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Abstract

In this thesis, we construct exactly solvable many-particle quantum graphs in or-
der to calculate and analyse their spectra. We begin by constructing two-particle
quantum graphs with two-particle interactions, establishing appropriate boundary
conditions via suitable self-adjoint realisations of the two-particle Laplacian. For
certain non-local particle interactions, we show that explicit Laplace eigenfunc-
tions can be constructed using the Bethe ansatz. Imposing appropriate boundary
conditions on these eigenfunctions, we arrive at exact expressions for the spectra
of two-particle quantum graphs given by solutions to a pair of secular equations.
Performing numerical eigenvalue searches, we compare the spectral statistics of
certain examples to well known results in random matrix theory, analysing the
chaotic properties of their classical counterparts. We finish by generalising the
approach to n particles, arriving at exact expressions for the spectra of n-particle

quantum graphs given by solutions to a set of n secular equations.
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Chapter 1
Introduction

In this thesis we investigate the properties of many-particle quantum graphs with
particular focus on the acquisition and analysis of their spectra. A quantum graph
is a collection of vertices and edges of finite or infinite length equipped with a dif-
ferential operator. The first theoretical model of a quantum graph was devised by
Pauling [Pau36]. His motivation was to study the dynamics of free electrons in
hydrocarbons by modelling carbon molecules as vertices and carbon-carbon bonds
as edges. This idea was later adopted by Ruedenberg and Scherr [RS53] who used
quantum graphs to describe free electrons donated by covalent bonds confined to
entire quasi-one-dimensional molecules. Since then there have been multiple ap-
plications of quantum graphs in a variety of fields including quantum waveguides
[FJK87], quantum chaos [KS97], quantum computation [Lov10, KS00] and meso-
scopic systems [TMO5]. For a review of quantum graphs, see [EKK*08, BK13a].

Typically, quantum graphs are constructed by establishing boundary conditions
characterised by self-adjoint realisations of the one-body Laplacian [KS99, Kuc04].
The corresponding Laplace eigenvalues then play a major role in their study. An
important aspect of quantum graphs is that they may serve as models for quan-
tum systems with corresponding complex classical dynamics. Kottos and Smi-
lansky [KS97] demonstrated that eigenvalue correlations in quantum graphs can
be described with random matrix models, therefore providing an example for the
celebrated Bohigas-Giannoni-Schmit conjecture [BGS84] which is a central topic

in quantum chaos.
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While the majority of quantum graphs literature is focussed on one-particle mod-
els, there have been a number of studies of many-particle quantum graphs. The
first of these, by Melnikov and Pavlov [MP95], investigated the dynamics of two
interacting particles on a connected graph with three infinite edges. Under certain
restrictions of the system, they were able to find self-adjoint realisations of the two-
body Laplacian corresponding to particle-particle and particle-vertex interactions.
The resulting two-body wave function allowed the calculation of the conductivity
of the system. More recently, Bolte and Kerner constructed two-particle quan-
tum graphs, initially with interactions localised at the vertices [BK13b], and later
with singular contact interactions [BK13c]. Boundary conditions via suitable self-
adjoint realisations of the two-particle Laplacian were ascertained using quadratic

forms. These results were then used to study Bose-Einstein condensation [BK14].

To some extent, the success of one-particle quantum graph models relies upon the
fact that their spectra are determined by a secular equation [KS97], that is, Laplace
eigenvalues are given by zeros of a finite-dimensional determinant. This leads to
very efficient methods of calculating eigenvalues, and also allows one to prove exact
trace formulae for spectral densities [Rot83, KS97, BE09]. The acquisition of the
spectra in this way is possible since, locally, the classical configuration space of
a one-particle graph is one-dimensional. For the quantum model this means that
every eigenfunction must be a linear combination of left- and right-moving, one-
dimensional plane waves. Many-particle quantum graphs have higher dimensional
classical configuration spaces, in general prohibiting a finite-dimensional secular
equation that determines the eigenvalues. This obstacle can be overcome under

specific circumstances when symmetries lead to an exactly solvable model.

The first model of an exactly solvable many-body quantum system confined to a
single dimension was developed by Lieb and Liniger [LL63]. They determined the
exact spectra of a repulsively d-interacting Bose gas on a circle, a result which
was later generalised to distinguishable particles by Yang [Yan67], and extended
to systems confined to an interval by Gaudin [Gau71]|. Each of these results were
formalised by the use of the Bethe ansatz, a sum of two-particle plane waves
over possible particle configurations. Implicit in the use of the Bethe ansatz is

the requirement for certain symmetries brought about by the interactions in the
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model. The consequence of increasing the complexity to systems of particles on
general graphs is that these symmetries are destroyed. By imposing certain non-
local particle interactions, however, Caudrelier and Crampé [CC07] showed that,
for systems of particles on two-edge star graphs, compatibility with the Bethe
ansatz is recovered. They were then able to calculate the exact spectra of these
systems. Extending this method to general many-particle quantum graphs is the
main aim of this thesis. The main results established in this thesis regarding

two-particle quantum graphs are summarised in [BG16].

One-particle quantum graphs

A combinatorial, oriented graph I'(V,Z,&, f) is a set of vertices V = {vy,..., vy},
connected by a set of internal edges Z = {iy,...,iz} and external edges & =
{e1,...,€eg}. The map f assigns to each external edge e; a single vertex f(e;) = vy,
and to each internal edge i; an ordered pair of vertices f(i;) = (v,,vy), where
vy =t fo(i;) and vy =t fi(4;) are initial and terminal vertices respectively. A pair
of edges will be called distant if they have no common vertex and neighbouring if
they have at least one common vertex. The set of distant and neighbouring edge
couples will be denoted D and N, respectively. The degree d, of a vertex v, € V
is the number of edges connected to it. The combinatorial graph is turned into a
metric graph by assigning a finite interval [0, ;] to each internal edge i; € Z in such
a way that fo(i;) is identified with = 0 and f;(¢;) with = = ;. To each external
edge e; € £, a half-line [0, c0) is assigned such that f(e;) is identified with  =0. A
metric graph is called compact if there are no external edges, £ = @. We proceed
by restricting our attention to compact metric graphs only revisiting the notion of

external edges when necessary.

The relevant one-particle Hilbert space

4 =%L2(o,zj) (1.0.1)

=1

on a compact quantum graph I' is the direct sum of constituent Hilbert spaces on

each edge. Thus vectors

v = (v, (1.0.2)
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in 4 are lists of square-integrable functions v; : (0,/;) - C. Throughout this
thesis a quantum graph will always be a metric graph with an associated Laplacian.
In the one-particle setting, such a Laplacian —A; acts according to

~A = (= (2)) ] (1.0.3)

7=1

where dashes denote ordinary, possibly weak, derivatives. Thus vectors ¥ will be

defined in an appropriate Sobolev space

H*(T) :éH%OJj) c JA. (1.0.4)

j=1

One-particle observables on I' are self-adjoint operators on 7. We thus look for
self-adjoint realisations of —A;. These will be given as conditions on boundary

vectors

, 7] ' IZ]
Wy, = ((1#](0))1&'1) and \I’{w( S¢j((0?)j;| ) (1‘0.5)
(5(13));521 (=¢5(1)54

where we denote by 1;(p), the limit lim,_,, ¢, (). We adopt this notation through-
out the thesis. Kostrykin and Schrader [KKS99] showed that —A; is self-adjoint on
a domain D(A, B) c H?(I") such that functions U € D(A, B) fulfil the boundary

conditions
AUy, + BV, =0, (1.0.6)

where the 2|Z| x4|Z] matrix (A, B) has maximal rank equal to 2|Z| and ABt = BAT.
Matrices A and B are often interpreted as encoding external potentials localised
at the vertices [KS99].

The spectra can then be acquired by finding solutions to the eigenvalue equation
-A1V = FEV. (1.0.7)

For non-zero eigenvalues E = k? € R, constituent wave functions v; of correspond-

ing eigenfunctions W are necessarily superpositions of oppositely directed plane
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waves
() = ™ + Biem (1.0.8)

on each edge 7;. Imposing on v;(x), the boundary conditions (1.0.6), one can show
that Laplace eigenvalues are given by E = k? where values k are the solutions of

the secular equation

det [Iyz - S, (k)T (k,1)] = 0. (1.0.9)
Here the scattering matrix

S, (k) = —(A+ikB) (A -ikB) (1.0.10)

contains information about particle interaction at the vertices while the metric

information is encoded in

0 ez’kl
T(k,1) = (em . ) (1.0.11)

The blocks in (1.0.11) are the diagonal matrices e?*! = diag (e )L{'l

As well as leading to efficient ways to calculate Laplace eigenvalues, the secular
equation (1.0.9) allows one to prove exact trace formulae for spectral densities

[Rot83, KS97, BE09]. Thus, one can express the eigenvalue counting function
N(E)=#{n;E, < E} (1.0.12)
in terms of classical periodic orbits of a general graph.

Spectral statistics

The spectra of quantum graphs can be used to analyse their corresponding classical
dynamics. A particularly useful statistical measure is the nearest neighbour level

spacings distribution

b 1
f p(s)ds = &im N#{n <N; a<€n —€,<b} (1.0.13)



CHAPTER 1. INTRODUCTION 12

1 == T
e - .
Ve
/7
/o
0.8 e
/-
Y
.:'/
0.6 |~ o |
R

0 /
P /
~
@ /
N—
SH L /

0.4 - S .
=< R

/
/
: /
o2 /) |
- // »»»»»»»» Poissonian
)/ - - - GOE
o Lt ‘ \ | \

Figure 1.1: Characteristic nearest neighbour energy level distributions.

of the unfolded versions, €; < €5 < €3 < ..., of the energy eigenvalues; that is the
energies are rescaled such that the average spacing is equal to unity. Generic
quantum systems with integrable classical limits are conjectured to have spectra
with Poissonian statistics [BT77]

p(s) =€, (1.0.14)

while generic chaotic classical systems have quantum counterparts with correla-
tions described by random matrix models. Indeed, the Bohigas-Giannoni-Schmit
conjecture [BGS84] states that for such systems, with integer spin and time-
reversal symmetry, Gaussian orthogonal ensemble (GOE) statistics apply. In this
case, eigenvalues are known to exhibit level repulsion, with the level spacings dis-

tribution approximated by

2

p(s) = gse—%s (1.0.15)
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(see [Haa91]). The characteristic Poissonian and GOE shapes are shown in Figure
1.1.

Two-particle quantum graphs

We have seen previously that one-particle quantum graphs can be characterised
through self-adjoint realisations of —A;. A natural question is to ask how this
approach can be extended to systems of two (or more) particles on a graph. Two-
particle systems on a compact metric graph I' are associated with the two-particle
Hilbert space

1] I|

M =D L*(0,1;) © P L*(0,1;) (1.0.16)

given by the tensor product of constituent one-particle Hilbert spaces. Thus vec-

tors

W = (o (71, 72) iy (1.0.17)

in 74 are lists of two-particle functions ¥, : (0,1,,) x (0,1,) - C. A two-particle

quantum graph is then associated with the two-particle Laplacian

(1.0.18)

2 2
Oxy Ox3

2 2 Izl

m,n=1

The vector W is again defined in an appropriate Sobolev space H?(Dr) c 5,

where Dr is the configuration space for two particles on T'.

In the non-interacting case, appropriate self-adjoint realisations of —A, are trivial

extensions of the one-particle case. In this way, defining the two-particle boundary

vectors
(@ (0, L)), (Crna (0.Ly)) -y
v (77Z)mn(lmvlny))|7€n= v)’ (77Z)mn, (lm7lny))§|n=
T (y) = ot and 00 (y) = ! met [ (1.0.19)
(Y (lmy, 0))n,m:1 (Ymn2(lmy, 0))n,m:1

(wmn(lman))'nI,‘m:l (wmn,Q(lmyaln))‘i'm:l
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with y € [0,1], where functions ¢y, 1 and ¥p,,2 are inward derivatives normal
to the lines ;1 = 0 and x5 = 0 respectively, —A, is self-adjoint on the domain
Dy (A, B) ¢ H?(Dr) such that functions W € Dy( A, B) fulfil the boundary condi-

tions

(I, A I) U (y) + (I, ® B l) ¥ (y) =0, (1.0.20)

v

More interesting models include singular contact interactions between particles.

