n+1++vn2+2n—3
5 )

eigenvalues of B,, are all in (0,

Definition 3.2.4. Let f € 7Z be an irreducible polynomial of degree n with
only real and positive roots. We define the absolute trace to be the average

of its roots.
There exists an old conjecture stating that:

Conjecture 3.2.5 (Schur-Siegel-Smyth trace problem). [1, 19, 96, 98] For
any € > 0 there exists only finitely many monic irreducible f € Z with all its
roots being real and positive, and such that the absolute trace of f is smaller

than (2 — ¢).

It could be read as a question of whether 2 is the smallest limit point of

absolute traces of totally real and positive algebraic integers. There exists
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an infinite family of “cosine” polynomials, i.e. the minimal polynomials of
4 cos? (%) In case n is an odd prime, then such polynomial is irreducible of
degree 3(n—1) and trace n—2 [1]. Therefore, 2 is a limit point. It was proven
that there are only finitely many polynomials of absolute trace < 1.79193 [69],

which is an improvement of initial bound given by Schur of exp(1/2) in [96].

Corollary 3.2.6. The Schur-Siegel-Smyth trace problem holds true for poly-

nomials that are minimal polynomials of integer symmetric matrices.

Proof. Assume to contradiction that there exists ¢ > 0 such that there are
infinitely many irreducible polynomials f € Z[x| such that all its roots are
real and positive, and their absolute trace is less than (2 — €). Knowing that
for a given trace and degree there can be only finitely many totally positive
polynomials, implies that we can find f as above of an arbitrarily high degree.
Let n € N such that ne > 1. Let A € Sym(m, Z) be a connected and positive
definite matrix, m > n, such that f is its minimal polynomial, i.e. f(A) is a
zero matrix. Clearly then Tr(A) < (2 — ¢)n < 2n — 1, contradicting Theorem
3.2.1. O

Corollary 3.2.7. There exist counterexamples to Estes—Guralnick’s conjecture

for degrees 10 and 12.

Proof. This follows from the existence of irreducible polynomials ([1])

210 — 182° + 1342% — 53827 + 12732° — 18222° + 1560z* — 766>

+ 20022 — 24 + 1
and

22 — 222 4+ 20720 — 109227 + 35612° — 7897x" + 11086x°

—100612° + 5726x* — 194123 + 36122 — 322 + 1. ]
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Corollary 3.2.8. Let A € Sym(n,Z) be a connected positive definite matrix.
Let

A > >

be eigenvalues of A. Then
Tr(A) — 1

n

A1 > + 1.

Proof. Let A be a positive definite symmetric matrix. Let K = [A;]. Then

A — K1, is negative definite, and by Theorem 3.2.1 we have

Tr(A— KI,) < —2n+1

Tr(A) — Kn < —2n+1
Tr(A) —1

n

+2<K. (3.2.2)

Given that K is a ceiling of A\; implies that K —1 < Ay < K, thus the corollary
holds. O

Corollary 3.2.9. Let f = [[_,(x — ;) € Z[z] be an irreducible polynomial

of degree n > 1 such that all a; are real and

ap > ... > o, > 0.

If
Z?:l i

n

LOQJ < + 1,

then there exists K € N such that f is the minimal polynomial of an integer

symmetric matriz if and only if there exists A € Sym(In,Z) forl € {1,..., K}

which f annihilates.

Proof. Let f € Z|x] be an irreducible polynomial of degree n such that all of
its roots are real and positive. Let f be the minimal polynomial of a matrix
A € Sym(In,Z); assume A is indecomposable. From inequality (3.2.2) in
Proposition 3.2.8 we have

Tr(A) — 1

lon] 2 n

+1

63



> — — 41
— n In *
- n In
If
Lo | < —Zizl & + 1,
n
then there exists K € N such that for [ > K
i1
< === — — + 1.
LOQJ N n +
Therefore the corollary holds. O

If the absolute trace of a polynomial is small, we get a stronger bound.

Corollary 3.2.10. Let f =[[;_,(z — a;) € Z[z] be an irreducible polynomial
such that all o; € Ry and Y ), a; < 2n. Then f is the minimal polynomial of
an integer symmetric matriz if and only if it is the characteristic polynomial

of an integer symmetric matriz.

Proof. Assume that f is the minimal polynomial of a matrix A € Sym(kn,Z)
and assume that &k is minimal. Given that > " o < 2n, we have that
Yoy a; < 2n—1 and thus Tr(A) < 2kn—k. From the minimality assumption
of k we know that the matrix is indecomposable, and by Theorem 3.2.1 we

have that Tr(A) > 2kn — 1, therefore k = 1 as was required to show. O

Proposition 3.2.11. The smallest limit point of the absolute trace of irre-
ducible monic integer polynomials is equal to the smallest limit point of the

absolute trace of separable monic integer polynomials.

Proof. Let L be the smallest limit point of separable polynomials and £; be

the smallest limit point of irreducible polynomials. It is clear that £; > L,

tr(f)
deg(f)

that £; is the smallest point of irreducible polynomials implies that there exists

thus it will suffice to show that £, > £,. Let t(f) := . Let € > 0. Given

64



0 > 0 such that for an irreducible polynomial f with ¢(f) > £; — ¢ we have
t(f) > L;—e+0. Let f be a separable polynomial such that ¢(f) < £; —e. We
have that f = gh where all irreducible factors p that divide g have t(p) < L;
and all the irreducible factors ¢ that divide h have t(q) > £; (h could be a
unit).

There are finitely many irreducible factors of g, and given that ¢ is separa-
ble, these factors cannot repeat, thus there are finitely many possibilities for g.
Let d denote the largest degree of the irreducible factor of g. Each irreducible
factor of h has absolute trace > £; — e + J, thus t(h) > L; — e + 6. This gives

us

L —e>t(f) =t(gh)
_ tr(g) + tr(h)
deg(g) + deg(h)
tr(h)
~ d+ deg(h)
(L; —e+9)deg(h)
- d + deg(h)

Therefore,
(;Cl - G)d
—5

Thus the degree of h is dependent on € and therefore is bounded. Similarly,

deg(h) <

tr(h) is bounded by (d + deg(h))(L; — €), consequently there are finitely many
choices for h too, thus £, > L;. O

In the light of the above proposition, we can alter the condition of the

“speculative” section of [77] to include separable polynomials.

Corollary 3.2.12. Let f € Z[x] such that f is a separable polynomial of
absolute trace less than 2, and such that |f(0)| > 2, and between all consecutive
roots of f there exists x € R such that |f(x)| > 2. Then the Schur—Siegel-

Smyth trace problem is false.
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Proof. Let f be a polynomial which satisfies the hypothesis of the corollary.
Let a = Cp+<ip, where ¢, is a p-th root of unity. Let oy, ..., a, be the conjugate
set of a; note that all o; € (—2,2). We can construct a new polynomial F(z) =
[T-,(f(z) — a;). Given the hypothesis of the corollary, such polynomial still
has all roots real, moreover it is separable and its absolute trace is equal to

the absolute trace of f. Given that there are infinitely many prime numbers,

the corollary follows. O

3.3 Totally nonnegative matrices

The following section is composed of a brief digression from the integer sym-
metric matrices into the study of totally nonnegative matrices, and more
specifically oscillatory matrices. The first systemic study of oscillatory ma-
trices can be found in [44]; there are beautiful links between the totally non-
negative matrices and various combinatorial objects [43], and recently there
was a renewed interest in totally nonnegative matrices associated with cluster
algebras [42]. We will show that the Schur—Siegel-Smyth trace problem is true
for the class of polynomials arising as characteristic polynomials of integer os-
cillatory matrices. We shall use [39] and [87] as main references for everything

that is widely known about the totally nonnegative matrices.

Definition 3.3.1. We say that A € Mat(m,n,R) is a totally nonnegative
(or totally positive) matrix if every minor of A is nonnegative (or positive),

where m,n € N.

Example 3.3.2. (i) Any 1 x 1 matrix (a) such that ¢ > 0 is a totally

nonnegative matrix.

(77) A matrix (Z 2) € Mat(2,R) is a totally nonnegative if and only if

a,b,c,d,ad — bc > 0.
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Naively, for a matrix A € Mat(n, R) one has to check (*") —1 minors before
one can be sure that the matrix is totally nonnegative. This can be improved
(see [43]), although the exact bound is not known.

We restrict our focus to square matrices, and specifically to the following

class of totally nonnegative matrices:

Definition 3.3.3. Let A € Mat(n,R) be a totally nonnegative matriz. Then

A is oscillatory if A* is totally positive for some k € N.

Example 3.3.4. The matrix (% 1) is an oscillatory matrix. On the other

1 00

hand, the matrix | 0 1 1] is totally nonnegative, but it is not oscillatory
0 01
10 0\° /100

as [0 1 1| =[0 1 k| forall £ €N, and thus never is totally positive.
001 0 0 1

Notice that a totally nonnegative matrix being oscillatory is an “analogue”
of connectivity in symmetric matrices. In particular, any totally nonnegative
symmetric matrix is oscillatory if and only if it is connected. We are interested
in oscillatory matrices due to their spectral properties. For example, for totally
nonnegative matrices there exists a variant of Cauchy Interlacing Theorem (see

Chapter 5 in [87]). Furthermore:

Theorem 3.3.5. [Thm. 5.2, 39] Let A € Mat(n,R) be an oscillatory matriz.
Then all the eigenvalues of A are real, positive and simple. In particular, A1

15 totally positive. [
We will need the following theorems.

Theorem 3.3.6. [Thm. 1.3, 43] An invertible totally nonnegative matriz X

is an oscillatory matriz if and only if X; ;41 X1, > 0. O

Remark that every principal submatrix of an oscillatory matrix is an os-

cillatory matrix.
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Let a;,b; € R, we define elementary Jacobi matrices L;(a;) := I, +
a;E;;—1 and U;(b;) := I,, + bjE} j 11, where Ej, = (e;;) € Mat(n,R) is defined
by

1 ifi=land j=Fk
€5 =
! 0 otherwise.

We shall refer to such a; and b; as weights of a given elementary Jacobi matrix.

Theorem 3.3.7. [Thm. 2.3.2, 39, 45| A matriz X is totally nonnegative if and
only if X =[] Li(a;)D [ U;(b;), where D = diag(dy,...,d,) and a;,b;,dy €
R>p. O

Note that for an invertible nonnegative matrix over Z we have [[\_, d; = 1.

There exists a refinement of the theorem above for oscillatory matrices:

Theorem 3.3.8. [Thm. 2.6.4, 39, 45] An invertible totally nonnegative matriz
X € Mat(n,R) is oscillatory if and only if

X = HLz(az)DHUJ(bJ)7

where at least one of a; for each Ly(az), ..., Ly(ay), and at least one of b; for

each Uy(by),...,Un_1(bn—1) are strictly positive. O

i

Note that L;(a;)L;(a;) = Lj(a;)Li(a;) for |i — j| > 1 and L;(a;)Li(a}) =
Li(a; + a}). Same holds for the matrices U;(b;). Clearly L;(a;)' = U;_1(a;).
The decomposition from the theorem above can be represented rather neatly
with planar weighted networks (see for example [39]). Unfortunately, integer
oscillatory matrices do not necessarily decompose as a product of elementary
Jacobi matrices with integer weights.

2 2
1 2
can write it as a product of elementary Jacobi matrices with integer weights.

Let dy,dy, 1, u € Z, then
1 0\ (di O L u\ _ (d diu
[ 1 0 d2 01 N dll dllu + d2
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(2 2
S\l 2
thus d; = 2, however d;l = 1, a contradiction.

The question we are interested in is the following:

Question 3.3.10. Which irreducible polynomials appear as minimal polyno-

mials of integer totally nonnegative matrices?

This is an integer totally nonnegative analogue of Estes—Guralnick’s ques-
tion. From the theorem above we can infer that given two oscillatory matrices
A, B € Mat(n,R), then AB is oscillatory too. However, unlike symmetric
matrices, totally nonnegative matrices are not closed under addition, or con-

jugation by permutation matrices. For example matrix

1 21
1 4 2
011

is a totally nonnegative matrix (also an oscillatory matrix), but

010 1 21 10 4 1 2
o)1 4 2 0 0)=12
1/ \0 1 1 01 1

o = O

10 11
0 0 0 1
. 1 2 o . 3 8

is not, as det 1 1) < 0. Similarly we have that the matrices (1 3) and

31 . . 6
(8 3) are both oscillatory, but their sum (9 6

negative. Another question of interest is the following:

) is not even totally non-

Question 3.3.11. If an irreducible polynomial is the minimal polynomial of
an integer totally nonnegative matrix is it then the minimal polynomial of an

integer oscillatory matrix too?