Such interactions take place along diagonals x; = x5 of squares
(0,0,,) x (0,1,,) (1.0.21)

and thus additional boundary vectors are defined according to

. 1z
HOR (Wmmﬂmy me»m:l)

(Y (L™ lmy))g‘zl
(¢mm,d(lmy+a lmy))g‘:l
(djmm,d(lmy_a lmy))lﬁzl ,

(1.0.22)
and \Ifl(f;),(y) = (

where 1y, ¢ are derivatives normal to the lines xy = z5. Here and throughout this

thesis we adopt the notation

y*=limy+e. (1.0.23)

e—>0F

Bolte and Kerner [BK13c] showed that for two-particle quantum graphs with sin-
gular contact interactions, —A, is self-adjoint on the domain of sufficiently regular
functions which, in addition to being subject to vertex conditions (1.0.20), also

obey the boundary conditions

B() ¥ (y) =0 and Q1) ¥ () + L) Q)T (1) =0, (1.024)

where bounded and measurable maps
P, Ly : (0,1) > M(Iyg, C) (1.0.25)

are required to fulfil the conditions that
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1. P,(y) =1-@Q,(y) is an orthogonal projection;
2. L,(y) is a self-adjoint endomorphism on ker P,(y).

In this way P, and L, prescribe the nature of the particle interactions. For such
self-adjoint realisations, they proved that the counting function (1.0.12) obeys the
Weyl law

L2E
N(E) ~ =

, B> o0 (1.0.26)

for distinguishable particles with an additional factor of one half

L2E

No(E) ~ 8

, B> o0 (1.0.27)

for the bosonic case, where L = ZL'I:|1 [; is the total length of the graph.

Exactly solvable many-body systems

Ideally, we would like to be able to determine the exact spectra of many-particle
quantum graphs using an analogous approach to that in the one-particle setting.
It turns out that for general many-particle quantum graphs this is not possible.
However, there are a number of specific examples whereby the complexity is suf-
ficiently reduced, for which exact solutions are possible. One such example is a
system of n d-interacting bosons on a circle [LL63]. The method is centred around

finding solutions to the n-particle eigenvalue equation
Ay = EY (1.0.28)
by the construction of explicit eigenfunctions

Y=z, 20) (1.0.29)

of the n-particle Laplacian

(1.0.30)
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The Bethe ansatz method in this context is the assumption that eigenfunctions
take the form

Y= Z AQeilkqizi+-+kqnan) (1.0.31)
QeSy

with amplitudes A9 and where elements ) of the symmetric group S, act on the
set {1,...,n}.

Gaudin [Gau71] extended this approach to reflecting boundaries, that is n-particle
systems confined to a box. The crucial difference in this model is the appearance
of negative momenta due to reflection at the boundaries. To account for this, the

appropriate Bethe ansatz becomes

¢(CL’1, o ’In) — Z Ape’i(kP1~Z’1+~--+k’ann)7 (1032)
Pey,

where elements P of the Weyl group #;, act on the set {£1,...,£n}.

In each case, the eigenvalue equation (1.0.28) is satisfied with Laplace eigenvalues
E=k}+ - +k2, (1.0.33)

where values {ky, ..., k,} are simultaneous solutions to a set of n secular equations

determined by applying appropriate boundary conditions on the Bethe ansatz.

In the case of singular contact interactions, general many-particle quantum graphs
are not compatible with this approach. Caudrelier and Crampé [CC07] however,
noticed that the Bethe ansatz approach can be used for two-edge star graphs where
certain symmetries are insured by a particular choice of non-local particle interac-
tions. The main aim of this thesis is to extend their approach to general quantum
graphs, establishing appropriate boundary conditions in the context of self-adjoint

realisations of —A\,,.

In Chapter 2 we formalise the construction of general one-particle quantum graphs,
establishing appropriate boundary conditions by self-adjoint realisations of the

one-particle Laplacian —A;. The boundary conditions lead to a quantisation con-
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dition from which the spectra can be calculated. We then analyse the spectral
statistics of a specific example commenting on its corresponding classical dynam-
ics. In Chapter 3 we construct a number of exactly solvable two-particle models,
calculating their spectra using the Bethe ansatz and analysing their spectral statis-
tics. In Chapter 4 we review the construction of general two-particle quantum
graphs with singular contact interactions following the method in [BK13c]. We
then use this method to establish certain non-local interactions in the context of
self-adjoint realisations of the two-particle Laplacian which permit exact solutions
via the Bethe ansatz method. We proceed by determining a quantisation condition
which yields the spectra of such graphs. We then analyse the spectral statistics
of a number of examples commenting on the nature of the classical dynamics. In
Chapter 5 we extend the procedure to general n-particle quantum graphs. Finally,

in Chapter 6, we draw conclusions and outline possible directions for future study.



Chapter 2
One-particle quantum graphs

In this chapter, we review one-particle quantum graphs and their spectral proper-
ties. We begin by establishing boundary conditions which characterise self-adjoint
realisations of the one-particle Laplacian. Then, specifying the form of the eigen-
functions of the Laplacian and imposing boundary conditions, we arrive at a quan-
tisation condition from which one-particle quantum graph spectra can be deduced.
We then discuss some properties of the spectra, focussing on the example of the

quantum tetrahedron and commenting on its corresponding classical dynamics.

2.1 Preliminaries

Before we proceed, it is useful to introduce some definitions and conventions in
the context of Hilbert spaces and symmetric operators. The reader is assumed
to have some familiarity with the basic properties of Hilbert spaces. Material is

taken from [Gri85, RS72, RS75].

In the following we denote by ., a Hilbert space with inner product

T x I C

(2.1.1)
(¢, 0) = (9lv)),

where we adopt the convention that the bra-ket notation (¢[¢)) implies a conjuga-
tion in the first argument ¢. In this thesis we will usually be concerned with the

particular Hilbert space called the Lebesgue space.

18
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Definition 2.1.1. The Lebesgue space L?(£2) is the set of complex functions ¢

with domain €2 that are square-integrable in the Lebesgue sense

[ lo(@)Pde < oo (212)

and with inner product defined as

(ov) = [ S@y(e)da. (213

Moreover, due to the action of the Laplacian, functions defined on graphs will need
to possess weak second derivatives. Thus they will be defined in an appropriate

Sobolev space H?2(£2) which is dense in L2(£2).

Definition 2.1.2. Let m € Ny. The Sobolev space H™(£2) consists of all functions
e L2(Q2) such that all weak derivatives up to order m are in L2(€).

Typically, quantum graphs are constructed by establishing boundary conditions
characterised by self-adjoint extensions of the Laplacian. Such operators are con-

structed by first defining a corresponding symmetric operator.

Definition 2.1.3. An operator A with dense domain D(A) c # is symmetric if
for all ¢,1 € D(A)

(0l Ay) = (Agly)). (2.1.4)

The adjoint operator A* has domain D(A*) defined as the set of ¢ € # for which

there exists some x € 77 such that

(9lAY) = (x|¥) (2.1.5)

for all ¢ € D(A). A symmetric operator A is called self-adjoint if the domains of
A and A* are equal; D(A) = D(A*).

Consider a symmetric operator A such that D(A) c 5. The extension B of A is
an extension of D(A) such that D(A) c D(B) and

B¢ = A¢ for all ¢ € D(A). (2.1.6)
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Since the domain of a symmetric operator is contained in the domain of its adjoint

we have that
D(A) c D(B) c D(B*) c D(A*). (2.1.7)

When self-adjoint extensions are possible there exist domains D(H ) which contain
D(A) and are subsets of D(A*) for which D(H) = D(H*). An operator H with

such a domain is self-adjoint.

Another method for finding self-adjoint operators involves constructing suitable

quadratic forms.
Definition 2.1.4. A sesquilinear form ¢ with domain D(q) c #Z is a map

q:D(q)x D(q) > C (2.1.8)

with D(q) a dense linear subspace of  which is conjugate linear in the first

argument and linear in the second. We call ¢ symmetric if

9(¢,v) = q(¥, ), (2.1.9)

for all ¢,% € D(q). The corresponding quadratic form ¢(¢,¢) is called semi-

bounded if there exists some p > 0 for which

0(¢,0) > —ll¢l, (2.1.10)

for all ¢ € D(q), and closed if D(q) is complete with respect to the norm

1117 = aC) + (A + DI [ (2.1.11)

Self-adjoint operators can then be identified using the following theorem from
[Kat66].

Theorem 2.1.5. Every symmetric sesquilinear form (¢, D(q)), with a correspond-

ing quadratic form which is closed and semibounded, corresponds to a unique,



CHAPTER 2. ONE-PARTICLE QUANTUM GRAPHS 21

semibounded and self-adjoint operator (H, D(H)) with D(H) c D(q) such that

q9(d, ) = (o|H) (2.1.12)

for every ¢ € D(q) and v € D(H).

2.2 Self-adjoint extension

Let us consider the compact metric graph I'(V,Z, f). The appropriate Hilbert
space
||

74 = L*(0,1)) (2.2.1)

=1

is the direct sum of constituent Hilbert spaces on each edge. Vectors

U = () (2.2.2)

7=1
in 77 are lists of square-integrable functions ; : (0,{;) - C. A quantum graph is
a metric graph I" with an associated Laplacian —A; which acts according to

~A T = (= () (2.2.3)

7=1

where dashes denote ordinary, possibly weak, derivatives. We wish to consider the

eigenvalue equation
-AV = EV (2.2.4)

alongside conditions which characterise interactions at the vertices.

One-particle observables on I' are self-adjoint operators on 7. We thus look for
self-adjoint realisations of —A; with domains characterised by appropriate bound-
ary conditions. We follow the method by Kostrykin and Schrader in [KS06b] noting
that their formalism includes graphs with external edges. Restricting our atten-
tion to compact graphs will be useful when extending our approach two-particle

systems.



CHAPTER 2. ONE-PARTICLE QUANTUM GRAPHS 22

Let us define the Sobolev space H?(I") as the set of ¥ € J# such that
¥ € H*(0,1;) (2.2.5)
for all je{1,...,|Z|}, and let Q: H*(I') x H?(I") - C be the sesquilinear form

QUP, V) =(-A,D|¥) (D] - A, ¥)

iz B . » (2.2.6)
=32 (B0 0) ~T,000) -1 1) + 5, (0)2,(0).

The bottom line of (2.2.6) is calculated by partial integration. Let us then define
the subspace HZ(T') as the set of ¥ e H%(T") such that

¥;(0) = ;(l5) =;(0) =%(l;) =0 (2.2.7)

for all j € {1,...,|Z|}, and let —A? denote the Laplacian —A; restricted to the
domain HZ(T).

Lemma 2.2.1. The operator —A{ is symmetric but not self-adjoint.

Proof. Symmetry is easily seen by noticing that (®, V) vanishes for all &, ¥ ¢
HZ(T'). The domain D(-AY") of the adjoint operator —A9” is the set of functions
® € 7 which satisfy the condition

(B - A T) = (~ATD|T) (2.2.8)

for all ¥ e H2(T'). Since the action of —A; is the same as its adjoint, this is the
condition that Q(®, V) vanishes which is clearly satisfied for all & € H2(I"). We
then have that D(-A{") = H(T") and thus that H2(I') ¢ D(-A?"). O

The aim is to find self-adjoint extensions of —AY. Since symmetric extensions of
—-A? are contained in their adjoints, we look for maximal subspaces of H?(T") for
which —A; is symmetric, that is Q(®,¥) = 0.



CHAPTER 2. ONE-PARTICLE QUANTUM GRAPHS 23

Let boundary vectors Wy, ¥, € C27l be defined
<¢j<o>>'fi'1) ( (5(0))2, )
Uy, = ] dw = VN (2.2.9)
’ (wj(lj))'ﬁ'l ST e,

Then, defining the vector
Wy
= ( b ) e C47 (2.2.10)

along with the symplectic matrix

0 -I
J= 2 (2.2.11)
Tyz 0

the form Q(®, V) can be rewritten as the skew-Hermitian form
w(Q, ) = (2[JL). (2.2.12)

To find maximal subspaces of H2(I") for which Q(®,¥) =0, it is sufficient to find
maximal subspaces in C*Zl for which w(®,¥) = 0. By characterising the space
M = M(A, B) with 2|Z] x 2|Z| matrices A and B, Kostrykin and Schrader [KS06b)]
proved a generalisation of the following theorem which we present for compact

graphs only.

Theorem 2.2.2. The Laplacian —A; is self-adjoint on the set of all ¥ e H2(I")

which satisfy the boundary condition
AUy, + BV, =0, (2.2.13)

with 2|Z] x 2|Z| matrices A, B subject to
1. rank(A, B) = 2[Z|;
2. AB' = BAT.

It is convenient at this point to discuss another method for finding self-adjoint
realisations of the Laplacian which is centred around Theorem 2.1.5. The idea is

to associate with the problem, a quadratic form, show that it is closed, symmetric



CHAPTER 2. ONE-PARTICLE QUANTUM GRAPHS 24

and semibounded and then extract the corresponding self-adjoint Laplacian. The

following theorem, based on this approach, is from [Kuc04].

Theorem 2.2.3. Consider the maps P, L acting on the space C2Zl of boundary
vectors, where P is an orthogonal projection and L is a self-adjoint endomorphism
on ker(P). Moreover, set @ = Iyz — P. The Laplacian —A; acting on a quantum

graph is self-adjoint under the restriction W e H2(I") such that
Py, =0 and QU+ LQUy, = 0. (2.2.14)

It is possible to show equivalence with the A, B parameterisation in Theorem 2.2.2

by letting P be an orthogonal projection onto ker(B) and
L = By 5y AQ. (2.2.15)

The restriction of B to ker(B)* before taking its inverse is necessary since B in
(2.2.13) need not be invertible. Moreover, Fulling, Kuchment and Wilson [FKW07]

showed that there exists some invertible C' such that
A'=CA=P+Land B =CB=Q (2.2.16)
which implies
L=AB". (2.2.17)

At this point we distinguish between two important classes of boundary condi-
tions. We note from (2.2.14) that for cases where L = 0, and thus for ABT = 0,
boundary values of functions Wy, and their derivatives ¥{ do not mix. We call
such boundary conditions non-Robin. Otherwise boundary conditions are called
Robin.
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2.3 Spectra of quantum graphs

In this section we calculate the spectra of one-particle quantum graphs by consid-

ering the eigenvalue equation
-A U = EV (2.3.1)

alongside boundary conditions prescribed by Theorem 2.2.2. The starting point is
the observation that the components 1;(z) of eigenfunctions ¥ € .7 with non-zero

Laplace eigenvalues F = k? € R are necessarily of the form
Vi (x) = ae™™ + e (2.3.2)

Each wave function 1; is a superposition of oppositely directed plane waves propa-
gating along edge i; with o; and 3; their respective complex amplitudes. Defining

vectors
o = (ay)F and B = (8))7, (2.3.3)

and imposing boundary conditions (2.2.13), we have that

(AX@Q+MBY%»(§)=Q (2.3.4)
where
X(k,1) = (Hil ]ﬁl) and Y (k1) = (_Hf,'d _E';). (2.3.5)

The blocks in (2.3.5) are the diagonal matrices
et = diag(e™)7. (2.3.6)

By making the definitions

T(k,1) = (eil e?) (2.3.7)
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and
Sy(k) = -(A+ikB) ™ (A-ikB), (2.3.8)

and using the result in [KS99] that for k # 0, the matrices A +ikB are invertible,

we arrive at the following theorem from [KS06b).

Theorem 2.3.1. The non-zero eigenvalues of a self-adjoint Laplacian —A; defined
on I' and specified through A, B are the values F = k? with multiplicity m, where

k # 0 are solutions to the secular equation
det [Iyz - S, (k)T (k,1)] =0 (2.3.9)

with multiplicity m.

Proof. Condition (2.3.4) can be written
det [AX (k,l) +ikBY (k,1)] =0 (2.3.10)

which implies

Dy (A-ikB)

det[(A+ikB)X(k’l);Y(k’ X(k’l);y(k’l)] =0 (2.3.11)
Then, using the invertibility of A + ikB, and multiplying on the left by
det [A +ikB] ™ (2.3.12)
and on the right by
det [X(k’l) ; Y(k’l)]l, (2.3.13)

we have that

det [I+ (A +ikB)™(A-ikB)T(k,1)] =0, (2.3.14)
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where we have used the fact that

X(k,1) —Y(k,l)) (X(k,l) . Y(M))_l‘

T(k,1) = ( - . (2.3.15)

The definition of S, (k) completes the proof. O

Clearly the matrices S, (k) have, in general, some non-trivial dependency on k. It
was shown in [KPS07] that such matrices are k-independent if and only if A and
B prescribe non-Robin boundary conditions. Since in [KS06b] it is shown that the
number of negative Laplace eigenvalues is bounded by the number of eigenvalues
of ABt, we have that non-Robin boundary conditions, for which ABf = 0 (see

Section 2.2), imply no negative Laplace eigenvalues.

2.4 Scattering matrices

We have seen that the spectrum of a compact quantum graph is given by the
secular equation (2.3.9) which is a function of matrices T'(k,l) and S,(k). The
former clearly contains the metric information. The latter contains information
about the interactions at the vertices prescribed by A and B. In what follows
we restrict our attention to local boundary conditions where boundary values of
functions at different vertices are not related. The significance of this is that we can
consider scattering at each vertex independently. We formalise this interpretation
by dissecting the compact graph into a collection of star graphs with finitely many,

external edges.

Definition 2.4.1. Consider a compact graph I'(V,Z, f). Let the map g associate
to each internal edge i; an ordered pair of external edges g(i;) := (e;, ;7). Here
ej =1 go(i;) and e,z = g;(i;) are external edges associated with initial and terminal
vertices of i; respectively so that f(e;) = fo(i;) and f(ejug) = fi(4;). The star
representation of the compact graph T is the collection T*)(V, &, f) of star graphs
Ly (v, &y, f) where &, is the set of edges e; such that f(e;) = v,. Clearly we
have that 2|Z| = |€]. The star graphs are turned into metric graphs by assigning
half-lines [0, 00) to its edges.

Consider the star representation I'(®) of a compact graph I'. The Hilbert space
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associated with T'(¥) is

€]
A = P L0, 00). (2.4.1)
j=1
Vectors
U= (1) (2.4.2)

in Jﬁ(s) are lists of square-integrable functions wj(.s) :(0,00) — C. Boundary vectors
are then defined

W) = (8 (0)F and wl)" = (4 (0)) (2.4.3)

=1
so that analogues of boundary conditions (2.2.13) are given by

(s) () _
AU+ BY Y = 0. (2.4.4)
Let P be an |€|-dimensional permutation matrix which reorders vectors ¥ according
to

PY = (¥,)" (2.4.5)

n=1

where each W, lists functions @ZJ](.S) with f(e;) = v,. Local boundary conditions

then imply the decomposition

A=IP"1(@ An)IP’ and B :P‘l(@ Bn)IF’. (2.4.6)
vp€eV vpeV

With reference to Figure 2.1, we describe the propagation of particles through a
graph by considering their asymptotics on infinite stars I, associated with vertices
v, € V. Let us consider a particle incoming along an edge e; € £, with plane wave
e~z The scattering matrix Sén)(k) then defines the amplitudes of plane waves

outgoing on edges e; € &, according to

(n) ik T
S (ke if j #4;

Y () =
’ S (k)eike + e=ikeif j =i,

(2.4.7)
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By application of local boundary conditions (2.4.4), one can then read off the

scattering matrix
S (k) = —(A, +ikB,) (A, - ikB,). (2.4.8)

The total scattering matrix

Sy(k) =P ('éé' 55">(k)) P (2.4.9)

can can be reconstructed from sub-graphs I';, by considering the scattering process

vertex by vertex and applying the relationship (2.4.6).

Let us retrieve the secular equation (2.3.9) by reconstructing the original compact
graph from its star representation (see [KN05, KS97] for related methods). Firstly,

choosing the form (2.3.2) on each external edge e;, defining vectors
o= (a;)f and B = (8))5), (2.4.10)
and imposing boundary conditions (2.4.4), we arrive at the scattering relation
a=S,(k)G. (2.4.11)

Now let us consider the functions ¢](.S) and w]('j—fl—‘

and ej, |z respectively. Joining up the external edges to form the single internal

related to the external edges e;
edge i; of length [; (see Figure 2.2) is imposing the condition
W (2) =8 (1 - ) (2.4.12)
which yields the relation
B=T(k1)e. (2.4.13)

Applying (2.4.11) and (2.4.13) successively we recover the secular equation (2.3.9)

as required.

It is convenient here to define some examples of boundary conditions which will
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e—ika:

Figure 2.1: Scattering of an incoming plane wave along e; to e; with probability
Sj; on a star graph I', associated with vertex v, € V.

€j 1 €j+|Z|

Figure 2.2: Joining two external edges e; and e,z to reconstruct internal edge ;.



CHAPTER 2. ONE-PARTICLE QUANTUM GRAPHS 31

be useful in the remainder of the thesis. Consider the vertex v, € V on a graph
I'. In the star representation I'(8), §-type interactions at v, are prescribed by the

conditions

¥(0) = {7 (0) (2.4.14)

for all e;,e; € &, and

> $7(0) = (0) (2.4.15)

€j Egg

where 77 € R parameterises the strength of interaction. These are recovered from

the boundary conditions (2.4.4) by setting

1 -1 0 0 0 0 0 0)
0o 1 -1 ... 0 0 00
A=+ ¢ i i |land Bo=|: i o] (2.4.16)
0 0 0 ... 1 -1 000 ...0°0
-7 0 0 ... 0 0 111 ... 11

We will call the special case for which n = 0, standard boundary conditions. We
remark here that in the literature, such conditions are often referred to as Kirch-

hoff or Neumann conditions.

We reiterate here that boundary conditions prescribed by Theorem 2.2.2 (or equiv-
alently Theorem 2.2.3) define self-adjoint realisations of the Laplacian. However,
physicists are often satisfied with imposing the weaker restriction that each scat-
tering matrix ngg)(k:), associated with a vertex v,, need only be unitary, in order
to ensure probability conservation [GS06]. In general, such choices do not provide
self-adjoint realisations of the Laplacian. As shown in [Car99] however, this prob-
lem is overcome the unitary scattering matrices are chosen to be k-independent.
One such scattering matrix, which will be used later in the thesis, is the Discrete

Fourier Transform (DFT) scattering matrix S.””*" Such a matrix has elements

, 1 pnGomey
(S,lg ’DFT))'Y)\ — -e e do (2.4.17)
Vs
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with n(-) a bijection of the d, neighbouring vertices of v, onto the numbers
{0,...,d, - 1}.

2.5 Periodic orbits and the trace formula

In this section we establish the connection between the spectra of quantum graphs
and the dynamics of their classical counterparts by means of a trace formula. The

description of the classical dynamics appears as sums over periodic orbits.

Definition 2.5.1. An orbit of possibly infinite size m on a compact graph I' is
a sequence of vertices (vy,,...,v,, ) such that the vertices in each subsequence
(v, Un,,, ) are connected by some edge i; € Z. An orbit is periodic with period n if
Uy, = Uy,,, forallie{l,...,m-n}. A periodic orbit which cannot be written as a

repetition of a smaller periodic orbit is called primitive.

The trace formula in the context of quantum graphs is concerned with expressing

the count
N(E)=#{n; E, < E} (2.5.1)

of non-negative Laplace eigenvalues in terms of periodic orbits on the graph. The
first such trace formula was deduced by Roth [Rot83] for standard boundary condi-
tions and later generalised to non-Robin conditions in [KPS07]. More recently, by
applying the argument principle to the secular equation (2.3.9), Bolte and Endres
[BE09] calculated the trace formula for quantum graphs with general boundary
conditions. It is sufficient in the context of this thesis to present the case for

non-Robin boundary conditions given by

00 . 1 A
> guh(ha) =L (0) + (g0~ MIR(O) + X (A, + ADR(E)) . (252)
n=0 peP
This is an analytical representation of the counting function (2.5.1) given in terms
of the multiplicities g, of eigenvalues E,, the total length £ =3;[; of the graph,
the order N of the solution k =0 of (2.3.9) and a suitable test function h:C - C

with Fourier transform defined

1

) = 5 f : h(k)e™ dk. (2.5.3)
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Furthermore, amplitudes A, associated with periodic orbits p € P with length [,

are calculated by multiplying the local scattering matrices at each vertex along p.

To finish this section we remark that the multiplicity go of the Laplace eigenvalue
E =0 is, in general, not equal to the order N of the value k£ = 0 as a solution to
(2.3.9). For the purposes of this thesis it is sufficient to give the result in [FKWO07]
that, in the case of non-Robin boundary conditions where S, (k) is independent of

k, the multiplicity of the eigenvalue zero is given by

1 1.
go — §N =1 }g%tr Sy (k). (2.5.4)

A generalisation of this result to include Robin conditions can be found in [BES15].