Given the spectral properties of the oscillatory matrices, the affirmative
answer to the question above would imply that if an irreducible polynomial
is the minimal polynomial of an integer totally nonnegative matrix, then nec-
essarily it is the characteristic polynomial of some integer totally nonnegative

matrix too. We have that this is the case for some low degree polynomials:
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Theorem 3.3.12. Every separable monic integer polynomial with only real
and nonnegative roots and of degree one or two is the characteristic polynomial

of an integer totally nonnegative matriz.

Proof. Let f € Z|[x] satisfy the hypothesis of the theorem. If f is of degree one,
i.e. f =x—A, then it suffices to consider the matrix (A) Let f = 22— Ax+ B,
where A, B € Z, A, B > 0. By considering the zero matrix, we can exclude

the case when A = 0, thus let A > 0. If A? — 4B = 0 then matrix

will suffice. Assume f has two distinct roots, therefore A2 — 4B > 0. If A is

even, then matrix

A A2
2 1 "
. 4
2
is totally nonnegative. Else,
A—-1 A2 -1
2 P
) A+1

2
is a totally nonnegative matrix with the characteristic polynomial 22 — Az + B,

as was required to show. O
We propose the following question:

Question 3.3.13. Is every totally positive algebraic integer an eigenvalue of

integer oscillatory matrix?

The answer for real oscillatory matrices is affirmative, but it is not known
whether the same holds even for rational matrices.
The aim of what follows is to show that there exist infinitely many totally

irreducible monic integer polynomials with only real and positive roots, but
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that are not minimal polynomials of integer oscillatory matrices. Given that
we are interested in irreducible polynomials and that eigenvalues of oscillatory
matrices are simple, we can restrict to the case when our polynomial is the

characteristic polynomial only.

Theorem 3.3.14. Let A € Mat(n,Z) be an oscillatory matriz, then Tr(A) >
2n — 1.

Proof. We shall prove this by induction on n. For n = 1 and 2 it is clear from
Theorem 3.3.12. Assume that the hypothesis holds for n — 1 > 2. We argue
by contradiction and assume that the hypothesis fails for n and there exists
A € Mat(n,Z) such that A is oscillatory and Tr(A) < 2n — 2. Assume that

this is the smallest such n. We need to consider the following cases:

I. Tr(A) < 2n — 2. In this case A has a principal submatrix (A4;;)5. This
submatrix is an oscillatory matrix (see the remark after Theorem 3.3.6)
of order n — 1 and it has a trace that is less than 2(n — 1) — 1. A

contradiction.
IT. Tr(A) =2n — 2 and

a) either Aj; or A,, not equal to 1. In this case we assume without
a loss of generality that A;; # 1. Consider a principal submatrix
(A;;)% which is an oscillatory matrix of order n—1 and trace less than

2(n — 1) — 1. A contradiction.

b) A;; =1 = A,,, and there exists j such that A;; > 2. We consider
principal submatrices A" = (A;)7,, and A" = (A;;)]~". Both A’ and

A" are oscillatory matrices. We have that

Tr(A") + Tr(A"”) = Tr(A) — Ay;
= 27’L — 2 — Ajj

<2n—-5=2(n-—1)—3.
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By our hypothesis we know that Tr(A’) > 2(n —j) — 1 and Tr(A”) >
2(5 —1) — 1, thus

Tr(A") + Tr(A") > 2(n—1) — 2,

a contradiction.

2  otherwise.

Aii:{l ifi=1n

If n = 3 then A is a 3 x 3 matrix that has the following form

1 1 «
1 2 1
61 1

The entries 1 on the off-diagonal follow from the fact that the principal
minors have to be strictly positive, as matrices are oscillatory (all
eigenvalues strictly positive) and Cauchy Interlacing Theorem. Now
the characteristic polynomial of A is 2°—42?+(3—af)z—(a+5—2a03).

Therefore we have that a +  — 2a8 > 0 and 3 — a8 > 0. But a and
1 2 1 «
g 1 2 1
would be negative. Therefore the characteristic polynomial of A is

or

£ both have to equal to 0, else one of the minors

z(x? — 4z + 3), thus A is not oscillatory. Hence n > 3, and any such
matrix has a principal 3 x 3 submatrix (4;;); with diagonal entries 1,
2 and 2. By checking all the possible 3 x 3 oscillatory matrices, we

are left with the following possibilities (up to transposition)

1 11 11
X=112 2| andY =11 2
01 2 01

o = O

We want to show that we can write A as
A= Ly(az) [ [ Li(a:) DT [ U; (b)),
i#2
so that Ly(ap) A is a totally nonnegative matrix. Let us assume

that (A;;)? = X (similar argument holds for the submatrix Y'). By

72



Theorem 3.3.8 we know that A = [[ L;(a;)D[[U;(b;) and for each
2 < i < n there exists L;(a;) with a positive a;. Let Li(e;) de-
note (L;(a;))3. Clearly Li(a;)X = X for i > 4. Furthermore, we
have that Ls(as) (Hi24 Li(a;)) = (Hi24 Li(a;)) La(az) (by the re-
mark after Theorem 3.3.8) so if we argue to contradiction that A #
Lo(as) [T Li(a;) [T U;(b;) then there exists Ls(as) such that

A= (H Li<ai>> Ly(as) (H Li<az->> Lo(as) (T] £ita)) (TTUse))

i>4 i#2
where some of [ [, Li(a;) and [], , Li(a;) can equal to one. Thus we

have that L;'(as) (Hi24 Li(ai))fl A is a totally nonnegative matrix.
Note that L;(a;)™! = L;(—a;) and so

Ly(—as) <H LQ(@) X = Ly(—as)X

i>4

is a totally nonnegative matrix. But

1 0 0\ /111
Ly(—as)X=(0 1 o1 2 2
0 —az 1) \0 1 2

1 1 1

= 1 2 2

—as 1-— 2&3 2—2(13

and if a3 > 0 then L5(—a3)X is not a totally nonnegative matrix, and
consequently L3(—ag)A is not a totally nonnegative matrix, a contra-
diction. Hence, we can write A as A = Lo(az) [ [, Li(a:) [TU;(b;).
Consider the following

1 00\ /111
Liyay) ' X =|—-az 1 0] [1 2 2
0 01/ \0 12
1 1 1
= 1—&2 2—&2 2—(1,2
0 1 2
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We can let ay =1,

1 11
Ly7'x=101 1],
01 2
in particular Ly(—1)A is totally nonnegative matrix. The principal

submatrix A" = (A;)y of Ly(—1)A is totally positive and furthermore
oscillatory. But Tr(A’) = 2(n — 1) — 2, a contradiction. O

Example 3.3.15. Recall matrices A, € Sym(n,Z) from example (3.2.3).
These matrices are totally nonnegative and furthermore, due to Theorem 3.3.6,
we know that A, is oscillatory for all n. Thus we can always find an oscillatory

matrix of trace 2n — 1.

Corollary 3.3.16. The Schur—Siegel-Smyth trace problem holds true for poly-

nomaials that are minimal polynomials of integer oscillatory matrices. O

Given the rigid constrains of the totally nonnegative and oscillatory ma-
trices, we are able to show that some polynomials are not characteristic poly-
nomials of an oscillatory matrix which have arbitrary large traces. First we

will need the following theorem:

Theorem 3.3.17. [Thm. 4.3, 87] Let A € Mat(n,R.) be a tridiagonal ma-
triz. If all of the principal minors of A are nonnegative then A is a totally

nonnegative matrix. [

Proposition 3.3.18. Let A € Mat(n,R) be an oscillatory matriz. Then
A+dlI, is an oscillatory matriz for all d € R, if and only if A is a tridiagonal

matriz.

Proof. Let A be an oscillatory matrix. Let A;; such that |i — j| > 1. With-

out loss of generality assume that ¢ > j. Then the determinant of mi-

A Ayl . . . . L
nor |, NI\ g strictly positive. In a matrix A 4+ dI this minor corre-
At A
A; Ajj : o :
sponds to F 7|, and thus nonnegative for all positive d if and only
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Corollary 3.3.19. Let f € Z[z] be a monic irreducible polynomial such that
all its roots real and positive, and |{A € Mat(n,NU {0}) | xa = f}| < oc.
Then f(x —k) is the characteristic polynomial of an integer oscillatory matriz
for all k € NU{0} if and only if there exists a tridiagonal T € Mat(n, NU{0})
such that Xo = f. O

Example 3.3.20. Let f = 2% — 62% + 5z — 1. All the roots of f are real and
positive. We know that f is the characteristic polynomial of an oscillatory
matrix, for example

111

1 2 2

1 2 3
But it is not the characteristic of an integer tridiagonal oscillatory matrix.

And as [{A € Mat(3,NU{0}) | X4 = f}| < oo, there exists k € N such that

f(x — k) is not the characteristic polynomial of an integer oscillatory matrix.
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Chapter 4

Interlacing polynomials

In this final chapter we endeavour an exploration of interlacing polynomials
as an attempt to better understand which polynomials appear as minimal
polynomials of integer symmetric matrices. Although the general answer is
not within reach, and the question of quintic polynomials is still open, we are
able to show that there exist counterexamples to Estes—Guralnick’s conjecture
for all degrees strictly larger than five.

We begin by applying an interlacing-based construction given in [75] of
Salem numbers to show that there exists a Salem number of trace —2 of each
even degree strictly larger than 22. Counterexamples to Estes—Guralnick’s
conjecture follow as a corollary thereof. This new result appeared in the paper
[83].

In the latter part of this chapter we focus directly on interlacing polynomi-
als. Given that we still would like to know which polynomials are the minimal
polynomials of integer symmetric matrices, the interlacing polynomials present
us with a neat way of finding new counterexamples to Estes-Guralnick’s con-
jecture. The main result of this section is a demonstration of nonexistence of
noninterlacing monic polynomials for certain low degrees. We refer to [73] for

further details about discrete geometry, and to [40] for interlacing polynomials.
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4.1 Salem numbers

In this section we shall construct infinite families of Salem numbers of trace
—2, and thus produce counterexamples to Estes—Guralnick’s conjecture in al-
most all degrees. Salem numbers appear to have pandemic-like properties and
thus are a subject of an everlasting body of research. For more information
about Salem numbers we refer to [102]. The motivational problem from our

perspective is:

Conjecture 4.1.1 (Salem’s conjecture). [71, 102] There exists € > 0 such that
if a1 € (2,2+¢) and ao,...,a, € (—2,2) then [[I_,(z — ;) ¢ Z[z], where

n € N is strictly larger than one.

4.1.1 Palindromic polynomials

For f(x) € R]z], a real polynomial evaluated at =, we shall drop = and write

f if the situation allows us to do so without causing any ambiguities.

Definition 4.1.2. Let a € R be an algebraic integer and let « = aq, o, ..., oy,
be its conjugates. Then « is a Salem number if and only if a > 1, |a;| <1

for 2 <1 <mn, and there exists a; such that |o;| = 1.

For m € 7Z, we say that a Salem number is of trace m when the sum of all
its conjugates is m. Before we introduce an example of a Salem number we
note that if a is a Salem number then by definition o > 1 and at least one of
its conjugates has to be on the unit circle. Thus the degree of a Salem number
is at least 3. But there does not exist a Salem number of degree three, and in

general we have that:

Proposition 4.1.3. Let f € Q|x] be an irreducible polynomial of degree n > 1

such that at least one of the roots of f is on the unit circle. Then n is an even

integer and f(x) =" f (i)
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Proof. Let f be an irreducible polynomial of degree n > 1 such that one of
its roots, say «, is on the unit circle. Then aa = 1, where @ is the complex
conjugate of a. As the coefficients of f are real we have that @ = 1/« is also
a root of f. Thus z"f (%) = ef(x) for some € € Q. Given that n > 1 and
f is an irreducible polynomial imply that f(1) # 0. Taking x = 1 we have
f(1) = ef(1) and thus € = 1. Moreover f(—1) # 0, so taking x = —1 implies
that (—1)"f(—1) = f(—1), thus n must be even. O

Remark. It f(z) = a™f (i) then for f(z) = Y1, a;x’ we have a; = ay,_;.
Such polynomials are called self-reciprocal or palindromic polynomials.
Thus a Salem number is a root of a monic palindromic polynomial. The
converse of the proposition above is not true, and given an even irreducible
palindromic polynomial it is not necessary that it has a root on the unit
circle (for example z2 + 3z + 1). Let us note that the set of all palindromic
polynomials is closed under multiplication and the sum of two palindromic
polynomials of the same degree is again a palindromic polynomial. The latter
is not true when we drop the degree criterion, for example 2? +x+1 and z+1

are both palindromic but their sum, 22 + 2z + 2, is not.

1
Example 4.1.4. The algebraic integer 1 (3—1— V5 + \/2(—1 —1—3\/5)) is a

root of the polynomial z* — 323 + 32% — 3z + 1. Its conjugates are

i <3+\/S— 2(—1+3\/5))

i (3—\/5im/2(1+3\/3)).
i(3+¢5+\/2(—1+3\/3)) > 1

and the absolute value of all its conjugates is less than or equal to 1, with

E (3— \/S+z\/2(1+3¢5))‘ = 1.

and

Now
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1
Thus 2 (3 +5+ \/2(—1+ 3\/3)) is a Salem number of trace 3.

Proposition 4.1.5. Let f € R[z] be a palindromic polynomial of degree 2n.
1

Then there ezists a polynomial h € R[z| such that f(x) = 2™h <3: + —).
x

Proof. We prove by induction on n. For n = 1 let f = as2z? + a1 + ay and

1

h = asx + ay, then f(x) = zh (x + —). Let us assume that the proposition
x

holds for n > 1. To check the case for degree n + 1 let f = Z?ﬁéﬂ) a;x’.

1 n+1
Then — ( f(z) = agnynya™ ™ (3: + —) > is a palindromic polynomial of de-
x T

gree < 2n. By the inductive argument there exists h € R[z] such that

B 1 n+1 B 1 1 N
f(z) = agenyz™t (.CE + E) = 2"h (x + E) Letting h (x + E) = h(z)+

1
asny1)x" T we get 2"h ( x + = ) = f(x), as was required to show. O
x

Remark. There exists a two-to-one map between the roots of polynomials

=1l (= 5)(z— %) and h =[], (r — «;), where 2"h (35 + é) = f(x).

In particular, if we let a; = 3; + — then the roots of 22 — a;x + 1 are the roots

Bi
of f.

1
Example 4.1.6. For a polynomial h = 2% — 3z + 1 we have z*h (3: + —) =
x
xt —32% 4+ 322 — 3w + 1, call it f. From the previous example we know that
f is palindromic, and in particular, it is the minimal polynomial of a Salem

number of trace 3.

Corollary 4.1.7. Let f € Z[x] be the minimal polynomial of a Salem number
of trace m and degree 2n. Then there exists an irreducible polynomial h € Z|x|
of degree n such that all roots of h are real and positive and the trace of h is

2n+m, i.e. h=a" — (2n+m)a" 1 +.. ..

Proof. Let f € 7Z[x] satisfy the hypothesis of the corollary. Then by Proposi-
- ~ 1

tion 4.1.5 there exists h € Z[z]| such that z"h (x + —) = f(x). Given that f
x

is irreducible implies that A is irreducible too. The roots of & are all strictly
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larger than —2 and their sum is m. Therefore h(z) = h(z — 2) has only real

and positive roots such that their sum is 2n + m. O

Definition 4.1.8. Let n € N. We say that ®,, € Z[z] is the n-th cyclotomic
polynomaal if it is the unique irreducible polynomial divisor of x™ — 1, such

that ®, 1 2% —1 for 1 <k <n—1.

Example 4.1.9. ®; = z — 1 and &3 = = + 1. We have that &, = 2P~ +

2P~2 4 ...+ x + 1, where p is a prime number.

Remark. For a cyclotomic polynomial we have that deg(®,) = ¢(n), where

¢(n) is Euler’s ¢-function; furthermore 2" — 1 = [, ®q ([Ch. IV, 67]).

4.1.2 Interlacing polynomials

Much of what follows will be used throughout the chapter. For further details
we refer to the first chapter in [40].

Definition 4.1.10. Let f and g € R[z] be such that g = [[;_,(x — i), n > 1,

all B; € R and B; < Bix1 for 1 < i < n—1. Then f sign interlaces g if
sign(f(6;)) # sign(f(Bix1)) for all roots of g.

In the above definition we assume that if 5; = 1 then it suffices to check
that sign(f(/51)) # sign(f(B2)). Analogous assumption holds for when i = n.
Recall that

1 itz >0
sign(z) =< -1 ifx <0
0 if x =0.

Note that if all the roots of f and g are real and their degrees differ at most

by one, then f sign interlaces g implies that g sign interlaces f too.

Definition 4.1.11. Let g be as in the definition above and let f =], (z —
a;) € R[z] such that all a; € R and o; < ayq for 1 < i < mn. Then the roots

of f and g interlace if a1 < f1 < s < ... <[ or B <a; <...<fp < a,.
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The more interesting case for us will be the following;:

Definition 4.1.12. Let g = [/ (z — 8;) and f = [[/_,(x — o) such that all
a;, B ER, a; <y for1 <i<n—1and f; < Bjs1 forl <j<n—2. Then

g interlaces f if oy < By < g < ... < 1 < Qp.

Above definitions represent the strict cases of interlacing, i.e. where all the
inequalities are strict. Recall Theorem 3.1.1 (Cauchy Interlacing Theorem),
where it is shown that the characteristic polynomial of a symmetric matrix is
interlaced by the characteristic polynomial of its principal submatrix. There
we allowed for a weaker form of interlacing, where the interlacing polynomial
may have a root in common with the interlaced polynomial. Given that we
will be mostly interested in irreducible polynomials, the strict interlacing will
suffice. Nevertheless, much of what follows, either holds or can be extended
to the weaker form of interlacing.

From now on, when we say that polynomials are interlacing or that one
polynomial is interlacing the other, we will implicitly assume that both poly-

nomials are monic and have only real roots.

Lemma 4.1.13. Let f,g € R[z| such that deg(f) = deg(g) + 1. Then f sign

interlaces g if and only if g interlaces f.

Proof. Let us assume that f sign interlaces g, and deg(f) = n. By the Inter-
mediate Value Theorem we have that between two consecutive roots of f there
exists a root of g. Given that degree of g is n — 1 implies that g interlaces f.

The reverse argument is clear. O

Lemma 4.1.14. Let f = [[;_,(z — «;) and consider a polynomial

=S N[ - a) =[] - 6
=1 ji i=1

such that all o, v, \; € R with o; < a1 and all v; are nonzero. Then a; <
f1 < as < ...< Bu1 < ay if and only if sign();) = sign(Aiyq) for 1 < i <

n— 1.
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Proof. Let f and g as above. Then deg(f) = deg(g)+1 and by our assumption
f has only real roots. By the previous lemma, to show that g interlaces f
it suffices to show that g sign interlaces f. Note that Intermediate Value
Theorem tells us that all the roots of g are real. Let us evaluate g at the roots

of f. We have

gla;) = x]](a

JF#i
Now for j > i we have sign(a; — ;) = —1 as a; > o, thus
sign(g(as)) = sign(\)sign (Hmi - a») sign (Hm - aﬂ)
i<j i>j

= sign(\;)(—1)"".
Therefore sign(g(a;)) # sign(g(a;+1)) if and only if sign(\;) = sign(Ajx1). O

Lemma 4.1.15. Let f = ao [[[_y(z — o), g = by [[=] (z — B:) € R[] such
that g interlaces f, f is not a multiple of g, and ag,bg € Ry. Then for all
v € Ry \ {0} we have that h = ~vg — f has only real roots. Furthermore
the roots of f and h interlace, and g interlaces h, i.e. h = [[(x — ;) and

< M<Pr<a<y<...<pBpq<a, <Y

Proof. Let us define a set
:ﬂ{ D ye al,ﬁl)}.
i (r)

We claim that X is not empty. On each interval (o, 3;) the function i is
g
continuous going from zero to infinity (note that it can be either negative

o fr@) . (f@VY)

or positive mﬁmty) We have that the sign = sign _ for
g(r®) g9(r?)

€ (ay, 8;), vV € (aj, Bj) where 1 <i,j <n—1. This follows from the fact

that g interlaces f and thus g sign interlaces f, i.e. sign(f(3;)) # sign(f(5i+1))-
Therefore, sign(f(r®)) # sign(f(r(+Y)). Similar can be concluded for g,
giving us that sign(f(r®)) and sign(g(r”)) are constant on (a;, ;) for 1 <
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t < n—1. Thus X is not empty. In particular, given the hypothesis that
ao, by € R implies that sign(f(r®)) = sign(g(r®”)) for 1 <i < n —1, and
therefore X = (0, 400).

As X is not empty, this implies that there exists v € X such that v # 0
fr)

g(rt)
the roots of h. Our assumption that f and ¢ are not a multiple of each other

and =~ forr® € (a4, 3;), 1 <i<n—1. Let h =~g— f, then r¥) are

implies that h is not a constant. The polynomial h is at most of degree n and
clearly h € R[z]| as f,g € R[z] and v € R. The n-th root of A is real too as
the coefficients of h are real.

Finally, we show that we cannot have v, to be less than «a,,. We have that

- (f(r) (S .
f (n 1) n— n— d n— n

sign (g(r) # sign 2(r D) or r € (ap_1,08n-1) and r € (By_1, ),
as for r € (B,_1, a,,) we have that sign(f(r)) = sign(f(r=V)) but sign(g(r)) #
sign(g(r™=1)). And so the remaining root of h has to be larger than a,, or

more precisely v, € (ay,, +00). O
The following result was demonstrated by Johnson [59].

Proposition 4.1.16. Let f € Rz] with roots oy < ay < ... < a, and all

a; € R. The the set of all polynomials which interlace f forms a convex set.

Proof. Let fi, fo € R[z] be two polynomials which interlace f. We want to
show that Af;+(1—\) fo interlaces f, for all A € [0, 1]. Note that Af;+(1—\) fo
is a monic polynomial, as f; and f are. The degree of \f; +(1—\)fyisn—1,
its roots are real and \f; + (1 — \) fo sign interlaces f. Therefore by Lemma
4.1.13 Af1 + (1 — \) fo interlaces f. O

Remark. All polynomials that interlace f (f is separable) are of the form
written in Lemma 4.1.14, ie. >0 A [, (7 — «;), where \; € Ry. The
polynomials [],;(z — a;) are linearly independent over R. This follows from
the fact that if there exists A; € R such that > 7 A [],;(¥ — a;), then

evaluating at o we would have that Ay Hi#(ak — ;) = 0 thus A\, = 0. Hence
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polynomials [, 7éj(m — «;) span the space of polynomials of degree < n — 1.

Restriction to the monic polynomials implies that > | A; = 1.

Proposition 4.1.17. [Lemma 4, 78] Let v >0, a1 < f1 < as < ... < 1 <

a, < A and )
y Il =5
H?:1(I — )

n

h:

Then we can write h as

where \; € Ry for 1 < i <n. Also h(x) =1 has real roots vy, ...,~vn such that
ap <M <Pr<as<v<...< B <ap, <V, and vy, > A if and only if
h(A) > 1.

Proof. Let f = [[,(z — ;) and g = [[/= (z — ;). Then by the argument

above we know that we can write g as

g=> M=)

i=1 g

with all A; > 0. So we have that

h:

v _ 12 m Al —ay) i N,
f H?ﬂ(% — ;) - T o’

where A, = y\;. Let h(z) = 1, then % = 1 implies that vg — f = 0 and
by Lemma 4.1.15 it follows that h(x) = 1 has real roots 71, ..., 7, such that
ap <M <P <a<y<...<fBha < a, < Finally, we have that
79 goes from positive infinity to one as x goes from «,, to 7,. Therefore if

h(A) > 1 then ~, > A when h(v,) = 1. Likewise, if 7, > A then h(A) > 1. O

Ai
Remark. Given a polynomial of the form f ="  ———, whereall \; € Ry,
T —

v h?:_f (z - Bi)
H?:1($ — ;)

by the proof of the proposition above we can write f as , Where

H;:ll (z — ;) interlaces [[/_,(z — ).
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Circular interlacing condition

We shall use standard notation f(z) and g(z) to assist us to distinguish be-
tween polynomials which may have complex roots and those that have all real

roots, respectively.

Definition 4.1.18. Let f, g € R[z] be two coprime polynomials such that their
leading terms are positive and such that all their roots are on the unit circle.
We say that f,qg satisfy the circular interlacing condition if their roots

terlace on the unit circle.

Remark. If polynomials f and g satisfy the circular interlacing condition then
f and g are of the same degree and do not have repeating roots. Further, 1
and —1 appear as roots of fg. This follows from that fact that all the roots
of f and g come in conjugate pairs. Thus the conjugate pairs nearest to the

real axis need to be interlaced by —1 and 1.
Example 4.1.19. Polynomials z — 1 and z + 1 satisfy interlacing condition.

For more examples and details about polynomials that satisfy the circular

interlacing condition we refer to [81].

Lemma 4.1.20. Let f, g € Z[x] be such that f is of degree n, g interlaces f and
1 1

all roots of f are in (—2,2). Then 2" f <z + —) and (2% —1)z""1g (Z + —)
z 2

satisfy the circular interlacing condition.