2.6 The tetrahedron

In this final section we calculate and analyse the spectrum of a quantum tetrahe-
dron with standard boundary conditions. A tetrahedron is a graph I" with |V| =4
vertices and |Z| = 6 edges where each vertex v, € V is connected to each of the
others v,., € V by a single edge i; € Z. Figure 2.3 depicts a tetrahedron on which
the edges and vertices are labelled. In order to associate an explicit permutation
matrix P (see (2.4.5)) with the tetrahedron, we specify the orientations of the
edges i; connecting a pair of vertices {v,,vx} according to fo(i;) = Umin(y,1) and

Ji(7) = Umax(y,n)- Local standard boundary conditions are given by
A=PH;® A,)P and B = P, ® B,)P, (2.6.1)

where for each vertex v, we have

1 -1 0 00 0
A,=lo 1 -1]and B,=[0 0 0 (2.6.2)
00 0 111

These are clearly non-Robin conditions and thus the resultant scattering matrix

S, (k) =P (]14 ® S (k)) P, (2.6.3)
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U2

(1 U3

Figure 2.3: Tetrahedron with lengths and vertices arbitrarily specified.

with

Wl
wlN
wWihd WIN

S (k) = (2.6.4)

wWIN wWiN
o
W=
|

L=

is k-independent. Choosing rationally independent lengths
llzl, l2:\/§, l3:\/§, l4=\/g, l5:ﬁ, l6: \/11, (265)

we ensure non-degenerate solutions k > 0 of the secular equation (2.3.9). As stated
in Theorem 2.3.1 the Laplace eigenvalues F = k? exactly correspond to these
solutions. The one exception is the solution &£ = 0 which has order N =4 equal to

the multiplicity of the eigenvalue one of

S, (k) (]?6 ]EG) (2.6.6)

The multiplicity go = 1 of the Laplace eigenvalue E = 0 is then calculated using
(2.5.4).
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Using the identity

[ 5(x —a) f(z)dz = f(a) (2.6.7)

as well as (2.5.3), the trace formula (2.5.2) can be written

[’o h(k) S a8 (k — k)R

:[: h(k) (% + (90 - %N)(S(k) +Z;)Mei“p)dk. -
Since the spectral density is defined
(k) = 3 .3k~ k). 269)
we have that
d(k) = % + (g0 - %N)é(k) +,;> %e“ﬂ’p. (2.6.10)

The counting function N(FE) for all eigenvalues up to E is then calculated by
integrating the spectral density d(k) from —v/E to v/E. We then have that

Ap+ Ay okl | ke
2

= E\/E n go - 1N+ Z Ap + Ap (ei\/Elp _ e_z‘\/Elp> (2611)
T 02 sep 2mily, '

VE
NE) = [+ @35+ 3

2 peP

No(E)

The first three terms comprise the smooth part Ny(E) of the counting function.
The final term is the oscillatory part N,(£). Until now we have not been explicit
about the exact nature of amplitudes A,. Kottos and Smilansky [KS97] showed

that the oscillatory part can be written
NJ(E) = 21 S tr (S, (KT (k. 1))" (2.6.12)
™ n=1

Figure 2.4 shows the counting function N(FE) plotted from numerically deduced
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N(E)

—  N(B)
——- Nu(B)
—— No(B) + No(E)

o L | | I I
0 2 4 6 8 10

E

Figure 2.4: Eigenvalue count for a tetrahedron with local standard boundary con-
ditions. No(E) is calculated using (2.6.12) summing the first 20 terms.

0.8 |- |
0.6 |- |
12)
s}
=
o 0.4 [~ |
o .
0.2 [~ |
/ ——— Numerical results
4 - - = GOE
0 | |
0 3 4 5

Figure 2.5: Nearest neighbour energy level distribution for quantum tetrahedron.

Lowest 100,000 energies.
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eigenvalues F, along with the corresponding analytical expression calculated from
the trace formula (2.6.11). Clearly the numerical data agrees with the trend pre-
dicted by N,(E). The analytical expression converges to the numerical data as

more terms in N, are summed.

A particularly useful statistical measure is the nearest neighbour level spacings

distribution
b 1
[ p(s)ds = J%im N#{n <N; a<en —€,<b} (2.6.13)
of the unfolded versions, €; < €5 < €3 < ..., of the energy eigenvalues, that is the

energies are rescaled such that the average spacing is equal to unity. Chaotic clas-
sical systems have quantum counterparts with correlations described by random
matrix models. For such systems, with integer spin and time-reversal symmetry,
Gaussian orthogonal ensemble (GOE) statistics are conjectured to apply [BGS84],

where the level spacings distribution can be approximated by

2

p(s) = gs e s (2.6.14)
(see [Haa9l]). Figure 2.5 shows the nearest neighbour distribution for the quantum
tetrahedron with standard boundary conditions. We see that the nearest neigh-
bour data closely follows GOE statistics. Such spectral correlations characterise

quantum systems which are chaotic in the classical limit.



Chapter 3

Exactly solvable two-particle

systems

The complexity of most macroscopic phenomena means that their exact treatment
is impossible. In these cases meaningful, yet approximate, theoretical results can
be established by means of simulation, perturbation theory or a reduction of the
problem to a simpler exactly solvable model. There are however, a number of
macroscopic systems which can be solved exactly by considering individual parti-
cle mechanics. In the context of this thesis we use the term exact solvability to
describe systems for which exact expressions for energy can be obtained. Since
our aim is to study many-particle quantum graphs, we are most interested in such

systems confined to a single spatial dimension.

We begin by introducing a number of approaches devised to identify and solve n-
particle systems confined to a single dimension. In 1931, Bethe [Bet31] identified
the eigenfunctions and calculated the spectra of the Heisenberg-Ising anisotropic
chain; a linear chain of spin—% particles interacting with their nearest neighbours.
At the centre of this approach is the construction and employment of what is
now known as the Bethe ansatz; a superposition of possible many-particle plane
wave states. Adapting this method to find solutions of the n-particle Schrodinger

equation

(—An+2az5(xi—xj))¢=Ed), (3.0.1)

i%*]

38
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Lieb and Liniger [LL63] determined the exact spectra of a repulsively d-interacting
Bose gas on a circle, a result which was later generalised to distinguishable parti-
cles by Yang [Yan67]. Gaudin [Gau71] later employed the Bethe ansatz to describe
similar systems confined to an interval. Central to the validity of the Bethe ansatz
method is the existence of certain symmetries associated with the system in ques-
tion. It turns out that this requirement is that interactions can be characterised
in terms of Weyl groups of root systems. These symmetries become particularly
intuitive when considering McGuire’s optical wave analogy [McG64]. He refor-
mulated the problem of n d-interacting particles confined to a single dimension in
terms of the propagation of a single optical ray in an n-dimensional domain subject

to interaction with 3n(n-1) transmitting and reflecting (n—1)-dimensional plates.

Of course, it would be useful to extend the Bethe ansatz approach from inter-
acting systems on an interval to general quantum graphs. Unfortunately though,
the consequence of increasing complexity to systems of d-interacting particles on
a non-trivial quantum graph with more than a single edge, is that compatibility
with the Bethe ansatz method is destroyed. By imposing certain non-local in-
teractions, however, Caudrelier and Crampé [CCO7] showed that, for systems of

particles on two-edge star graphs, compatibility with the Bethe ansatz is recovered.

In this chapter we begin by discussing the theory surrounding the identification
and solutions of systems of particles on a circle and in a box restricting the math-
ematical presentation to two-particle models. We refer to McGuire’s optical in-
terpretation when justifying an appropriate Bethe ansatz. We then discuss the
related model in [CCO7] commenting on its potential extension to systems of par-
ticles defined on general graphs. We finish by numerically deducing the spectra of

certain examples and commenting on their statistics.

The reader should keep in mind that restricting the formalism to only two particles
in this chapter allows us to establish a framework for identifying exactly solvable
two-particle quantum graphs in Chapter 4. The full n-particle analyses will be
presented in Chapter 5. For readability, we also overlook any formal discussion
of self-adjoint realisations of the Laplacian, preferring to refer to literature when

stating appropriate boundary conditions. We return to a rigorous formalism in
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the following chapter.

3.1 Preliminaries

Before we proceed, it is useful to define and explain the groups S, and #5 which
we will use to characterise the symmetries of exactly solvable two-particle systems.
Material is taken from [Hum72, AMP81, Ros09].

Systems of two d-interacting bosons on a circle [LL63] exhibit symmetries which
can be described by the symmetric group Ss. It is convenient to define elements
Q) € Sy as acting on the set {1,2}.

Definition 3.1.1. Elements @) in the symmetric group S, = {I,T} act on the set
{1,2} according to

L 1(1,2)=(12);
2. T(1,2)=(2,1).

Clearly we have that T7T = 1.

Definition 3.1.2. Let V be a two-dimensional Euclidean space with Euclidean

inner product (--). A root system 2 in V' is a finite set of non-zero vectors (or

roots) which satisfy the conditions
1. Given a root z € €2, the scalar multiple Az is also in €2 if and only if A = +1;
2. Q is closed under reflection in the line perpendicular to any z € €2;
3. The roots of €2 span V;
4. The inner product (x|y) for any two roots x,y € € is an integer.

Of particular importance to us will be the root system C5 in R? given by the set

)6

of eight vectors

as depicted in Figure 3.1.
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OR

Figure 3.1: The root system C5 and associated Weyl group #5 generated by re-
flections or and or.

Figure 3.2: Generators or and o of the Weyl group #5 acting on a vector .
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Definition 3.1.3. The Weyl group of a root system €2 is the group of isometries
generated by the reflections through hyperplanes perpendicular to the roots of €.

Systems of two J-interacting particles in a box [Gau71, Yan67], and indeed two-
particle systems with certain non-local interactions [CCO07], exhibit symmetries
which can be described by the Weyl group #5 of the root system Cj. In the
context of this thesis, the generators of #5, which are the reflections or and op
depicted in Figure 3.1, will act on vectors ¢ defined in Ry as depicted in Figure
3.2. Tt is convenient to define elements P of #5 as acting on the set {1,+2}

accordingly.

Definition 3.1.4. Consider a group G with identity element I and subgroups N
and H which satisfy the conditions

1. N is a normal subgroup in G;
2. The intersection N n H is the identity I;
3. G is the product of the subgroups NH.
Then G = N x H is the semidirect product of N and H.

Definition 3.1.5. Elements P in the Weyl group
Wo = (L]27.)* x S,, (3.1.2)

of order 8, acting on the set {+1,+2} will be written in terms of generators 7" and

R which act according to
1. T(1,2) = (2,1);
2. R(1,2) =(-1,2),
and satisfy the conditions
1. TT =1,
2. RR=1;

3. TRTR=RTRT.
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We note that, with Sy and #5 defined as above, the normal subgroup (Z/27)?
in #5 can be written in terms of generators R and T'RT. With this in mind,
the conditions in Definition 3.1.4, which validate the semidirect product are easily

verified.

3.2 Simple exactly solvable two-particle systems

We begin by presenting three well known examples of exactly solvable two-particle
systems. Each example can be described as a two-particle quantum graph con-
sisting of a single internal edge with certain boundary conditions applied at the
end points. This simplified presentation will provide a base from which we can

generalise the discussion to graphs with more than a single edge.

3.2.1 Bosons on a circle

We first consider a system of two J-interacting bosons confined to the perimeter
of a circle length [. Lieb and Liniger [LL63] formulated this problem as a search

for solutions

Y =(x1,72) (3.2.1)
of the two-particle Schrodinger equation
(—Ag +2ad(xy —x2)) Y = EY, (3.2.2)

with particle positions x1, 2z, defined on the real line R = (—oc0,00). Here o > 0
parameterises the repulsive interaction strength. The two-particle Laplacian acts
according to
52 52

v_oY (3.2.3)

2 2
Ox] 0z3

“Agtp = -

We note that the problem of impenetrable bosons [Gir60] can be recovered by let-

ting o — oo. By requiring that —A, is self-adjoint and imposing bosonic symmetry

P(21,22) = (w2, 1), (3.2.4)
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equation (3.2.2) decomposes into the eigenvalue equation
-Agtp = Ep (3.2.5)
alongside the jump condition in the derivatives
( 0 0

8—1_2 - a—xl) ¢($17 x2)|x1:x§ = Oﬂﬁ(“ﬁa I2)|x1=x57 (3'2’6)

with 1 restricted to the subspace
D™ = {(x1,72) e R?; 7y < x5} (3.2.7)

Together with the imposition of bosonic symmetry, the problem is then also defined

in
D* = {(x1,72) €eR?; 1> 25} (3.2.8)

and thus all of R2.