Proof. Let f(z) = 2"f (z + %) and g(z) = (22 —1)z""1g (z + %) First note
that f(z) and g(z) are both of degree 2n and +1 are roots of f(2)g(z). Given
that the roots of f(x), and therefore of g(z), are all in (—2,2) implies that
the roots of f(z) and §(z) are all on the unit circle. This follows from the fact

that if we have f(z) = []"

im1(T — aj), @ < g then all the roots of f(2) are

n

the roots of 22 — ajz + 1 for some j. So f(z) = [15=1(z =) (2 = Ynts), where

aj ti/4—a? .
Vimti = 5 . Similarly we have g(z) = [[[Z, (z — 8;), 8; < Bj1,
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. B E£iy/4— B?
and §(2) = (22 = 1) [ 172, (2 = 0;) (2 — 0n—14;) Where d;,, 14, = 5 '
The fact that these two polynomials interlace on the unit circle is clear. [

Proposition 4.1.21. [Prop. 5, 78] Let f,g € Z[z] be polynomials satisfying
the circular interlacing condition. Then (2% —1)f — zg is the minimal polyno-
maal of a Salem number, possibly multiplied by a cyclotomic polynomial or a

Pisot number.

Remark. For a polynomial f € R[z] such that its roots are all on the unit circle
and f(£1) # 0, by Proposition 4.1.5 there exists a polynomial f such that
~ 1 . .
f(z)=2z2"f (z + —), where all the roots of f are in [—2,2]. If f has all roots
z

in [—2,2], then 2™ f (z + %) has all its roots on the unit circle. Therefore we
will show that for a polynomial A = (2% — 1) f — zg we can find a polynomial
h such that h(z) = z™h (z + %) and the roots of A are all but one in [—2,2].
A real algebraic integer a > 1 is a Pisot number if all its conjugates have an
absolute value strictly less than 1.

In this proposition it will be possible that instead of the minimal polyno-
mial of a Salem number, (22 — 1)f — zg will be the minimal polynomial of a

quadratic Pisot number multiplied by a cyclotomic polynomial.

Proof. Let f(z) and g(z) satisfy the condition of the proposition and let
1

be the leading coefficient of g(z). Set x = z 4+ —. We examine the following
z

polynomial
z g(z)
Zo1f()

We need to consider three separate cases:

(i) If f(z) and g(z) are of degree 2n and (22 —1) divides g(z) then let g(z) =
(22—1)g(2), §(2) € Z[2]. There exist polynomials j(z), f(z) € Z[x] such
that g(z) = 2" '§(x) and f(z) = 2" f(z), then

z glz) =z 2N - Dj(x)

217G 21 o)
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f(z)
_ 7'1_11 (z = Bi)
[Timi (@ — ) 7

where ;s are the roots of f(x) and f;s are the roots of §(z). Following

&
2

the remark above we know that these roots are totally real and are
contained in the interval [—2,2],ie. 2 <oy <1 <as <...< -1 <
a, < 2. We apply Proposition 4.1.17. Thus

M:Z A

[T (@ — o) =1 L~ a;’

Ai
and so Y,
r — O

Qg < Y2 < ... < Bu1 <y <y, For the polynomial (22—1) f(2)—zg(2)

= 1 has real roots ; such that -2 < a; <y < 1 <

to be the minimal polynomial of a Salem number it is necessary for

Y > 2. This will be addressed in the end of this proof.

(i1) Assume now that f(z2),g(z) are of even degree and 2% — 1 divides f(z).
Then f(z) = (22 — 1)f(2), and there exist polynomials f(z), j(z) such

that g(z) = 2"§(z), f(z) € Z[z] and f(z) = 2" ' f(z). Observe that

1\ 2
(z——) = 22 — 4, then

: 9 = 2y
22—=1f(2)  22=1z1(22-1)f()
__ 2 9@
=1 )
1 g(x)

[T, (= = 5)
(22 =) [T (v — )

Similarly to the case before, we apply Proposition 4.1.17 and see that

2 < b <o < ...< f, <2 It is clear here that the root =, of

h(z) =1 is a Salem number, as v, > 2. However it is still possible that
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(22 —1)f(2) — zg(z) may be reducible, but any non-Salem factor has to

be cyclotomic.

(7i7) The last two cases to be consider are when f(z), g(z) have an odd degree

)
2n 4+ 1, z + € divides f(z) and z — € divides g(z), where ¢ = £1. Then

f(2) = (2 + ) f(2) and g(2) = (z = €)5(2), [(2),7(2) € Z[z] and there
exist f,§ € Z[z] such that g(z) = 2"§(x) and f(z) = 2" f(z), then

s g 2 (-
2—=1f(z) 22—1z(

From Proposition 4.1.17 we have that —2 < 1 < a1 < ... < 8, < a, <

2ife=1land 2<a <fi<as<...<f,<2ife=—1.

It remains to show that we have that -, > 2 in all the cases. We have
to use the latter part of Proposition 4.1.17, in particular we claim that at
r=2(thatisz=1,asz =2+ %) we have l~1(2) > 1. This follows from the
fact that one of f(1) or g(1) is zero and the other one is positive, as these
polynomials have a positive leading term and all the roots are less than or

equal to one. O

Proposition 4.1.22. [Prop. 6, 78] Let f;, g; € R[z] be pairs of polynomials
9i _
fi

satisfying the circular interlacing condition fori =1,...,n. Then Y . ,

9 where f and g also satisfy the circular interlacing condition.

Proof. Let f;, g; € R[z] be of degree n;. Then by the previous proposition for
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each 7 we have that _ ©
Ly D
22—1Ff (1)’

=11 =4

1
such that z = z 4+ —, \; € R, and «; € [-2,2]. Summing over i we get
z

z &: -
;Z2_1fi ;;x—ay)
_k:lI_O”“7

[1(z = 5))
H(xl— )’

where —2 < a1 < 1 < ... < ag < 2. On the substitution of x = z + —, and
z

where m < " | n;. By Proposition 4.1.17 this sum is equal to

considering different cases the results follows. O

Proposition 4.1.23. [Lemma 1, (ii), 17] Let  be a root of unity. Then at
least one of —(C, (%, —(? is a conjugate of C.

2mik
Proof. Let ( = exp (W—Z) such that ged(k,n) = 1. It is known that for
n

all [ such that ged(l,n) = 1, we have that ¢! is conjugate of (. We partition

integers into the following three types:

(i) Let n = 2m, where m is odd, and put [ = m + 2. Then ged(l,n) =1, k
is odd and

¢ — exp <2m'kém + 2)>

et (22)
= (-1
= (2

(ii) Let n =4m and put [ = 2m + 1. Then ged(l,n) =1, k is odd and

¢ — exp <2m'k(2m + 1))

4dm
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. 2mik
= exp(mik) exp ( o )

(iii) Let n = 2m+1 and [ = 2. Then ged(l,n) = 1 and ¢! = ¢? is a conjugate
of (. m

4.1.3 Salem numbers of trace —2
The following findings first appeared in [83].

Lemma 4.1.24. Let p,q € Z[z| be a pair of coprime polynomials such that

q Zp1+p2 -1 Zp3+p4 —1 Zp5+n -1

5 B (zPr —1)(2P2 — 1) + (zps —1)(2pt — 1) + o — D) — 1)’ (4.1.1)

where p1, P2, P3, Pa, Ps are distinct prime numbers, and n > 5 such that n s

coprime with all p;. Let (p1, p2, ps, pa, ps) be one of the following 5-tuples:

(2,3,5,7,11),  (2,3,5,7,13),  (2,3,5,11,13),
(2,3,5,11,19), (2,3,5,13 17), (2,3,5,13,19),
(2,3,5,17,19), (2,3,7,11,13), (2,3,7,11,17),
(2,3,7,11,19), (2,3,7,13,17), (2,3,7,13,19),
(2,3,11,13,19), (2,3,11,17,19), (2,3,13,17,19).

Then the polynomial (2> — 1)p — zq is the minimal polynomial of a Salem
number of trace —2 and degree n + py1 + pa + p3 + ps + pPs — 3.
Proof. Let us write equation (4.1.1) over a common denominator to give us

(1)173 q>p4 q’m Hd\p1+p2 Q4 Hd |n ‘1’d + ‘bm (bpz q’pa Hd\p3+p4 Q4 Hd |n ‘Pd + ‘I)m (bpz q’m q’m Hd\p5+n ¥
q(z) d#£1 d'#1 d#1 d'#1 d#1

p(2) Py Ppy Pp3 Ppy Pps Hd|n ®q

and from the coprimality hypothesis we deduce that

P(z) = Bp, Ppy Py @y, Py, H Dq
dln
— yP1+P2tp3tpatps+n—>5 + 5ZP1+p2+P3+p4+P5+n76 4.

cey

and
q(z) = Py P, s H ®q H Par + Py, Py, Py H ®q H Par 4 Pp, Py, Py Py, H Dy
d|p1+p2 d'|n d|p3+pa d’'|n d|ps+n
d#1 d'#1 d#1 d'#1 d#1
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— 3ZP1+P2+P3+P4+P5+7175 I

Thus (22—1)p—zq is of degree n+Zf:1 p;—3 and of trace —2. By Proposition
4.1.21 we know that equation (4.1.1) satisfies the circular interlacing condition,
and by Proposition 4.1.22 we have that (z?—1)p— zq is the minimal polynomial
of a Salem number, with a possibility that (22— 1)p — zq is not irreducible and
is divisible by a cyclotomic polynomial or a reciprocal quadratic polynomial
of a Pisot number. Thus to prove this proposition it remains to show that for
each 5-tuple and a coprime n we get an irreducible polynomial.

Let us define

Q(y7 Z) Zp1+p2 —_ 1 zp3+P4 _ 1 yzp5 . 1

Ply2) (=) —1) (=D —1) (- Dy—1)’

and consider the curve defined by C(y,2) : (2% — 1)P(y, z) — 2Q(y,2) = 0.
Note that C'(z", z) : (22 — 1)p — zqg = 0. By Proposition 4.1.23 we know that
if ¢ is a root of unity then it is a conjugate to one of —(,(? or —(2. Thus if
(22— 1)p — 2q is divisible by a cyclotomic polynomial then there exist at least
two cyclotomic points on C(y, z) — (y, z) and (—y, —2), (y2, 22) or (—y?, —22).
In particular, (y, 2z) is a cyclotomic point on both C(y, z) and either C}(y, 2) :
(2 = D)P(=y, —2) + 2Q(=y, —2), Ca(y, 2) : (z* = 1)P(y?, 2*) — 2°Q(y*, %) or
Cs(y, 2) : (2 —1)P(—y? —22) + 22Q(—y?, —2?). For each of the three 2-tuples
(C,CY), (C,Cy) and (C, C3) we can eliminate for y or z to get a single variable
polynomial which has only a finite set of solutions. We now proceed discussing

four possible arising cases:

I. If we eliminate for z in (C, C) and get a nonmonic irreducible polynomial,
then such curves cannot have any cyclotomic points in common. Take

for example (p17p27p37p47p5) = (27 37 57 77 13)

I1. For (p1, pe, ps, pa, ps), if we eliminate for y in (C, Cy) and find cyclotomic
factors ®,,, ®,,, Pp,, ®p,, and P, , then given that these are the precise

factors of p, and the fact that ged(p, g) = 1, implies that none of these
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points can correspond to a cyclotomic point on C. Take for example

(plaanp37p47p5) = (27 37 57 7a 11)

III. Consider a case (2,3, ps, ps4, ps), where if we eliminate y for (C,Cj), then

12

where ged(k,12) = 1. Moreover, if we eliminate the same curves for

2mik
we find a cyclotomic factor of ®15(z) = 2*—22+41 with roots exp < = ) ;

z, then we find a factor of ®4(y) = y*> + 1. If (y,2) is a cyclotomic
2mi 2mik
points on both curves, then y = 2" and exp (%) — exp ( 7T112 n) As

ged(k, 12) = 1, this implies that 3 | n, contradicting our assumption of
coprimality of n and 3. See for example (p1, ps, ps, pa, ps) = (2,3,5,7,11).

IV. Consider a tuple (2,5, p3, ps, ps), such that if we eliminate y for (C,Ch),
we find a cyclotomic factor of ®gy(z) = 28 — 2% 4+ 2% — 1 (its roots are

2mik
exp ™ , where ged(k,20) = 1). Furthermore, assume that if we
20

eliminate the same curves for z, then we find a factor of ®4(y) = 3> + 1.

And so if (y, z) is a cyclotomic point on both curves, then y = 2™ and

211 2mik
exp (%) = exp ( 730”> . As ged(k,20) = 1, this implies that 5 | n,

contradicting our assumption of coprimality of n and 5. See for example

(plap2ap37p47p5) = (27 37 57 177 19)'

Table 4.1 summaries how cyclotomic points were eliminated for each of the
fifteen 5-tuples (p1, p2, P3, P4, Ps)- O

Notice that in the list we omitted a 5-tuple (2,3,5,11,17). If we eliminate
y on (C,Cy) among the cyclotomic factors as in case II. we also get an addi-

tional cyclotomic factor ®,3(z) which we cannot eliminate, and if we consider

C(21%, 2), we will find that it is divisible by ®3(z).

Proposition 4.1.25. There are Salem numbers of trace —2 of degree 2d for
all d > 12.

Proof. For d = 19 and for all d > 21 it is sufficient to check that all even
residues modulo 2x3x5x7x11x13x17x19 = 9699690 are covered by the 15
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Table 4.1: Cases
’ (p1, P2, P3, P4, P5) H (C,Cy) ‘ (C,Cy) ‘ (C,Cs) ‘

(2,3,5,7,11) 111 1L I11.

(2,3,5,7,13) T. . T.
(2,3,5,11,13) T s T
(2,3,5,11,19) T1L. s T1L.
(2,3,5,13,17) I. L. I.
(2,3,5,13,19) I. L. I.
(2,3,5,17,19) V. IL. V.
(2,3,7,11,13) T. . T
(2,3,7,11,17) T1I. g T1L.
(2,3,7,11,19) .
(2,3,7,13,17) . g
(2,3,7,13,19) I s
(2,3,11,13,19) I. L. .
(2,3,11,17,19) I11. L. I1L.
(2,3,13,17,19) I s T

infinite families of 5-tuples, which they are. For d € {12,13, 14, 15,16, 17, 18,20}

we have the following polynomials:

22+ 207 — 427 — 282 — 72220 — 1162"° — 11628 — 2727 + 16626

+4312" + 7012 + 90022 + 97322 + ..+ 1,

220 4+ 222 + 224 — 322 — 9222 — 1622 — 232%° — 302" — 3628 — 402"

— 42210 — 44215 — 462M — 472" — . 41,

228 4+ 2277 + 220 — 32% — 9224 — 162% — 2327 — 302" — 3622 — 402"

—422" — 43217 — 43210 — 43215 — 4321 — . 41,

220 + 2229 — 322 — 19227 — 39220 — 5122 — 532%* — 53223 — 5522 — 5622

— 5127 — 412" — 342™® — 38217 — 49210 — 55215 — .+ 1,
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222 + 2230 + 230 — 322 — 922 — 16277 — 23226 — 294%° — 33224 — 35223

—3622% — 3822 — 41220 — 452" — 492" — 52217 — 53216 — 41,

23 42033 32 — 330 — 830 — 12420 — 14228 — 15227 — 152%6 — 142%

—132%* — 1322 — 1322 — 122 — 9220 — 420 + 2B + 3217+ .. 41,

230 4 23% 3t — 333 — 832 — 12231 — 13230 — 1122 — 8% — 7227 — 9426

—132% — 172%* — 202 — 21222 — 192*' — 1522 — 122" — 112" — ...+ 1,

220 4+ 2% + 238 — 3257 — 9230 — 162 — 23234 — 292 — 33232 — 35231
— 36230 — 372%° — 3822 — 402%" — 43225 — 462 — 482 — 4922 — 4922

— 49221 — 49220 — . 4+ 1. O

Corollary 4.1.26. There exist counterexamples to Estes—Guralnick’s conjec-

ture for every degree strictly larger than 5.

Proof. From the proposition above we know of existence of Salem numbers of
trace —2 for degrees 2d where d > 12. Corollary 4.1.7 implies that there exist
monic integer irreducible polynomials of degree d with all real and positive
roots and trace 2d — 2 for all d > 12. By Corollary 3.2.2 each such polynomial
is a counterexample to the Estes—Guralnick conjecture. Counterexamples to
Estes—Guralnick’s conjecture for degrees 6,7,8,9,10,11 come from the small-

span method, and can be found in [76]. O

Corollary 4.1.27. For each degree n strictly larger than 11 there exists poly-
nomial f € Z[x] such that [ is a monic irreducible polynomial of degree n, all
roots of f are real and positive, and f is not the characteristic polynomial of

an integer oscillatory matriz. O
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In the proof of Proposition 4.1.25, the case d = 15 first appeared in [32]
while the remaining polynomials are from [83]. Chris Smyth showed that there
exist Salem numbers of trace —1 for all even degrees larger than 6 [100], and
James McKee and Chris Smyth showed that there exist Salem numbers of

every trace [78]. We conjecture the following.

Conjecture 4.1.28. For all m € N there exists N = N(m) such that for all

d > N there exists a Salem number of trace —m and degree 2d.

4.2 Convex sets

This section focuses on the geometry of numbers approach to the problem of
Estes and Guralnick. Let us introduced some basic concepts from discrete

geometry. We shall use [73] as the main reference.

Definition 4.2.1. The set C' C R" is a convex set if for each x,y € C' and
for every 0 < XA <1, we have A\x + (1 — Ny € C.

Definition 4.2.2. Let X C R" and |X| < co. The convex hull of X is
defined as

X X

conv(X) = > Amlm € X, A €Ry, Y N =1

i=1 =1
Definition 4.2.3. Let X C R". Then x € X is a vertex of conv(X) if and

only if x ¢ conv(X \ {z}).

Definition 4.2.4. A simplex C C R? is a conver set with d + 1 distinct

vertices.

Note that the above definition is equivalent to an existence of vy, ..., vy, €
C such that {vy — v4i1,...,Vqg — Vgy1} is linearly independent and C' =
conv(vy, ..., Vay).
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Definition 4.2.5. Let f € Z[x] be a monic separable polynomial such that all
its roots are real, i.e. f=T][_,(z — a;) where oy € R. Then we say that f is
interlaced (over 7,) if there exists a monic polynomial g € Z[x| such that g

interlaces f.

Proposition 4.2.6. [59] Let f = [[_,(z — «;) € Z[x] be a monic separable
polynomial such that all its roots are real. Let C' C R[z] be the set of all monic
polynomials that interlace f. Then C' = conv({fili =1,...,n}), where C is a

simplex and

n—1
fi = H(x — aj) = l,n—l -+ bgz)l’n_2 + ...+ bgll
J#i

Proof. Let f and f; be as above. Let g € C be any monic real polynomial
that interlaces f. To prove the proposition it suffices to show that there exist
Ai € Ry suchthat > " A =landg=> ", \f;.

Let f’ be the derivative of f, then f'(a;)g(ca;) > 0 for all a;. Let A\; € Ry
such that g(a;) = \if'(a;). We note that f'(a;) = fi(«;), and thus g(a;) =
Aifi(a;). Let us define a polynomial F(x) = g(x) — > i, Aifi(x), which is of
degree less than or equal to n — 1, and F(o;) = 0 for all a;. Thus F = 0
and therefore ¢ = > | A\;fi. Given that ¢ and f; are monic implies that
¢ 1 A = 1, the proposition follows. ]

It is important to note that the existence of an integer polynomial in this
convex set will imply that the polynomial f is interlaced.

Let R[w]?jl be the set of all monic real polynomials of degree n — 1, i.e.
polynomials 2"~! + g where ¢ is in the span of {1,z,...,2" 2} over R. Let us

consider the map
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mapping real monic polynomials of degree n—1 into R" !, i.e. mapping z"*~!

to ey for kK =1,...,n — 1, where e is a vector of a standard basis. For our

polynomial f € Z[z] let us define

K(f) = {¢n-(9)lg € conv({fili = 1,...,n})}

(we shall write K when it is clear what polynomial we imply). It is easy to
see that K is a convex set too. Points v; := ¢, (f;) are the vertices of K. If
int(IC) N Z"~! # ( then the polynomial f is interlaced, where int(K) is the
interior of L. Note that if we do not restrict to the interior of I then the
integral points may correspond to polynomials whose roots interlace not in a
strict sense.

To our simplex K we can associate a real matrix A(K) := A € Mat(n —
1,n,R), where the vertices of I correspond to the columns of A. Thus we

have A;j := Y 1<mi<..<mi<n(—1)' Q- - - Q.
my#£j

Proposition 4.2.7. Let

i=1 i=0
where ag = 1. Then
k
_ j
g Oy v Oy, = E (=1 olag—;.
1<mi<...<mg<n 7=0
mﬁéi
Remark. Coefficients a; are elementary symmetric polynomials in aq, ..., a,,

ie. a; = Zl§m1<...<m¢§n Oy -+ - Q-
Proof. We prove the proposition by induction on k. For £ = 1 we have
n
E a5 = a; — 4.
=1

J#i
Assume now that the proposition holds for k, then for k + 1 we have

E Ay e O'/mk-H = Ag+1 — E Qi+ v Oy,

1I<mi<..<mpy1<n 1I<mi<...<mgp<n
ml;ﬁi mlii
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= Ag+1 — G4 E Ay - - - Oy
1<mi<..<mp<n
my7#£i
k

= Apyp1 — Q Z(—l)jagak_j

7=0

j+1 ]+1
= (—1)°afa s + E )? ag—j

k1 ‘
= Z(—l)ﬂagakﬂ_j. O
=0
The proposition above implies that A;; = 3;_(—1) ofa;_y. Let
1 if i =1
AL = / = (4.2.1)
Qi1 — ain—l,j otherwise.

Note that A’ is just A with an adjoint row of ones as the first row.

Proposition 4.2.8. Let [ = [[_,(x — «;) be a separable polynomial and
A" € Mat(n,R) be defined as above. Then the inverse B of A’ is defined as

'
Bi' - U .
T fai)
Proof. Let Bl = f'(«;)Bix. By direct computation we have
k=1
1

f/(ozz ZB;’“A

’(a-) 2 " Z (=) o, -y,

v 1I<mi<..<mg_1<n

m;7#j
1
= (o — ag).
f'(eu) !;g
Therefore if ¢ = j then (BA’);; = 1, else 0. Therefore (BA');; = ;5. O

Let X C R"! be a simplex. Let us denote

AK) == {X € RTJA(K)A € 2", ixi:u.
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Corollary 4.2.9. Let K C R™™! be a simplex. Then CNZ" ' # 0 if and only
if A(KC) # 0. O]

Let C' C R? be a convex set. We denote by G(C) := [{r € Z¢ | r € C}|.

Example 4.2.10. (i) Let f = 2? — d, where d € N, then

K(f) ={\Wd—(1=MVd|xeo,1]}
—{2x=1)Vd | xe[0,1]}
= {NVd| N e[-1,1]}.

Therefore all the integer points in IC(f) correspond to the integers in
the interval [—v/d, v/d]. In particular G(K(f)) = 2|v/d] + 1. For each
m € K N Z we have the corresponding interlacing polynomial = + m.

Lastly,

AK(F) ={(1/2 =md~2,1/2+ md~2)" | m € [-Vd,Vd] N Z}.

(ii) Let f = 2% + 52% + 62 + 1. Then the boundary of I(f) corresponds to
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a triangle in R

Se

Thus every lattice point inside the simplex IC(f) corresponds to an inter-
lacing polynomial of f. In particular, K(f)NZ? = {(3,1), (3,2), (4,3)'},
and thus f is interlaced by 2% + 3z + 1, 2% 4+ 32 + 2 and 22 + 4z + 3.

Corollary 4.2.11. Let f € Z[z] be a monic separable polynomial such that
all its roots are real. Let K C R? be the affiliated convex set. Then G(K) is
finite. ]

Definition 4.2.12. Let f = ao[[}_,(x — as),9 = b [[.2,(z — 5;) € Rlz],
ag,bp € R. Then we define the resultant of f and g to be

Res(f, g) —aObSHH
i=1 j=1

We observe the following two identities, Res(f,g) = bf [[/~, f(8;) and
Res(g, f) = (=1)""Res(f, g).
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Let us note that for any A € R’ such that A’A = b € Z" we have b =
(bi,...,by)" and by = > | A;. We can represent b = (by,...,b,)" € R" in
a polynomial form as g = Y i bz . If 3" A, = 1 then g is a monic
polynomial and thus f is interlaced. If " A; # 1 then we can normalise

A
A, denoting N = ———.
Zi:l Ai

In this case f is interlaced once more, just not

necessarily over Z.

Proposition 4.2.13. Let f € Z[z]| be a monic polynomial such that all its

roots are real. Let A = (A\1,..., )" € AK). Then |[[}-, Ni| = ’w
f

)

where g is some polynomial that interlaces f.

Proof. Let A" be a matrix as defined in (4.2.1) corresponding to f, and let
A € A(K). Then A’A =b € Z". Let B be the inverse of matrix A’. We have
A = Bb and

)\i = i Bijbj
j=1

J=1
_ g(a;)
f'(ew)
Therefore,
ﬁ - ReS(g f)’
1 A
i=1 f
as was required to show. O

Lemma 4.2.14. Let K C R"! be a simplex affiliated with the polynomial
[ (z — ;). Let A= A(K) € Mat(n — 1,n,R), A = (A\1,...,\,)" € A(C)
and b= (by,...,b,_1)t € Z" ' such that AX = b. Then each component of b

can be written as

bk = g(ah s 7ak7b17 . ‘7bk_1) + (—]_)kZ)\zOéf,
=1
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where g(xq,...,Top_1) € L1, ..., Top_1].