The task is then to construct explicit Laplace eigenfunctions v in D~ which satisfy

(3.2.6). To this end let us consider the two-particle plane wave state
Yy = elhrmirhar) (3.2.9)

defined with momenta kq, ks € R. In order to justify an appropriate form of v let us
assume ks < kq so that the system is approaching a point of particle interaction z; =
Zo. Central to the Bethe ansatz method is the assumption that no new momenta
are generated [McG64] by such interactions. In this context then, interactions

between particles result either in the momenta of each particle being swapped
(b1, k2) = (ka, k1), (3.2.10)
or else remaining as they were
(K1, k2) = (K1, k2). (3.2.11)

We thus expect that any resulting two-particle state must be one of two two-
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particle plane waves
Pg = ellFairrtkqarz) (3.2.12)

with elements () € Sy as prescribed in Definition 3.1.1. We can think of each ) € S,

as corresponding to some configuration of particle momenta
kq = (ko1 kqg2). (3.2.13)

The Bethe ansatz in this context is the sum of possible two-particle plane wave

states

Y(xy,m0) = Z AQeikQra1thoara) (3.2.14)
QeS2

with A? the amplitudes of constituent states .

Using the form (3.2.14), equation (3.2.5) is satisfied with Laplace eigenvalues
E=k}+ks. (3.2.15)

The boundary condition (3.2.6) implies the relation

AT = 5, (kg1 - kg2)A® (3.2.16)
for all Q) € Sy with
k—ia
sp(k) = o (3.2.17)

We note here the restriction that momenta k; and ky must be distinct since for
identical momenta k; = ko, the ansatz (3.2.14) vanishes. To prove exact solvability
we need only show that the relation (3.2.16) is consistent with the properties of
Ss, namely that 77 = I. This amounts to the requirement s,(u)s,(-«) = 1 which

is easily verified.

Until this point we have said nothing about the geometry of the one-dimensional

problem in question. Putting the particles on the perimeter of a circle length [ is
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applying periodic boundary conditions

¥(0,7) = ¢(,1); (3.2.18)
0 0
8_3C11/1($17$)|x1:0 = 8_352¢(I’x2)|$2=l (3.2.19)

for all z € (0,1), which, by again using the form (3.2.14), imply the relations
A@ = AT etkanl (3.2.20)

for all @ € S,. Finally, applying (3.2.16) and (3.2.20) successively, we arrive at the

pair of quantisation conditions
e il = 5, (k; - k), (3.2.21)

with j,i # j € {1,2}. Solutions (ki,ks) then constitute energies (3.2.15). It is
important to note here that since, for any solution (kj,ks) of the quantisation
conditions (3.2.21), one also has the solution (ks, k1), it is sufficient to search for

solutions in the region ki < ks.

3.2.2 Bosons in a box

We have seen how to construct systems of two particles on a circle by first defining
particle position x1, 9 on the real line R. We would now like to adapt this approach
to describe particles confined to a box. Gaudin [Gau71] formulated this problem
as a search for solutions ¢ of the two-particle Schrodinger equation (3.2.2) with
x1, T3 defined on the half-line R, = (0, 00). As we will see, framing the problem in
this way has a profound affect on the appropriate Bethe ansatz. Specifically, the
possible configurations of particle momenta will no longer correspond to elements
of the symmetric group S,, but rather the Weyl group #5. We begin by again
restricting our attention to systems of bosons before generalising our approach to
distinguishable particles. As previously, (3.2.2) decomposes into (3.2.5) alongside
the boundary condition (3.2.6) but with ¢ now restricted to the subspace

d™={(z1,72) e R?; x1 <@y}, (3.2.22)
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Together with the imposition of bosonic symmetry, the problem is then also defined

on
d* = {(71,72) € R%; 11 > 15} (3.2.23)

and thus all of R2.

The task now to construct explicit Laplace eigenfunctions ¢ in d~ which satisfy

conditions (3.2.6) as well as the Dirichlet condition
$(0,2) =0 (3.2.24)

associated with the finite endpoint of R,. Let us again consider the two-particle
plane wave state 7, as in (3.2.9), but now defined on d-. Let us also make the

additional assumption
ko < k1 <0 and (kl,kg) * (0,0), (3225)

so that the system is approaching one of the two boundaries, x1 = x5 and z; = 0,
of d=. As previously, the two possible consequences of d-type interactions at the
former boundary are the momenta being swapped (3.2.10), or else remaining as
they were (3.2.11). Dirichlet conditions at the latter boundary result in momentum

reversal
(K1, k2) = (=K1, k2). (3.2.26)

Taking into account all possible particle interactions, we expect that any resulting

two-particle state must be one of eight two-particle plane waves
pp = e/thmmtkeara), (3.2.27)

with elements P € #5 as prescribed in Definition 3.1.5. We can think of each

P € W5 as corresponding to some configuration of particle momenta

kp = (k’pl,kpg). (3228)
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The Bethe ansatz in this context is the sum of possible plane wave states

V(a1 m0) = Y, APeilhmarhpar) (3.2.29)
PEWQ

with AP the amplitudes of constituent states v p.

To gain some intuition here we refer to an interpretation of many-particle dynam-
ics introduced by McGuire [McG64]. He reinterpreted the n-particle Schrodinger
equation (3.0.1) as describing optical waves propagating in n-dimensional Eu-
clidean space subject to reflection or transmission at the %n(n — 1) hyperplanes
x; = xj. The superposition of the waves which result from possible transformations
at these hyperplanes is the Bethe ansatz characterised by the Weyl group #;,. To
illustrate this point let us consider this optical analogy in the context of a pair
of d-interacting bosons in a box. Let us depict the state i)y as an optical wave
propagating in the two-dimensional space d- and track the transformations on k;
as the ray interacts with the boundaries of d- (see Figure 3.5). Figure 3.4 depicts
the collection of possible resulting states ©¥p, with P € #5. Given the state 1y,
each ¥ p can be accessed by a combination of reflections o7 and or. The set of the
eight transformations generated by or and op is the Weyl group #5 of the root
system Cs.

We proceed by noting that, using the form (3.2.29), equation (3.2.5) is satisfied
with Laplace eigenvalues (3.2.15). Boundary conditions (3.2.6) and (3.2.24) then

imply
APT = Sp(kpl - k‘PQ)AP (3230)
and
APR = — AP (3.2.31)

for all P € #5. To prove exact solvability we need only show that relations (3.2.30)
and (3.2.31) are consistent with the properties of #5. This again amounts only to

the requirement s,(u)s,(-u) = 1.
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Bringing our attention back to the geometry of the problem at hand, we enclose

the particles in a box of length [ by enforcing the Dirichlet condition
U(x,1) =0, (3.2.32)
which implies the relation
AP = —72ikp2l APTRT (3.2.33)

Finally, applying (3.2.30), (3.2.31) and (3.2.33) successively, we arrive at the con-

dition
o 2ikpal _ Sp(km " /fpz)Sp(kpz _ kpl) (3.2.34)

for all P € #,. 1t is clear that the form of s,(k) is such that, if (3.2.34) is satisfied
for some P € #5, then it is necessarily satisfied for elements PR and PT RT. We

thus have the pair of quantisation conditions
6_2ikjl = Sp(k?j + k’i)Sp(k'j - k?z)7 (3235)

with 7,4 # j € {1,2}. Solutions (k1,k2) # (0,0), such that 0 < k; < ks, then

constitute energies (3.2.15).

3.2.3 Distinguishable particles in a box

Until this point we have considered only systems of bosons. Here we present a
system of two distinguishable particles confined to a box. The method closely
resembles that in Section 3.2.2 with the crucial difference being that we no longer
have equivalence between the subspaces d- and d* of R2. To this end, we denote
functions ¥* as the restrictions of ¥ to d*. In this setting, (3.2.2) decomposes into

(3.2.5) alongside the condition of continuity

w+(xlax2)|w1:x§ = 1#7(1“1,1'2)]11:%5 (3.2.36)
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and the jump condition in the derivatives

0 0 0 0

oo om0V =5 =\ "5 |V 2 2.
((9.1'1 ax2 Oé)¢ (3171,5(72)|a:1—z2 (axl 8x2)¢ (IL'1,5E2)|;51_I2 (3 37)

across the line x; = x5, where a € R parameterises the strength of interaction.
Again we wish to employ Dirichlet conditions at the endpoint of R,. These now

appear as the conditions
¢ (0,2) =¢*(2,0) = 0. (3.2.38)

The appropriate Laplace eigenfunction is then required to satisfy boundary con-
ditions (3.2.36)—(3.2.38). The choice of Bethe ansatz can be justified in the same
way as in the bosonic case taking into account that we must distinguish between

subdomains of R2. We thus have the ansatz

U (zy,20) = ). AP) gilkpizithpovz) (3.2.39)
PeWs

with A(P#) defined as the amplitudes of the restrictions % of constituent plane
waves ¥p to the domains d*. Figure 3.5 illustrates this justification in the spirit of
McGuire’s optical analogy. Depicting the state 1) as an optical wave propagating
in d-, and drawing a ray tracing diagram, we arrive at a collection of possible

resulting plane wave states ¢35, with P € #5, associated with each subdomain d*.

Using the form (3.2.39), equation (3.2.5) is again satisfied with Laplace eigenvalues
(3.2.15). Let us define the vector of amplitudes

AP = ( AT ) . (3.2.40)

APT,+)
The §-type conditions (3.2.36)—(3.2.37) then imply

APT = S (kpy - kpy) AP, (3.2.41)
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with

(k) = — (—m k) (3.2.42)

k+ia\ kE —i«a
for all P € #5. The Dirichlet condition (3.2.38) implies
APE = — AP (3.2.43)

for all P € #5. To prove exact solvability we need only show that relations (3.2.41)
and (3.2.43) are consistent with the properties of #5. This amounts to the require-

ments
1. Sp(u)Sp(—u) = Iy;
2. Sp(u)Sp(v) = Sp(v)Sp(u),

which are easily verified by the explicit form of S, (k).

Enclosing the particles in a box of length [ is enforcing the Dirichlet conditions
v (z,l)=¢*(l,x) =0 (3.2.44)
which imply the relations
AP — _-2ikpsl \PTRT (3.2.45)

for all P € #5. Finally, applying (3.2.41), (3.2.43) and (3.2.45) successively, we

arrive at the condition that
2(kp1,kpa) =0, (3.2.46)
with
2(kn, ko) = det [Ip — €2*118, (ky = k2) Sy (k1 + k2) ], (3.2.47)

is satisfied for all P € #;. We note here that the form of S,(k) is such that, if

(3.2.46) is satisfied for some P € #5, then it is necessarily satisfied for elements
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PR and PTRT. We thus have the pair of quantisation conditions

with 7,4 # j € {1,2}. Solutions (kq,k2) # (0,0), such that 0 < k; < ko, then consti-
tute energies (3.2.15).

We finish this section by showing how to recover the quantisation condition in Sec-
tion 3.2.2 where particles are assumed to be bosons. Requiring bosonic symmetry

is imposing the condition

Y7 (21,2) =" (22, 21) (3.2.49)

which implies the relation
AP = APT) (3.2.50)

for all P e #5. As a consequence, the matrix S, (k) in (3.2.41), is replaced with the
scalar form s,(k)Iy. Clearly then, the condition (3.2.35) is recovered from (3.2.48)

as required.

3.3 Extension to general graphs

In Sections 3.2.2 and 3.2.3, models were constructed by placing a pair of particles
on the half-line R, and establishing an appropriate Bethe ansatz on which appro-
priate boundary conditions were imposed. In the language of quantum graphs,
this procedure amounts to considering two particles on a single external edge. We
would like to investigate how this approach can be generalised to graphs with more
than a single edge. It is natural then, to begin this investigation by considering
systems of two particles on a pair of external edges {e1, s} with a common vertex

v=f(e1) = f(ez), that is, a two-edge infinite star graph.

Let us begin by introducing the vector

U = () s » (3.3.1)
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with each
Vmn = Ymn (21, T2) (3.3.2)
defined on the domain
Ay, = (0, 00) x (0, 00) (3.3.3)

so that x; and x5 correspond to the positions of the particles along edges e,, and

en respectively.

Carrying over the procedure in previous sections, we look for solutions W of the

eigenvalue equation
AV = BV (3.3.4)

where the two particle Laplacian acts according to

2
SAvAE (—83;’%1” - 8?%” )m’nl (3.3.5)
Let us also define the subspaces
A = {(21, 2) € i} 2 <21} (3.3.6)
and
drn = {(21,22) € dpp; 1 <2} (3.3.7)

with functions v%,,, the restrictions of v,,, to d%,,.

mn?