Proof. We prove by induction on k. For £k = 1 we have

b1 — Z Alj)\j
7j=1

= (a1 — o)

=1
n

= a1 — E )\jozj.
j=1

This implies that Y77 A\ja; = a;—by, i.e. Y77 Aja; is a polynomial in a; and
b;. More generally, if the lemma holds for k, then Z?:o )\jaﬁ? is a polynomial
inay,...,agby,..., b, € Z.

Assume that the lemma does hold for &, then for k£ + 1 we have

bhr = Argijh;
j=1

n k+1
= Z(—l)laéakﬂ_l) /\j
j=1 \ =0
n k
= Y (=D afags + (—1)k+104k+1> Aj
j=1 \1=0
n k n
- Z(—l)laéakﬂ_l) Aj + Z )\ja;”l
j=1 \ =0 j=1
k n n
=3 (Son )+ 3wt
=0 Jj=1 Jj=1
k

(_l)lak-‘rl—lgl(ah -, ag, bl) sy bl) + Z )\ja?+17
=0 Jj=1

where g;(x1,...,29) € Z|x1,...,xy]|, and where go, ag,by = 1. Therefore the

lemma follows. [

Definition 4.2.15. The curve

g R — RY
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1s called a moment curve in dimension d.

Definition 4.2.16. Letn,d € N, and let rq,...,r, be n distinct real numbers.
Then
C:=C(ry, - ,ry) =conv{yy(r;)|i =1,...,n}

is a cyclic polytope, i.e. a convex hull of n distinct points on the moment

curve in dimension d.

Let f =]];_,(z — a;) be a separable polynomial such that all its roots are

real. Then we write C(f) for a cyclic polytope of the roots of f in dimension

n—1,ie C(f):=C(as, - ,a,) C R*" . Observe that C(f) is a simplex.

Proposition 4.2.17. Let f € Z[zx] be a monic separable polynomial and such
that all its roots are real. Then A(K) = A(C).

Proof. We show that for each vector A for which C has an integer point, IC
has an integer point too, and vice versa. Let A(C) = (A;;) be the matrix
associated to C, where A;; = of. Let AA =b" € Z"'. Lemma 4.2.14 implies
that b = >27_, \jaf € Z" " if and only if b; = g(ar,...,a;,by, ..., bi1) +
(1) 30 Nay € 2 for 1 < <. O

From the proposition it follows that for polynomial f it would not be

incorrect to forgo the convex set and write just A(f) for A(C(f)) or A(K(f)).

Definition 4.2.18. Let ay,...,a, € C. The Vandermonde matriz V :=

Vieg,...,an) of i, ...,y is defined as follows Vij = o "

Proposition 4.2.19. [p. 11, 85] Let ay,...a, € C. Then

det(V(ay,...,an) = [ (a5 —ay). O
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Proposition 4.2.20. Let aq,...,a, € R be the roots of a monic separable
polynomial. If Y7, yiag =0for0<j<n-—1, wherey; € R, then y; =0 for

1< <n.

Proof. Let V' be the Vandermonde matrix of aq,...,a, € R. Then the
statement of the proposition can be rewritten as y'V = 0!, where y =
(y1, ..., yn)" € R™ In particular, as the polynomial with roots «; is assumed
to be separable implies that det(V) # 0, following from Proposition 4.2.19.
Thus the result follows. O

Recall that G(C') denotes the number of lattice points in a convex set C.

Corollary 4.2.21. Let f € Z[x] be a separable polynomial of degree n such
that all its roots are real. Then |A(C)| = G(C).

Proof. Assume there exists A,up € A(C) such that A(C)X = A(C)u. This
implies that

i )\Z'Oéj = i /MO(Z
i=1 i=1
i@\i — i) =0,

i=1

and by previous proposition we have that all \; = y;. O]

Corollary 4.2.22. Let f € Z[x] be a monic polynomial such that all its roots
are real. Then C NZ" 1 # 0 if and only if K NZ"1 #£ (. Moreover, if f is
separable then G(C) = G(K). O

Definition 4.2.23. Let a € R be a totally real algebraic integer, and let
[ € Zx] be its minimal polynomial. We say that « is interlaced if and only

iof fis interlaced.

Proposition 4.2.24. Let f € Z[z]| be a monic irreducible polynomial such
that all its roots are real. Let o € R such that f(a) = 0. If v is interlaced
then so is every B € Z[a|, such that deg(5) = deg(a).
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Proof. Let f = [[i_,(z — o), & € R and O = Z[a], where f(o) = 0. If
f is interlaced then according to the corollary above there exists A € A(f)
such that 32" A = 1 and 3.7, \jod € Z for 1 < j < n — 1. To prove this

proposition it suffices to show that for each g € Z[z], 21, Mig(e?) € Z for
1<j<n-1 Let g=>Y",axz, then

Z Xiglad) =Y N> a(ad)!

=1 1=0
m n
j
= a o, €Z
=0 =1

This follows from the fact that a; € Z and when jl < n — 1 then it is clear,
while each agl for jl > n — 1 can be transformed into Z;.:Ol bia§, b; € Z, using

the following identity af = o} — f(a;). O

Remark. If the roots of irreducible polynomial f are invertible, i.e. f(0) = +1,
then the corresponding polynomial z” f (i) will have the same number of
interlacing polynomials. This follows from the fact that if a € R such that
f(a) =0, then Zla] = Z[a™!], as f = Y1 a;z’ + (—1)* and

fla) =) aa' + (-1)F =0
=1
Z@iai _ (_1)k+1
=1
aZaio/_l = (=1)*,
=1

therefore o=t = (=1 3"  a;a'™' € Z[a] and thus Z[a™'] C Z[a]. The
reverse inclusion is analogous, thus Z[a] = Z[a™!]. Therefore G(C(f)) =

G (C(z"f(1/x))).

Lemma 4.2.25. Let ay,...,o, €ER and W = V(... ,ap)". Then W =

/ / ?c:0<_1)k+jai'€aj—k n n n—k
(Wi;) where W/, .= il cand f=1]_(x—ou) =D 1o axa™ "

105



Proof. We have W—1W = I,,, it implies that

(WW)y =D Wi Wi,

k=0
=D Wiaj™!
k=1
— 52]
Let g; = M =y bV zn=1=F Then g;(c;) = 6;;. Thus we take

Wi = (~1)))
_ =
S R

1<mi<...<mj<n

Now apply Proposition 4.2.7. O

Definition 4.2.26. Let K be a number field with the ring of integers Og. The
fractional ideal

Dl}l = {iL’ € K‘ tI"K/Q<.%'OK) C Z}
is called the codifferent of Ok.

Proposition 4.2.27. Let f be an irreducible monic polynomial of degree n
such that all its roots are real. Let K = Q(«) for a € R such that f(a) = 0.
Then A(f) C K". If Ox = Z|a] then there exists a bijection between A(f) and

{y€Dg | v>0, trgo(y) = 1}

Proof. 1If f € Z[x] satisfy the condition of the proposition, then there exist
some A € A(f) such that given the Vandermonde matrix V' of the roots of f,
we have VA € Z". By Lemma 4.2.25 we have that \; € K, more precisely

each \; is in Z[a;). Let us denote the embeddings o; : K <— R, where

1
f'(a)

1 =1,...,n such that o;a = ;. Consider the map

v {yeDE |7>0, trgo(y) = 1} — A(f)

a— (o, ..ap).
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Clearly this map is injective. In the case when Ox = Z[a] we have that

1
Dy = mZ[a] (see Lemma 2.2.13) and therefore 9 is a bijection. O
o}

We would like to determine the conditions under which a given polynomial
is interlaced. For example, a result similar to Minkowski’s First Theorem [85].
Moreover, we would like to count those integral points. A problem for us is that
the associated to a polynomial convex set is not symmetric and generally it
does not contain the origin. For instance, we can construct a cubic polynomial,
by choosing three points on the parabola, such that the convex hull of those
points is an arbitrarily large triangle in R? that does not contain a point of Z2.
However this polynomial may not have integer coefficients, and indeed later
we will show that it is impossible for an irreducible cubic integer polynomial
to be not interlaced. Irreducibility here is necessary.

There are different strategies to deal with asymmetric convex sets. First,
we can consider the volume—-surface area ratio of a simplex, as was studies
in [9, 18, 51, 95]. Let V(C) denote the volume of the simplex C related to a

polynomial f of degree n + 1. It is not hard to notice that (see [104])
1
v(e)= /Al
The expression for the surface area of C, denoted S(C), is more involved.
Unlike the volume, the surface area does change as we shift the roots of f

by a real number. For example, for f = [[°_,(z — o;) we have S(C) =

1 — )
VIASE Vit D;/?Z; a3 — i) (the perimeter of a triangle). Gen-

erally,
n+1

1 B
S(C) = m\/m;m,

where By, = Z?:_()l bgk)Q and f; = f/(x —ay) = bg)m" + bgi)x”_l oY,

From [Thm. 1, 51] we know that if g((g)) > g, then G(C) > r. However, using
1 1
the formulas above, we get 40 =— As By > 1, if | f'(ag)] is
S(C) n Zn—f—l Bk
(o)
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small then the ratio will be small too. Unlike By, |f'(a4)| is invariant under
the transformation of the roots of f by a constant.

Alternatively we can apply Khinchin’s Flatness Theorem [8, 54, 60].

Definition 4.2.28. Let (L, 3) be a lattice in R™, and let C C R" be a convex
set. Then the width of C' is

w(C, L) := min{rggggﬁ(@,w) — gléigﬁ(v,w) |ve L\{0}}.

The flatness theorem states that a convex set that does not contain a lattice
point has a bounded width, which depends only on the dimension of the set.
Currently the best bound known is w(C, L) < en(1 + log(n)) [Cor. 2.5, 8],
where ¢ is a universal constant and C' C R" is a simplex.

Let us denote by span(«) := max; ; |a; — o;| the span of a, where a € R is
a totally real algebraic integer and o = ay, ..., a, are all its conjugates. Note
that span(m) = 0 if and only if m € Q. And span(a) = span(a + k) for all
keZ.

Proposition 4.2.29. Let f € Z[z]| be a monic irreducible polynomial such

that totally real algebraic integer o is a root of f. Then
w(C,Z") = min{span(7) | v € Z[a] \ Z}.

Proof. Let (Z", ) be our lattice, where for v,w € R" we have f(v,w) =
> viw;. Let A be the associated matrix of C. Thus every element vy € C
may be written as ¥ = AX where A € A := {f € R} | > 6, = 1}. Let

v € Z" then

¢
max 8(v,w) = max v A\.
weC Blv, w) AEA

Therefore vPA = (3" wiad, ..., 32" wal) and so

maxﬂ (v,w) max E v
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Similarly we have that

n—1

min B(v, w :minZv~ai~.

wECﬂ( W) A v
1=

Let g € Z[z] such that g = Z;:ll v;z', and let v = g(a) € Z[a], thus the

proposition follows. m

Let f € Z[z] be an irreducible polynomial such that a totally real algebraic
integer a is a root of f. Then w(C,Z"™) < span(«). This bound is strict, i.e.
there exists C such that w(C,Z") = span(«), although that is not always the
case. For example let o be a roots of f = 2% — 62® + 52 — 1. Then the
span(a? — 5a + 6) < span(a).

Unfortunately, for a totally real algebraic integer # € R there can exist
infinitely many (up to equivalence) totally real algebraic integers a € R of
bounded degree, such that 5 € Z[a]. For example if we consider the family of

polynomials

{2* —2a2* +a®> -2 € Z[z] | a > 2}.

The roots of these polynomials are :I:\/m. Thus for each of the corre-
sponding simplices, the width is bounded above by 2v/2.

Neither of the strategies above give us an effective way of bounding the
number of lattice points in a given simplex. Thus we cannot show as yet that
for a given degree there is a finite number of irreducible monic polynomials

with a bound on the number of interlacing polynomials.

4.2.1 Lehmer’s conjecture

The following was proved by Dobrowolski for minimal polynomials of integer

symmetric matrices.