3.3.1 Systems of /-interacting particles

Ideally, we would like to consider systems of d-interacting particles as in the pre-
vious sections. In this setting, such interactions occur when particles are located

at the same position on the same edge, and will be implemented according to the
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conditions

:nm($17x2)|$1=:c§ = w;nm(xlax2)|:c1=z§; (338)
o _9 . N A
(8_3:1 "B za) U (21, 22) gy 20t = (axl g ) U (21, T2) 210 (3.3.9)

The independence of particles located on different edges is established by imposing

the conditions

w:nn(xlax2)|$1:$§ = wr_rm(xlv'rQ)'El:CE;; (331())
9 9\ . o a9y
(5_1:1 - a_l'2) Y (21, 372)|m1:x5 = (axl - a_xg) wmn(x17$2)|x1=z§a (3.3.11)

with m # n.

We would also like to characterise single-particle interactions at the vertices. Such
interactions are governed by the single-particle boundary conditions (2.4.4) which,

in the two-particle setting, can be written

A (%(0’ x)) 52 (w;j(o,x)) - 0; (3.3.12)
¥5,;(0,) 91 \ 9y, (0,2)

H(x, 0 0 [vi(z,0
A wﬂj(x 52 wﬂj(x o (3.3.13)
jQ(an) 8$2 wj2($70)
The task is to construct explicit Laplace eigenfunctions ¥ which satisfy conditions

(3.3.8)—(3.3.13). Naively extending the approach in the previous sections, let us

assume compatibility with the Bethe ansatz

mn
Pes

o= O AG eithriaithpazy), (3.3.14)

Defining the eight-dimensional vector of amplitudes

7))
(A )mgl , (3.3.15)

AP = T, (A%T,+))

m,n=1
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with

, (3.3.16)

o O O =
o = O O
o O = O
_ o O O

and imposing on the form (3.3.14), the boundary conditions (3.3.8)—(3.3.11), we

arrive at the relations

APT =Y (kpy — kpy) AP, (3.3.17)
with
F2 00 0 00 0
0O 00 0 0 01 0
0 00 0 0 10 0
0 00 2« 0o 00 £
Y(k)=| kria kia (3.3.18)
ma 00 0 Fx oo 0
0O 01 0 0 00 O
0O 10 0 0 00 O
0 00 kfia 0 00 kjf;

Vertex conditions (3.3.12)-(3.3.13) imply
.APR = (Hg ® Sv(—k?pl) ® ]12) .AP, (3319)

where S, (k) is the one-particle scattering matrix as defined in (2.3.8). To prove
exact solvability we need to show that relations (3.3.17) and (3.3.19) are consistent

with the properties of #5. This amounts to the requirements
L Y(u)Y(-u) =1Is;
2. Sy(u)S,(-u) =Iy;
3. Sp(w)Y(u+v)S,(v)Y(v-u)=Y(v-u)S,(v)Y(u+v)S,(u).

While the first two cases are satisfied, the third is not. We must then conclude

that the two-particle star graph is not exactly solvable for general vertex condi-
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tions A, B and d-type interactions.

We can of course choose certain vertex conditions A, B in order to describe systems
which we know, from the previous sections, to be exactly solvable. For example,

choosing standard boundary conditions

1 -1 0 0
A= and B = , (3.3.20)
0 0 11

yields the scattering matrix

s} o) 3321

Alternatively, choosing Dirichlet conditions
A=1, and B =0, (3.3.22)
yields the scattering matrix
Sy(k) = -L. (3.3.23)

In each case, the third condition above is easily seen to hold. We might also
consider turning off the d-interactions altogether, that is, setting o = 0. In this

case we have

Y (E)la=0 = ((1) (1)) ®T, (3.3.24)

and again the third condition above is easily seen to hold. Indeed, in this setting,

the model collapses to two separable one-particle systems.

3.3.2 Systems of S-interacting particles

The purpose of this thesis is to extend the Bethe ansatz approach to general
two-particle quantum graphs. As we have seen, though, systems of d-interacting
particles on a two-edge infinite star graph are, in general, not compatible with

this approach. We wish to characterise a system which is exactly solvable and
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thus scalable to general quantum graphs. Such a system was identified in [CCO7].
The central notion therein was to impose certain non-local d-type interactions

characterised by the conditions

w;n(xlal?)’zl::pg = w;m(ﬂfl,l'g)bl:m;; (3325)
o _ 0 , N A
(a_xl - 8_5(32 - 2&) "/}mn(l'la $2)|z1=x5 = (8131 8x2)¢nm(l‘1,932)|x1=12 (3326)

for all edge couples (e, e,). In the remainder of this thesis we refer to these
interactions as S—type. We stress here that such interactions can take place when
particles are located on different edges and are therefore rather less physical than
the 0-type contact interactions imposed up until now. We choose 5—type inter-
actions since, as we will show, they permit exact solutions via the Bethe ansatz
method. As we have discussed, in general, quantum graphs with d-type interac-
tions do not permit exact solutions. In this way there is a clear trade-off between
physicality and exact solvability in the types of particle interaction we wish to

consider.

Let us proceed as before by applying appropriate boundary conditions to vectors
V. Using the form (3.3.14), the d-type conditions (3.3.25)—(3.3.26) imply

APT = (S, (kpy - kpa) ® 1) A", (3.3.27)

Boundary conditions at the vertices are again given by (3.3.12) and (3.3.13) and
imply the relation (3.3.19). To prove exact solvability we need only show that rela-
tions (3.3.19) and (3.3.27) are consistent with the properties of #5. This amounts

to the requirements
1. Sp(u)Sp(—u) =Iy;
2. Sy(u)S,(—u) =1Iy;

3. (LeS,(u)el) (Sy(u+v)®Ly) (Ih® S,(v) ®L) (Sy(v-u) L)
=(Sp(v-u)ely) (I ®S,(u) @) (Sy(u+v)®ly) (I, ® S, (v) ® L),

which are easily verified by using the explicit forms of S, (k) and S, (k) as well as
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the result in [KS06a] that, for any A, B and u, v, we have the commutation relation

[Sy(u),S,(v)] =0. (3.3.28)

3.3.3 Calculating spectra

Now we have established exactly solvable systems of two d-interacting particles
on two-edge infinite star graphs, we would like to calculate the spectra of certain
compact analogues. As previously, this involves imposing certain conditions which
restrict the particles to a finite domain. Each of the examples we present here are

the two-particle versions of those given in [CCO7] (see Proposition 3.1 therein).

Particles in a circle with an impurity

Let us first consider the problem of two -interacting particles on a circle of length
2] with an impurity characterised by matrices A, B. Confining the particles to this

structure is enforcing periodic conditions on each particle according to

U (2,1) = Py, 1); (3.3.29)
(et = =22 (33.30)
V15l x) = 3,1 ); (3.3.31)
gty 1 et = =y (1,2t (3.332)
which imply the relation
AP = e 2ke2l (T, @ (9 1)) APTET (3.3.33)

for all P e #5. Applying (3.3.19), (3.3.27) and (3.3.33) successively, we arrive at
the condition that

Zcircle(kPla kP2) = 07 (3334)
with

Zeiware (K1, ka) = det [Is — €220, (ky + k2) Sy (ks — k1) ® Sp(ka) ® (93)],  (3.3.35)
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is satisfied for all P € #. We note here that the forms of S,(k) and S,(k) are
such that, if (3.3.34) is satisfied for some P € #5, then it is necessarily satisfied for
elements PR and PT RT. We thus have the pair of quantisation conditions

Zcircle(kia kj) = 07 (3336)

with j,i # j € {1,2}. Solutions (k1,ks) # (0,0), such that 0 < ky < ko, then consti-
tute energies (3.2.15).

Let us also calculate the appropriate quantisation condition where particles are

assumed to be bosons. Requiring bosonic symmetry is imposing the condition

VU (@1, 2) = Yy, (22, 21) (3.3.37)
which implies the relation
0 I
AP = t1ar (3.3.38)
I, 0

for all P e #,. As a consequence, matrices S,(k) are replaced with the scalar

forms s,(k)I, and (3.3.36) reduces to the quantisation condition
€2ikjl5p(]€j + ki)Sp(k}j - k’l) == elg (Sy(—k])) . (3339)

Particles in a box with a central impurity

By instead choosing Dirichlet boundary conditions

Wm(% l) = w;m(l:x) =0 (3340)

we confine particles to a box of length [ with a central impurity. Conditions (3.3.40)

imply the relations

AP — _€—2ikpglAPTRT (3341)
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which, in combination with (3.3.19) and (3.3.27) yields the condition that
Zvox(kp1, kp2) =0, (3.3.42)
with
Znox (K1, k) = det [Iy + €2*21S, (ky + ko) Sp (ko — k1) ® S, (k2)], (3.3.43)

is satisfied for all P € #5. By following the arguments in the previous example, we

arrive at the pair of quantisation conditions
Zox (ki kj) =0, (3.3.44)

with 7,7 # 7 € {1,2}. Again, solutions (k1,k2) # (0,0), such that 0 < k; < ko,
constitute energies (3.2.15). Imposing bosonic symmetry according to (3.3.37),

this condition reduces to

e2kils (ks + ky)s,(k; — ki) = —eig (Su(=k;)) . (3.3.45)

3.4 Spectral statistics

In this chapter we have discussed a number of two-particle systems which, by
application of the Bethe ansatz method, we have shown to be exactly solvable.
Furthermore, we have deduced quantisation conditions which provide the spectra
of the systems. In this final section, we investigate the properties of these spectra.
For compactness we restrict our attention to two examples of bosonic systems. In
each case, we perform numerical eigenvalue searches to obtain the smallest 10,000
energy levels, choosing the length scale [ = 1. In particular, we pay attention to
the nearest neighbour energy level distribution (2.6.13) as well as the appropriate
Weyl law

N(E) ~ ﬁ B, E oo (3.4.1)
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proved in [BK13c| for two-boson quantum graphs with singular contact interac-

tions. To this end, we will assign a line of best fit
N(E)=aE+bE +c (3.4.2)

to the counting function and calculate

£2

8ma’

(3.4.3)

with values close to unity signifying agreement with (3.4.1).

3.4.1 Bosons in a box

Let us take, as a first example, a system of two d-interacting bosons in a box. The
appropriate spectra are the Laplace eigenvalues (3.2.15) calculated according to

the quantisation conditions (3.2.35).

Figure 3.6 plots the a-dependancy of the lowest energy levels of the system for
repulsive interactions a > 0. We observe that, in the case o - oo, each eigenvalue

exactly corresponds to an eigenvalue for o — 0. This follows from the fact that
Sp(k’j + k’i)Sp(k‘j - ki)|a:0 = lim Sp(k’j + k’i)Sp(kj - k’l) = 1, (344)

for ky # ks, so that in each case, the quantisation conditions (3.2.35) reduce to the

familiar independent conditions
el = 1, (3.4.5)

with 4,7 # 7 € {1,2}. Additional eigenvalues for & - 0 in Figure 3.6, appear as a

consequence of the case ki = ks where the limit
hII(l) Sp(kj + ki)Sp(kj - ]{71) =-1. (346)

As illustrated by the example in Figure 3.7, at higher energies, we observe in-
creasingly degenerate eigenvalues for &« - 0 and o - oo. To understand how these

degeneracies arise let us consider the Laplace eigenvalues prescribed by (3.4.5)
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Figure 3.6: Dependency on interaction strength « of small eigenvalues of a system
of two bosons in a box.
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Figure 3.7: Dependency on interaction strength « of six large eigenvalues which
are degenerate at a =0 for a system of two bosons in a box.
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which can be written
Epn = —(n? +m?), (3.4.7)

with m,n € Ng. The multiplicities of energies E,,, clearly correspond to the mea-

sure of degeneracy
ro(d) = #{(m,n) e NZ; m? +n? =d}. (3.4.8)

The average value

ro(d) = (3.4.9)

AN

can be calculated by counting the lattice points on a quarter of a circle [CK97].

Let us also define the related measure

By(d) = (3.4.10)
0 ifry(d)=0
Landau [Lan08] showed that the local average value By(d) is given by
764
lim By(d) ~ 0.76 (3.4.11)

d-oo ViInd

Simplistically, so that the result (3.4.9) is consistent with this logarithmically in-
creasing separation between eigenvalues, there must be a corresponding logarith-

mic increase of the average degeneracy of the eigenvalues [CK97].

Generic quantum systems which are integrable in the classical limit are conjectured

to have spectra with Poissonian statistics [BT77]
p(s)=e"". (3.4.12)

Although the system in question is integrable, degenerate eigenvalues (3.4.7) make
it non-generic. In this setting we expect spectral statistics to fluctuate about the
generic Poissonian background [CK99]. Figure 3.8 depicts the nearest neighbour

energy level distribution. Firstly for @ = 0 and o - oo one notices a large pro-
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Figure 3.8: Integrated level spacings distributions for systems of two bosons in a
box.

portion of spacings equal to zero corresponding to degenerate values. The step
function form results from the discrete nature of possible energy level separations.
As a moves away from these extremes, the system becomes more generic and thus

approaches Poissonian spectral statistics.

Let us compare the eigenvalue counting function N(E) as defined in (2.5.1) to the
appropriate Weyl law (3.4.1). Figure 3.9 plots the counting function with « = 100.
The leading term in N(FE) is consistent with the Weyl law for all interaction
strengths «; in this case we have the value

2

— =0.995. 3.4.13
8ma ( )

3.4.2 Bosons on a circle with an impurity

As a second example, let us take a system of two d-interacting bosons on a circle

with an impurity parameterised by J-type vertex conditions
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A:(l _1) ande(O 0). (3.4.14)
-n 0 11

The appropriate spectra are the Laplace eigenvalues (3.2.15) calculated according
to the quantisation condition (3.3.39) with

2k+in}

3.4.15
"2k —in ( )

cig (S,(-)) = { -1
We note here that the equivalent condition in [CC07] is recovered simply by repa-

rameterising the impurity according to

2

n= tan(0)’ (3.4.16)

We have discussed, in the previous example, the effect of degenerate eigenvalues on
the deviation of the spectra from Poissonian statistics. To progress, let us choose

an interaction strength (« = 100) which minimises this effect. Figure 3.10 shows
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Figure 3.12: Counting functions N(E) (solid line) with line of best fit N(F)
(dashed line) for systems of two bosons on a circle with an impurity.

the n-dependency of a collection of low-energy levels. We observe here that the

spectra for n - 0 and for n - +oo are identical. This follows from the fact that
ilir%eig(Sv(—k:)) =+ lim cig Sy(=k) = {z1,£1}. (3.4.17)
n—> 7n—>=+00

We also observe that negative coupling strengths 1 < 0 give rise to bound states

with the impurity.

Again, degenerate eigenvalues play a role in the spectral statistics we expect. As
can be seen in Figure 3.10, degenerate eigenvalues appear as n - +oo and 1 — 0.
At these limits, we thus expect a large number of energy level separations which
approach zero. Away from these extremes we expect a transition to a generic

system and thus Poissonian statistics. Figure 3.11 depicts these statistics.

Finally, we would again like to compare the eigenvalue counting function N(FE)
to the Weyl law (3.4.1) which we know to be true for contact interactions. Figure

3.12 plots the counting function with o = 100, = 100. It turns out that the leading
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term in N(FE) does not agree with the Weyl prediction; in this case we have the
value

2

— =(.246. 3.4.18

8ma ( )
Disagreement with the Weyl prediction here is due to the character of the S—type
interactions which invoke coupling between particles on different edges. The Weyl
law (3.4.1) refers to contact interactions which occur when particles are located at
the same position. Providing a correct Weyl law for d-interactions is beyond the

scope of this thesis but serves as an interesting area for further study.



Chapter 4
Two-particle quantum graphs

In this chapter we extend the Bethe ansatz approach formalised in the previous
chapter to general quantum graphs. Following [BK13c], we begin by constructing
general two-particle quantum graphs with singular contact interactions, establish-
ing appropriate boundary conditions which characterise self-adjoint two-particle
Laplacians. Such graphs are, in general, not exactly solvable. With this in mind,
the remainder of the chapter will focus on constructing two-particle graphs with
non-local 0-interactions introduced in Section 3.3.2, showing that corresponding
boundary conditions provide self-adjoint realisations of the two-particle Laplacian.
Using an appropriate Bethe ansatz we then prove that such systems are exactly
solvable and calculate their spectra. We finish by discussing the spectral statistics

of some examples.

4.1 General graphs with contact interactions

Consider the compact graph I'(V,Z, f). In Section 2.2 we introduced the Hilbert
space .77 for a single particle on I'. The Hilbert space of a many-particle quantum
system is given by the tensor product of one-particle Hilbert spaces [Bonl5]. The
appropriate two-particle Hilbert space for a compact two-particle quantum graph

is then

H = (éLz(o,lj))®(éL2(o,@)). (4.1.1)

72
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Vectors

U= (o) (4.1.2)

in 7% are lists of two-particle functions ¥, : Dy — C in L2( D, ) with rectan-

gular subdomains defined as
Dy = (0,1,,) x (0,1,,). (4.1.3)

The total configuration space for two particles on I' is the disjoint union
Iz
Dr= 1) Dpn (4.1.4)
m,n=1
of these rectangles. The two-particle Hilbert space can then be written
IZ|
Hy=L*(Dr)= P L*(Dpn). (4.1.5)

m,n=1

At this point let us introduce the two-particle Laplacian —Ay which acts according

to
Iz
-AyWU = - - 4.1.6
’ ( 8x% 61’% )m n=1 ( )
We wish to consider the two-particle eigenvalue equation
AU = EV (4.1.7)

alongside boundary conditions which prescribe interactions at the vertices as well
as singular contact interactions between particles. The latter take place along the
diagonals z; = x5 of squares D,,,, and naturally define the dissected configuration

space

m,n=1lm#n
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with subdomains of dissected squares D}, defined as

D; = {(x1,22) € Dyy; @1 > 22} (4.1.9)
and

D = {(21,72) € Dy 1 < 22} (4.1.10)

The total dissected two-particle Hilbert space is then 25" = L2(D}.). Thus vectors
U e 75" are lists

|Z]
(¢m”)m,n:1|m¢n

v=| (g, ) (4.1.11)

m=1

(V)L

of square-integrable functions ¥y, : Dy, — C, for m # n, and v%,, : D, — C. We
remark here that 7% and J* are in fact equivalent Hilbert spaces. We distinguish
between the two in order to make it apparent when functions are defined on the
dissected configuration space Djf:. As in the one-particle setting, boundary condi-
tions will be imposed on functions in an appropriate Sobolev space. To this end
we define H2(Dj) as the set of ¥ € %" consisting of functions ¢, € H?(Diy,),
for m #n, and ¥, € H*(DZ%,,).

Before we continue, it is convenient to single out certain interactions which will
be of particular importance to us. In the remainder of this thesis we will always
impose boundary conditions which prescribe single-particle interactions with ver-
tices. These will be described by simple two-particle lifts of those (2.2.13) imposed
in the one-particle setting. The values of ¥ € H?(Dy.) at the vertices are given by

boundary vectors

(i (0, Ly, (@ (0,19

v mn lm7ln ‘I| = ’Ul mn lm7ln |I‘ —
mn\‘mY, n,m=1 mn, mds n,m=1

(wmn(lmya ln))‘nzjmzl (wmn,Q(lmy7 ln))g‘mzl

for all y € (0,1), where for compactness, the labels + on functions % € D% are
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dropped. Here, functions ¢y, 1 and ., 2 denote inward derivatives normal to the

lines x1 = 0 and x5 = 0 respectively. Boundary conditions at the vertices are then
(Lo Aely) ¥ +(Le Bely)w =0, (4.1.13)

with A, B defined as in Theorem 2.2.2. Let us also define boundary conditions
which prescribe d-interactions. These are exact analogues of those imposed in
Section 3.2, where particles are confined to an interval. On a general graph, such

interactions are characterised by the conditions

Vi (71, x2)|:c1=z§ = ¢;Im(x1,x2)|z1:$§; (4.1.14)
0 0 o 9
dry  Oxy : a3 =\ 5 "7 |V Ly (411
(81’1 81132 20[) mm($1,$2)|m1—x2 (8x1 a$2)wmm(x17x2)|rl_12 ( 5)

for all x1, 25 € (0,1,,).

4.1.1 Self-adjoint realisation

Two-particle observables are self-adjoint operators on the Hilbert space .725°. We
thus look for self-adjoint realisations of —Ay with domains characterised by bound-
ary conditions which prescribe interactions at the vertices as well as singular con-

tact interactions between particles.

Let H3(Dy) ¢ H?*(D}) carry the extra condition that functions t,, and %,
vanish at the boundaries of their respective subdomains along with their inward

derivatives. This is the requirement that, for all y € [0, 1],

1/}mn(07 lny) = 2/}mn(lm; lny) = wmn(lmy7 0) = wmn(lmya ln)

(4.1.16)
zqvbmn,l(()v lny) = 7#mn,l(lma lny) = ¢mn,2(lmy7 0) = 7vbmn,Q(lmya ln) =0
in rectangles D,,,, with m #n, and
V(0,1 ) = U by L) = U (L, 0) = Ui (L )
=, Oalm = :nm lm;lm = :7—1m lm ,O = ’r_nm lm alm
1 (0 ) = U 1 ( Y) = U2y, 0) = Vo (LY L) (4.1.17)

=Y Um ¥, lny) = U (I, Lo y)
=V d ¥ lmy) = Vi a (b, L) = 0
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in dissected squares Dj,.. Let —AY denote the Laplacian —A, with domain
HZ(Dy.). Integrating by parts, and using the boundary conditions (4.1.16)—(4.1.17),

it is easy to show that the expression
(P - AgW) — (-Ay | W) (4.1.18)

vanishes for all ®, ¥ € H3(D;.) and therefore that the operator —AY is symmetric.
As shown in [BK13c], it is not however, self-adjoint. Furthermore, in contrast to
the one-particle setting, the domain D(-AY") of the adjoint operator —AJ" is not
generally known to be contained within H2(D;.). In the one-particle setting (see
Section 2.2), self-adjoint realisations of —A; can be found by searching for maxi-
mal symmetric extensions of —A{ with domain D(-AY) ¢ H?(T"). Crucially, the
domain of the adjoint operator —A%" is also a subset of H2(I'). We can therefore
be assured that the domain of any self-adjoint realisation of —A; is itself a sub-
set of H2(I") and thus consists of functions with valid second derivatives. In the
two-particle case, since it could be the case that H2(D;) ¢ D(-AY"), we cannot
be sure that domains of self-adjoint realisations of —A, are themselves contained
in H%2(D;) and thus consist of functions with valid second order partial deriva-
tives. For this reason, a straightforward generalisation of the one-particle method
of finding maximal symmetric extensions cannot be made. In particular we have
the additional requirement that self-adjoint extensions have domains which are

subsets of H?(D;). We will call this property H2-regularity.

Self-adjoint realisations of —A, will be extensions of —AY with domains char-
acterised by conditions on boundary values of functions ¥ € H2(D}) and their

derivatives. To this end, we define the boundary vectors

Izl

m,n=1

Ui () = W @)D and T (1) = (V)00 (1)) (4.1.19)

for all y € (0,1), where ¥ by, ¢ with m # n, and Ym, by, ¥/ list values

mn,bv? mm,bv

at the boundaries of D,,,, and D;},,, respectively. Specifically, for m # n, there are
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no interactions between particles and we set

wmn,bv (y) =

Y (0, 1ny)
Vi (b, 1Y)
U (lmy, 0)
Vrn (I ¥, 1)

d ¢;rm,bv(y) =

wmn,l (07 lny)

'lvbmml(lm; lny)
77Z)mn,2(lmy7 0)
wmn,Q(lmya ln)

7

(4.1.20)

For m = n, we must include boundary vectors along the diagonals z; = x5 to

accommodate singular contact interactions. We thus set

wmm,bv(y) =

Vi (0, 1Y)
;zm(lﬂh lmy)
i (Imy, 0)

Vo (LY L)

o (LY Ly

and ¢, 1, (¥) =

’r_nm,l(oﬂ lmy)
;zm,l(lma lmy)

w;ma(lmya 0)
;zm,z(lm% lm)
Ui a(m¥: L)

%m,d(lmy, lny)

(4.1.21)

Here functions t,,,, 4 are inward derivatives normal to the lines z; = x5. Clearly
we have that Uy, (y), ¥ (y) € C"™® with n(Z) = 4|Z]?> +2|Z|. It is easy to see that,
with these definitions, the domain HZ(D}) of the symmetric Laplacian —Aj can
be characterised by the condition Wy, (y) = ¥; (y) =0.

After having defined boundary vectors Wy, (y) and ¥ (y), one can characterise
self-adjoint realisations of —A, in an analogous way to the approach in [Kuc04] for
one-particle quantum graphs (see Theorem 2.2.3), that is by defining a symmetric,
semibounded and closed form ¢ with domain D(q) and then, using Theorem 2.1.5,
extracting the associated self-adjoint operator H with domain D(H) € D(q). In
this way, by first assuming that domains D(H) possess H?2-regularity, Bolte and
Kerner [BK13c] established self-adjoint realisations of —Ay which we present in

the following theorem.