Theorem 4.2.30. [Lemma 1, 31| Let f € Z[x] be a monic and irreducible
polynomial of degree n such that all its roots are real. If f is interlaced then

|Af[ = n"
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Proof. Let f =[[;_,(z — ;) € Z[z] be an irreducible interlaced polynomial.
Then there exists at least one g € Z|[x] such that g is monic and it interlaces f.
In particular, there exist A € A(f) such that > N, =1and g => 1 N f;,
where f; are defined as in Proposition 4.2.6. First we note that f;(«;) = f'(c)
and thus g(a;) = A\ f'(a;). Then

As |[T-, 9(aw)| = |Res(f, g)|, we conclude that |As| > n™ |Res(f, g)| and given
that Res(f,g) € Z\ {0} we have |Af| > n™. O

Remark. In the theorem above the assumption that f is irreducible can be re-
placed with a weaker condition that f is separable and interlaced by a coprime
polynomial.

The restriction that f is interlaced over Z can be replaced by a condition
that f is interlaced by g € R[z] such that |[Res(f,g)| > 1. If we consider the
interlacing polynomial g = % f’, we will see that Ay = n"|Res(f,g)|. Thus
the penultimate inequality in the theorem above is sharp. The condition that
f € Z[z] has only real roots can be replaced by an existence of g € C[z] and
A€ RY such that Y ) ;A\, =1and g=>" \fi.

Recall Corollary 3.2.12 in the previous chapter. If such polynomial f of
degree n exists, then |Ay| > 2"~ In".

There is an alternative proof for Theorem 4.2.30. Let v € K., and let
v = ﬁ, thus tr(y) = 1. In the light of Proposition 4.2.13 we know

Res(f, g)

that N () = |25

', where g € Q[x] is the corresponding interlacing
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polynomial over Q[z], and N(+) is the field norm. By the arithmetic mean —

1
geometric mean inequality we know that — > |N(v')|, thus we have |As| >
nn

n" [Res(f, g)l-

Theorem 4.2.31. [30, Lemma 2] Let f = [[\_,(z — a;) € Z[z] be a monic
separable polynomial such that it does not have a cyclotomic factor. Let p be

a prime number, denote f) = [[i_(x —af). Then p™ | |Res(ffy))| > 0. O
Recall the Mahler measure of a polynomial (see Definition 1.1.2).

Proposition 4.2.32. [31] Let f € Z[z] be a monic irreducible and interlaced
1

polynomial of degree n. Then M <x"f (l‘ + —)) > 1.0449642.
x

Proof. Let f =], (x — o) € Z[z] such that f is interlaced. Let

Let g4y = Hf:l(x — (P), where p is a prime number. Let us consider the

Ay | = ‘AgA

polynomial gg(,, with discriminant Res(g, 9(»))?|- Now

99(p) 9(p)

18] = | A7 (4)]

> |a2],

where f(g) = H?:l(l’ - 0%2)7

)A%) - H (ﬁf_ﬁf)Q
1<i<j<2n p ;
= I B-5) (Zﬁf’“ﬁf)
1<i<j<2n k=0
> |Ay].

2
The last inequality follows from the fact that [, ;<o, ( L o 466;“) €
Z \ {0}. Applying Theorem 4.2.31 we have that p*" | Res(g, g,)). Finally, as
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|Af] > n" we get

‘Agé?(p) = ‘AgAgw Res(g, g(p))2
> | AT
> |Ap™|

> n4np4n.
Let V.=V (f,...,[on B7, ..., F5,) € Mat(4n,R) be the Vandermonde ma-

trix for the roots of gg(y. From Hadamard’s inequality we have |det(V)| <
(4n)?"M(g)P+DUn=1)  Thus

(4n>2nM(g)(p+1)(4n—l) > n2np2n

1
M(g) > (g) 2(p+1)
For p = 11 we achieve the required bound. O]
Remark. The identity |A,| = ‘A?zf(g) (4)], where fo) = [T, (x — a?), follows
== 24
from the fact that 3;,11 = %. Therefore
ai:t,/oz?fél aj:t,/oz?—él 2” aiJr,/oz?fél ozi—,/a?fél ’
A= 11 2 - 2 I1 2 - 2
1>i>j5>n i=1

= ]I (Oéi—aj)4H(a?—4)~

1>i>j5>n

In the proposition above most of the bounds are sharp. For example, we have

2
D p—k ok
Ag H1§i<j§2n < k=0 51 ﬁ])

28 —2° —xt— 23 +2+1, then for p = 3 we have ‘H1§i<j§20 (22:0 Bf_kﬁf)Q = 1.

and if welet g = 210 4+2% — 27—

that A, | =

Using the same polynomial g, we have Res(g, gi2)) = 2'°. Finally for |A,| =
|A% f(2)(4)], if we let f = 2® — 4z + 1, then |f2)(4)| = 1, and so Ay = |A3].

For cyclic polytopes associated to monic polynomials we have the following

result:
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Corollary 4.2.33. There exists € > 0 such that if a; € (2,2+€), aa,...,a, €
(—2,2) and G(int(C(av, ..., o)) =0 then [[I_,(z — ;) ¢ Z[x], where n € N

15 strictly larger than one. [

In the light of the remark after Theorem 4.2.30 we have the following

corollary.

Corollary 4.2.34. Let f € Z[z] be an irreducible monic polynomial such that
it 1s not divisible by any cyclotomic polynomial. If there exists g € Clz] and
M,y A € Ry such that Y00 N =1, g = > " N\ifi and |Res(f,g)] > 1,
then M(f) > 1.08144.

Remark. We do not assume that the roots of f are all real, so perhaps g € R|x].

Proof. This proof follows analogously to the proof of the proposition above.

Let f be a polynomial satisfying our hypothesis, then ‘A ff<p>’ > n?p?". Using
1

Hadamard’s inequality we have M(f) > (g) 2(0+1) and for p = 7 we achieve

the required bound. O

Given the strength of the bound above, one would hope that it is pos-
sible to show that if an integer monic polynomial f is not interlaced then
M (:17” f (x + %)) = 1. For example, the family of polynomials with small
discriminants, cited by Dobrowolski in [31], had cyclotomic polynomials as
associated reciprocal polynomials. Unfortunately it can happen that the poly-
nomial is noninterlaced and its Mahler measure is strictly larger than one. For

example, the polynomial
f=a% 42" 4+ 142° — 82" — 122° + 72° + 22 — 1

1

is a noninterlacing polynomial and M (mg f (x +—+ k)) > 1 for all values
x

of k € Z.
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4.2.2 Ideal lattices

In this section we discuss an algebraic constructions of lattices. For more

details and some of the proofs we refer to [6, 7].

Definition 4.2.35. Let K be a number field and Ok be its ring of integers.

Let a be a fractional ideal in Og. An ideal lattice is a lattice (a, 3) such that

B(Az,y) = Bz, Ay)
for all x,y € a and \ € Ok, where X is the complex conjugate of .

Proposition 4.2.36. [Prop. 1, 7| Let a be a fractional ideal in Ok. Then
(a, ) is an ideal lattice if and only if there exists o € K such that f(x,y) =
tr(axy). O

Note the similarity of the proposition above with Corollary 2.2.22.

Proposition 4.2.37. [Prop. 2, 7] Let (a,t,) be an ideal lattice, o« € K. Then
| det(tq)] = N(a)’N(a)Ak. N

Definition 4.2.38. We say that a lattice (L, B) is integral if for all z,y € L
we have p(z,y) € Z.

Proposition 4.2.39. [Prop. 6, 7| An ideal lattice (a,3), where B(z,y) =

tr(aay), is integral if and only if caa C Dy O

Corollary 4.2.40. Let K be a totally real number field of degree n. Then

Ag > " where m = min{tr(y)|y € D;'}.

mn
Proof. Let v € D' such that tr(y) = m. Let us define an integral ideal lattice
(Ok, t,). From the arithmetic mean-geometric mean inequality it follows that

N(y) < m By Proposition 4.2.37 and the fact that |det(t,)] > 1, as our
nn

lattice is integral, we have

| det(t,)| = N(7)Ak
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A similar result to the corollary above was shown by Siegel in [99].

This is a slightly different bound than the one achieved in Theorem 4.2.30.
We have an identity Ay = Ak [Ok : Z[a]]? (see [Prop. 4.4.4, 24]), and so when
[Ok : Z[a]] = 1 then the two bounds could be equal.

Any integral ideal lattice in K will be called an Og-lattice.

Proposition 4.2.41. [Cor. 2.2, 5] Let K = Q[(,] such that n # p,2p is square
free, p is a prime number, and ¢(n) > 8. Then the minimum of any Ok-lattice

15 at least 4. [

Corollary 4.2.42. Let K = Q|[(,], where n is squarefree, n # p,2p, and
d(n) > 8. Let F be the maximal totally real subfield in K, i.e. F= Q[+ Y]

Then the minimum of any Op-lattice is at least 2.

Proof. Let a be an ideal in Op, and let o € F such that (a,t,) is an ideal
lattice. Let m be the minimum of ¢, and z € a be such that t,(z?) = m.
Let us extend this lattice to Ok, let a¢ := {> a;b;ila; € a, b; € Ok}, and
t'(z,y) == trxyr o ta(x,y) = trggoay. Clearly (a® ') is an Ok-lattice. Given

that z € a®, we have that the minimum of ' is smaller than #'(2?). Thus

t'(2%) = trg/pm
=2m

> 4,

the last inequality follows from the previous proposition, thus m > 2. O]

Therefore the minimal polynomial of (o1 + (57,

2% — 25 — 62" + 62 4+ 822 — 8z + 1,
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is noninterlacing. This implies that it cannot be the minimal polynomial of
an integer symmetric matrix. In general, the corollary above provides coun-
terexamples to Estes—Guralnick’s conjecture for all polynomials of degree ¢(n),
where n satisfies the necessary conditions. However when n = p is a prime
number strictly larger than 5, then it is known that the corresponding minimal
polynomial of ¢, +(; !is the characteristic polynomial of an integer symmetric
matrix [37]. That the minimal polynomial of (5 + (' is a counterexample to
Estes—Guralnick’s conjecture was shown with another method in [76].

It is not known whether every integer lattice can appear as an ideal lattice.
Neither it is generally known what can be said about the ring of integers Ok
if a given lattice is an Ok-lattice. A special case of this question was studied
in [72]. From our perspective, if K is a totally real number field and a positive
definite Ok-lattice has an orthonormal basis, then the minimal polynomial of
every element in Ok is the characteristic polynomial of an integer symmetric
matrix [Prop. 13, 7]. That in turn means that the codifferent is narrowly
equivalent to a square of an ideal [Thm. 176, 53], i.e. there exists an ideal
a C Ok and v € K, such that D' = vya?. This has consequences for the
study of Hilbert modular forms [52].

Universal forms

Definition 4.2.43. We say that a positive definite O-lattice (L, 3) is uni-

versal if for every a € O there exists v € L such that f(v,v) = a.

For a lattice, a condition of being universal is not equivalent to nL = O,
i.e. a lattice can be proper but not universal. For example (Z, I) is a proper
rational integer lattice, as it represents one, but it is not universal as it does not
represent nonsquares. On the other hand, the rational integer lattice (Z*, I;)
is both universal and proper.

Siegel in [97] showed that if K is a totally real number field such that

every totally positive algebraic integer can be represented as sums of squared
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integers in K, then K = Q or Q(v/5), i.e. if Sq(O) = O, and O is a ring of
integers of a totally real number field, then @ C Q(v/5). Maass showed that
Sqs(0) = O, where O is the ring of integers of Q(v/5) [70]. A more detailed
explanation of the modern advances in this research can be found in [62].
Recall the notation from Definition 2.2.25, where M(L) is the set of the

minimal vectors of a positive definite lattice L.

Definition 4.2.44. The kissing number in dimension n is 7, := max(, g |M(L)],

where L runs over all integer positive definite lattices of rank n.

Generally, the kissing number represents the maximal number of spheres
that can all touch one sphere in given dimension. This relates to a classical
problem of sphere packing (which recently experienced some exciting develop-
ments [25, 109]). Clearly 7,, > 2n given the existence of a lattice (Z", I,,). The
values of 7,, are known only for small dimensions. For example, forn =1,2,3,4
and 5 we have 7, = 2,6, 12,24 and 40, respectively. Be aware that our defini-

tion of the kissing number is a restriction to the kissing numbers for lattices.

Example 4.2.45. Let f = 2° —122* + 4323 — 582?428z — 4 and let K = Q[a/,
where f(a) = 0, and O be its ring of integers. The polynomial f is irreducible

and has only real roots. Let

121868a* — 117750203 + 324503802 — 2803155a + 301764
- 43795 € Ky

Then the ideal lattice (O,ts) is a positive definite lattice of rank 5 such that
M(O,t&) =40 = T5.

J

Let us denote D' = K, NDg'.

Proposition 4.2.46. Let K be a totally real algebraic number field of degree
n. Let us assume that its codifferent is a principal ideal generated by 6 € K
and there exists € € Oy such that €5 > 0. Let m = |[{a € D;' | tr(a) =
min

yepf(o>tv)}|- If a positive definite O-lattice (L, 3) of rank r is universal

then 1., > m.
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Proof. Let (L, ) be a universal O lattice of rank r. Every element o € D'
can be written as o = o/, where o € Ok. Let us assume that such o > 0.
Then § and o' have the same signatures, i.e. sign(cd) = sign(ca’) for all
embeddings ¢ : K < R. In particular, as there exists ¢ € Oy such that
€6 > 0, we have that ea’ > 0 and e 'a’ > 0. Consider an Z-lattice (L, t.s0 3)
of rank rn. By the definition of universal forms, [ is positive definite, and
€d > 0, thus (L,t,s o [3) is positive definite too. Given that L is universal,

there exists v € L such that 8(v,v) = ¢ 'a’. Then

tes 0 B(v,v) = tes(e )
= tr(da)

= tr(a),

and therefore our Z-lattice represents tr(a) for all & € D;'. Clearly min(L, t .50

B) = minwepll(o, ty), therefore

IM(L, tes 0 B)] = {o € DY | tr() = min (O,1,)}]

'y€D+

—_= ’)’]"[/7
and the proposition follows. O

Byeong Moon Kim constructed infinitely many universal octonary quadratic
forms over real quadratic number fields [61]. As 7 < 8313 [p. 23, 26], if
{a € D' | tr(a) = 1}| > 8313 and remaining conditions in the proposition
above are met, then we conclude that a given quadratic number field cannot
have octonary universal form defined over it. Quadratic number fields have a
normal integral basis. Therefore we can always find a polynomial such that
its root is a generator of the ring of integers. In the light of Proposition 4.2.27
and example (4.2.10), for polynomials with span large enough we will have
{a € D' | tr(a) = 1}] > 8313. This accounts for almost all polynomials.
Thus the existence of a unit with an appropriate signature in the proposition

above is necessary.
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Let us define
u(Ok) := min{rank(L) | L is a universal Ok-lattice},
where Ok is the ring of algebraic integers of a number field K.

Conjecture 4.2.47 (Kitaoka’s conjecture). [61] There exist finitely many
totally real number fields K such that u(Oxk) = 3.

If for a given degree there exist only finitely many irreducible monic integer
polynomial with a bounded number of interlacing polynomials, then Propo-
sition 4.2.46 will give an affirmative answer to a special case of Kitaoka’s

conjecture.

4.2.3 The Dedekind zeta function

Let K be an algebraic number field, n = [K : Q], and let Ok be the ring of
integers in K. Let Nk/g be an absolute norm (we shall simply write N when

it is clear which algebraic number field we imply).

Definition 4.2.48. The Dedekind zeta function of an algebraic number

field K is defined by the series
1
C(s) = > i
aCOgk N(a)

where s € C, Re(s) > 1, and a ranges through all the ideals in Ok.

The Dedekind zeta function admits an analytic continuations to C \ {1}
([Cor. 5.11, 85]).
Let us define

or(a) = SN,
bla

where a is an ideal of Ok. Furthermore, let

st (m) = ) om-1((7)Dx),
veD;!
tr(y)=l

where Dk is the inverse ideal of the codifferent.
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Theorem 4.2.49. [99] Let K be a totally real algebraic number field of degree

n > 1. Let h = 2mn, where m € N. Then
Crl(L—2m) =2 " by(h)sf(2m).
1=1

The numbers r > 1,b1(h),...,b.(h) are rational and they only depend on h,

where
h .
5 if h=2 (mod 12)
r=4
n +1 ifh#2 (mod 12).
| 12 n

Corollary 4.2.50. Let K be a totally real number field. Then (x(1—2m) € Q*
for allm e N*. [

Corollary 4.2.51. There does not exist a noninterlacing irreducible integer

polynomial of degrees 1,2,3,4,5 or 7.

Proof. Let f € Z[z] be an irreducible polynomial of degree 1,2,3,4,5 or
7, such that all its roots are real. Let @ € R be a root of f and K =
Q(a). Let Ok be the ring of integers of K, then Z[a] C Ok and Z[a]Y =
{z € K | trg/q(«Z[a]) C Z}. If there does not exist v € Z[a]" such that
v € K, and tr(y) = 1 then nor such v can exist in Dg', this follows from
Proposition 4.2.27. Therefore if f is noninterlacing then there does not ex-

ist v € Dy such that tr(y) = 1. From the theorem above it follows that
(k(—1) =27 bi(h) Z,yepll 01((7)Dk) and for n € {2,3,4,5,7} we have

tr(y)=
r =1 and (x(—1) = 2"by(h) Zvepj 01((7)Dk). By the previous corollary

tr(y)=1
(k(—1) # 0, and therefore there exists at least one v € Djrl C Z[z]" such that

tr(a) = 1. O

The similar approaches in studying totally positive elements of codiffer-
ent via cyclic polytopes were rediscovered several times [22, 23]. Predomi-

nantly, those studies were motivated by possibility to estimate the values of
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the Dedekind zeta function of a totally real number field evaluated at negative

odd integers.

4.3 Integer symmetric matrices

We now bring focus back to the integer symmetric matrices. First of all, let
f € Z[z] be a monic irreducible polynomial with all n roots being real. Let
g1, -,k € Z[z] be all the monic polynomials of degree n — 1 that interlace
f.- We know that the number of such polynomials is finite. If there exists
an integer symmetric matrix A such that X4 = f™ then for any principal
submatrix A’ € Sym(mn — 1,Z) of A we have Xa = f™ 1g; (see Theorem
3.1.1). Then Tr(A) = Tr(A") + A; where A;; is a difference between the trace
of f and g;. Thus diagonal entries of the matrix A are wholly depend on the

giS.
Example 4.3.1. Let us consider the polynomial f = x!% — 182° + 13528 —

54927 + 13202° — 192025 + 16622* — 8132 + 20622 — 242 + 1. It has only real

and positive roots. This is the set of all the polynomials that interlace f:

¥ — 162% + 10527 — 36625 + 7342° — 858z + 56723 — 19822 4 33z — 2,
¥ — 162% + 10527 — 3662° + 7352° — 8652 + 58223 — 20922 4 35z — 2,
2% — 162° 4+ 10527 — 3672° + 74225 — 8822 + 59923 — 21522 + 352 — 2,

2% — 162° + 10527 — 36725 + 7432° — 887x* + 608z — 22242 + 37z — 2.

Given that every polynomial that interlaces f has trace 16 implies that if there
exists a matrix A € Sym(10k,Z) such that f is the minimal polynomial of A,
then all the diagonal entries of such matrix is 2. But this is impossible as it

would imply that Tr(A) = 20k.

With a slightly more elaborate computations we can find the possible values

for >y A?i from the knowledge of all the interlacing polynomials.
J#i
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The following is based on [10] and [29]. Let f € Z[z] to be a monic
irreducible polynomial of degree n such that all its roots are real. Let K =

Q(«) such that f(«) =0, and Ok = Z[a].
Definition 4.3.2. We say that the homomorphism
p: Og — Mat(n,Z)

is a representation of Ok over Z, if for all x € 7 we have p(x) = xI,. If

in addition we have that
p: O — Sym(n,Z),
then we say that our representation is symmetric.

Definition 4.3.3. We say that two representations
p, ¥ : Ox — Mat(n,Z)

are equivalent if there exists A € GL(n,Z) such that p(x) = Ap(x)A"! for

all v € Og.
It is a well known result that:

Theorem 4.3.4 (Latimer-MacDuffee-Taussky). [105] There is a one-to-one
correspondence between equivalence classes of representations of Og over Z

and ideal classes in Ok. ]

Example 4.3.5. Let f € Z[x] be a monic polynomial of degree n and let
a € C be a root of f. Then

W : Zla] — Mat(n, Z)

OH—>Cf,

where C/ is the companion matrix of f. For any € Z[a] there exists g € Z][x]
such that g(a) = 5. Therefore ¥ (g(«)) = g(Cf) and so 9 is a representation
of Z[a].
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Given that p is a homomorphism, and the requirement of the definition
that p(x) = xI for all x € Z, we conclude that there are no examples of trivial
representations.

So far we assumed that the dimension of the representation, i.e. the order
of matrices by which we represent the ring, and the degree of the number field
are equal. Generally it does not have to be so, the only restriction is that the
dimension of the representation is a multiple of the degree of the number field.

Let p be an integer representation of O, where O is an order defined by
a € C,ie. O =Z[a]. Let f € Z]z] be the minimal polynomial of a.. As pis a
homomorphism then p(f(a)) = f(p(a)) = 0, thus f is the minimal polynomial
of p(a). Be aware that we implicitly assume that p is a homomorphism over Z.
Let g be the minimal polynomial of v € C. If g & Z[z], but instead g € Z[«],
then p(g(7)) # g(p(7v)). However if we let h € Z[z] be the minimal polynomial
of p(7), then g | h over Z[a].

Let a € R be an algebraic integer. We say that « is represented over O
if there exists a representation p : Z[a] — Mat(n, Q). Similarly we shall say

that « is represented symmetrically if p is a symmetric representation.

Proposition 4.3.6 (Bukh’s observation). [21] Let a € R be a totally real
algebraic integer, O = Zla], and let o be represented symmetrically over 7.
Then a totally real algebraic integer B € R is symmetrically represented over

O if and only if it is represented symmetrically over Z.

Proof. Let a € R be represented symmetrically over Z, and let A € Sym(n, Z)
such that the minimal polynomial of A is the minimal polynomial of a. We
have a bijection

W Za] —s Z[A].

Let § € R be a totally real algebraic integer, and let f € Z[x] be the minimal
polynomial of 8. Then f§ is symmetrically represented over Z[a] if and only if

there exists B € Sym(m, Z[a]) such that the minimal polynomials of B is f,
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ie. f(B) = O. Given that v is a symmetric representation over Z, we have
that ¢(B) — Sym(nm, Z), and from the definition of a representation we have

that

thus the proposition follows. O

Example 4.3.7. (i) Let O = Z[v/2] and let ¥ be a symmetric representa-
1 1
V2 (1 _1) .

(7 1)

Its characteristic polynomial is 22 — 3, and clearly it is represented over

O. Then

tion of O such that

Consider the matrix

won=v (Y L

:(w(\/ﬁ) (1) )
Y1) U(-v2)
11 1 0
110
10 1 41
0 1 -1 —1

(ii) Let a € R be a totally real algebraic integer satisfying equation z3 —

2?2 — 22+ 1 and O be the ring of integers of Q(a). By Estes—Guralnick’s
theorem, we know that « is symmetrically represented over the integers.
The polynomial 2° — 2° — 62* + 62® + 822 — 8« + 1 is not the mini-
mal polynomial of an integer symmetric matrix (see example 3.2.3). Tt
is divisible by 2? — ax + (a® — 3) over O. Therefore the analogue to
Estes—Guralnick’s conjecture over totally real number fields would have

counterexamples even for quadratic polynomials.
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Generalisations of Estes-Guralnick’s conjecture to hermitian matrices over
the ring of integers of a number field were considered by Greaves and Taylor

[47, 48, 49, 50, 107, 108].

Conjecture 4.3.8. Let f € Z[z]| be a monic irreducible polynomial of degree
n such that all its roots are real. Then f is the minimal polynomial of an
integer symmetric matrix only if there exist at least n distinct interlacing

polynomials of f.

For characteristic polynomials the above is true. Let f € Z[x] satisfy
conditions of the conjecture. Let K = Q[a], where « is a root of f. Assume for
contradiction that f is the characteristic polynomial of an integer symmetric
matrix but it is interlaced only by g1, ..., gm, where m < n. Then there exists
v € K, such that (Ok,t,) ~z (Z",1,). Therefore there are +x; € Ok such

that t,(z?) = 1 for i = 1,...,n. Now vz? > 0 and tr(y2?) = 1, thus vya?
1
f'(e)

There are n distinct |x;|s and only m < n distinct ggs. Therefore there exists

corresponds to an integral point in C(f), i.e. yz? = dgi(c), where 6 =

gi such that
vai = dgp(a) = yai,
z;,x; € O and z; # £x;, a contradiction.
Observe that a polynomial of degree n that is interlaced by n distinct
polynomials is not necessarily the minimal polynomial of an integer symmetric
matrix. For example 2% — 122° + 542* — 11223 + 10522 — 362 + 1 is not the

minimal polynomial of an integer symmetric matrix [76], but it is interlaced

by:

2 — 102 4 352% — 5022 + 252 — 2,
25 — 10z + 3623 — 5522 + 31z — 3,
25 — 10z* + 362% — 5622 + 34z — 4,

25 — 102 4 362° — 5622 + 352 — 6,
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2% — 10z* + 3623 — 572% + 39z — 9,

2® — 102 + 372 — 6222 + 462 — 12.
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