Theorem 4.1.1. Let bounded and measurable maps P, L : [0,1] — M (n(Z),C)
be such that

1. P(y) =1L,z - Q(y) is an orthogonal projector of class C';

2. L(y) a self-adjoint endomorphism on ker P(y),
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for almost every y € [0,1]. Additionally let bounded and self-adjoint operators
IT and A on L2(0,1) ® C*® act according to Ix(y) := P(y)x(y) and Ax(y) :=
L(y)x(y) on x € L?(0,1) ® C™?). Finally let us define the domain Dy(P, L) as the
set of ¥ e H?(Dy;) such that

P(y)¥y(y) =0 and Q(y) Vi, (y) + L(y)Q(y) Yu(y) = 0. (4.1.22)

The two-particle Laplacian —Ay with domain Dy (P, L) is self-adjoint.

For completeness, let us present an outline of the proof of Theorem 4.1.1, which we
reiterate is found in [BK13c|. The starting point is the definition of the symmetric

sesquilinear form

5322[(1)7 U] =(VO|VV)pp - [01<(I)bv(y)|L(y)\IIbV(y))@n(z>dy (4.1.23)

defined on the domain
DS = {¥ e H'(D}); P(y)T(y) =0} (4.1.24)

for almost every y € [0,1]. The fact that the corresponding quadratic form

5322[\11, U] is semibounded and closed (see Definition 2.1.4) is established in [BK13b]
for the un-dissected configuration space Dr and is easily adapted to account for
triangular subspaces D7, in the dissected space Dj.. Using Theorem 2.1.5, the

form Qgg, defined on the domain Dg ), corresponds to a self-adjoint operator H
with domain D(H) c Dg) such that

o, ] = (D|HY) (4.1.25)

for every @ e Dg ) and ¥ € D(H). At this point, we make the additional as-
sumption that the quadratic form ng leads to operators H with domains D(H)
which possess H2-regularity, that is D(H) ¢ H*(D;). In order to determine the
action of H, let us restrict our attention to the set of functions ® € Dg ) for which

®y,(y) = 0. Then, by partial integration, we have that
G0, 0] = (0] - AyW) (4.1.26)

so that, by comparison to (4.1.25), the operator H acts as the two-particle Lapla-
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cian —A,. In order to establish the domain D(H ), we now extend our consideration

to all functions ® € Dg ), Again, by partial integration, one has that

- fol@{w(y) + L(y) @i (1) Wi (¥) )ennr dy = 0. (4.1.27)

Finally, recalling that, since W € Dg ), Uy, is an arbitrary vector in ker II, we must
have that

DL, (y) + L(y) Py (y) € ker I, (4.1.28)
which implies

Q(y) (Wi (1) + L(y) Uiy (y)) = 0. (4.1.29)

Using the properties of P and L we arrive at the second condition in (4.1.22) which

completes the proof.

Before we address the issue of H2-regularity, let us show how to recover bound-
ary conditions (4.1.13)—(4.1.15) by choosing P and L appropriately. Firstly, to
distinguish boundary values relating to vertex interactions from those relating to

particle interactions we assume the decomposition
cC'D =W, e W, (4.1.30)

where W, and W, have dimension 4|Z|? and 2|Z| respectively. The subspace W,
is then composed of all components in vectors (4.1.20) as well as the top four
components in vectors (4.1.21). The subspace W), is composed of the bottom two

components in vectors (4.1.21). Choosing block diagonal forms

P, 0 L, 0O
P - and L = (4131)
0 P, 0 L,

with respect to this decomposition, we impose that vertex and particle interactions

are independent of each other.

For vertex interactions we first note that the restrictions of Wy, and Vi to W,
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are the boundary vectors (4.1.12). In order to recover the boundary conditions
(4.1.13) which prescribe single-particle interactions with the vertices, we must
establish correspondence between maps P,, L, and matrices A, B. To this end, in
exact analogy to the approach in Section 2.2, let P, be an orthogonal projection
onto ker(I, ® B ®Il7)) and

Ly = (Ty ® B gy A ® 7)) Qs (4.1.32)

Substituting into (4.1.22), we recover boundary conditions (4.1.13) as required.

In W), we would like to distinguish clearly between contact interactions on different

edges. Therefore we define the decomposition

Wy = D Wym, (4.1.33)

where each W, ,, is composed of the bottom two components of ¥, bv. Then, by

fixing the block diagonal forms

7] 7]
Py =@ Py and Ly = @ Lpm (4.1.34)
m=1 m=1

with respect to this decomposition, we impose that there are no interactions be-
tween particles on different edges. Of particular interest to us will be d-type contact
interactions prescribed by conditions (4.1.14)—(4.1.15). It is easy to see that these

conditions are retrieved by setting

Pon(n) = (_11 11) and Lpn(y) = —aly. (4.135)
Finally, let us bring our attention back to the problem of H2?-regularity. For
certain additional conditions on the maps P and L, Bolte and Kerner [BK13c]
proved that the quadratic form Qgg does indeed lead to domains Do(P, L) which
are contained in H2(D;.). We choose not to present the general theorem here, but
remark that the maps include those prescribed above for d-interactions. It will be
useful later in this chapter to mention that, in order to show Dy(P, L) c H*(Dy.),

it is enough to show HZ2-regularity on each subspace D,,, and Dz, . The former
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is established in [BK13b], the latter in [BK13c]. In subsequent sections we will
define variants of J-type interactions which will appear as boundary conditions
along new dissections of Dr. We argue here that H?2-regularity therein can always
be assured by imposing further dissections of Dr into constituent subspaces which

are equivalent to D,,, and DZ,_ .

4.1.2 Spectra

In Section 2.3, we calculated the spectra of one particle quantum graphs by speci-
fying the form (2.3.2) of eigenfunctions of —A; and applying boundary conditions
(2.2.13). We would like to extend this approach to the two-particle quantum graph
setting. As we are dealing with a two dimensional configuration space, the diffi-
culty is that, in general, there does not exist a suitable analogue of the general
form of an eigenfunction (2.3.2). As shown in Chapter 3, however, in particular

cases, a Bethe ansatz can be used in this way. We present two such examples next.

The task will be to specify eigenvectors ¥ € H?(Dy;.) of —A, which satisfy vertex
conditions (4.1.13) as well as the 0-type interaction conditions (4.1.14)—(4.1.15).
Justifying the Bethe ansatz method as in Chapter 3, the vector ¥ will be described

by the collection of functions

wmn(xth) — Z Aina(kPWHkPNZ) (4136)
PeWs

on rectangles D,,,, for m # n, and

V(@ ma) = 3 AL eilhpiitheae) (4.1.37)
PEWQ

on squares DZ, . The eigenvalue equation (4.1.7) is then satisfied with Laplace

eigenvalues
E=k3+k3. (4.1.38)

Non-interacting particles

We begin by considering the example of two non-interacting particles on I'. Such
particles obey d-type boundary conditions (4.1.14)—(4.1.15) with « = 0. Together
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with the form specified by (4.1.37), these conditions imply the relations
A = A = AP (4.1.39)

for all P € #5, where the final equality is made so that we can drop labels +. Let

us define the vector of amplitudes

AP = (AP ) (4.1.40)

m,n=1

and also the d? x d?> permutation matrix

I;®my
Te = : : (4.1.41)
I, ®my
with row vectors
TWZWHO 10”0) (4.1.42)
g1 d-j
It is convenient to note the properties
d d
T (Amn)m,nzl = (Amn)mm:l (4143)

for d2-dimensional column vectors A and
Te(M®N)Tz=NoM (4.1.44)

for any dxd matrices M and N. Using the form (4.1.36), the boundary conditions
(4.1.13) then imply the relations

AP+ APR
(eikpll ® ]Im).AP + (e_ikpll ® ]1|I|)./4PR

AP _APR
_(eikpll ® ]I|I|)AP + (e—ik’pll ® H|I|)APR -

(A ® ]Im) (
(4.1.45)

+il€p1(B ® ]Im) (
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and
(A®Ly) Tz APT + Tizp APRT
Iz (eikpll ® ]I|I‘)T‘Z|2APT + (€_ikpll ® H|I|)T‘Z|2APRT (4 1 46)
+ikp1(B®lg) Tz AT = Tizp APRE =
P ; ‘ i
! d ~(e*rl @ I ) Tyzp AT + (e r1t @ Iig)) Tz APET

for all P € #5, with e defined in (2.3.6). Using the properties of Kronecker

products, each of these can be shown to imply the condition
det [AX (kp1,1) +ikBY (kp1,1)] =0, (4.1.47)

with X (k,1) and Y (k,l) defined in (2.3.5). Following the proof of Theorem 2.3.1

we arrive at the condition
Z(kp1)=0 (4.1.48)
for all P € #5, where
Z(k) = det [Iyz - S, (k)T (k,1)]. (4.1.49)

Here S,(k) is the one-particle scattering matrix defined in (2.3.8) and T'(k,1) is
defined in (2.3.7). We note that the forms of S,(k) and T'(k,l) are such that, if

(4.1.48) is satisfied for some P € #5, then it is necessarily satisfied for elements
PR and PTRT (4.1.50)
in #5. Thus we have two independent conditions,
Z(k;)=0 (4.1.51)

for j € {1,2}, each corresponding to a single particle. As one might expect, these
conditions are exactly those prescribed in Theorem 2.3.1 derived in the context of
one-particle quantum graphs. Two-particle energies (4.1.38) in the non-interacting
setting are simply the sums of the energies E; = k‘f given by the one-particle

quantisation conditions.
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Two J-interacting particles on an interval

One can establish agreement with the example of two d-interacting particles in a
box discussed in Section 3.2.3 by considering the simplest metric graph, an interval
[0,(], with Dirichlet boundary conditions

A=1I, and B =0. (4.1.52)

Applying boundary conditions (4.1.13)—(4.1.15), and following the approach in
Section 3.2.3, we arrive at the two-particle spectra prescribed by (3.2.48).

4.2 Equilateral stars with /-interactions

In the previous section we established appropriate boundary conditions on general
two-particle quantum graphs with singular contact interactions by characterising
self-adjoint extensions of the two-particle Laplacian. Such systems are, in general,
not exactly solvable. The aim of this chapter is to calculate spectra for general
two-particle graphs. The task is then to establish boundary conditions on general
quantum graphs which are compatible with the Bethe ansatz method. In Section
3.3.2, systems of particles on two-edge star graphs, with non-local §-type particle
interactions, were shown to be exactly solvable. Then prescribing length [ to the
edges and imposing certain coupling conditions, their spectra were deduced. In
the remainder of this chapter, we extend this approach to systems of two particles
on general graphs. Furthermore, we show that the corresponding boundary con-

ditions provide a self-adjoint realisation of the two-particle Laplacian.

Before discussing general graphs it is convenient to consider a subset of graphs
called equilateral stars. These graphs exhibit most of the essential features of
the general case and thus act as a convenient way to introduce some key concepts.
They also exhibit some distinguishing features associated with their spectral statis-

tics. We revisit this point at the end of the chapter.

Let us define the equilateral star ', as the graph I'(V,Z, f) with the restrictions
that

1. 1 =1;
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Figure 4.1: Equilateral star with |Z| edges each of length .

2. fo(lj) = V1,

3. fl(lj) = Vj41,
for all i; € Z, as depicted in Figure 4.1. Vectors W € .74 are then lists of two-particle
functions ¥y, : Dy = C in L2(D,,,,) with square subdomains

Dy = (0,1) x (0,1). (4.2.1)

The total configuration space for two particles on I', is the union

1z]
Dr,= ) Dy (4.2.2)

m,n=1
of these squares. The two-particle Hilbert space can then be written ¢ = L?(Dr,).
Appropriate interactions will be analogous of the d-interactions imposed in Section

3.3.2 and take place when particles are situated on neighbouring edges, the same

distance from the common vertex of the edges. We reiterate here that the set
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T2

mn

D+

mn

4

Figure 4.2: Dissected configuration space D7, for an edge pair (i,,,i,) on an
equilateral star.

N of neighbouring edges includes pairs (i, i,). On the equilateral star, such
interactions will be implemented by dissecting all squares D,,, along the lines
xr1 = 9 and imposing suitable boundary conditions on functions ,,,. We thus

have the dissected configuration space

i
Dr, = J (Dhnw Dpy), (4.2.3)

m,n=1

with subdomains of dissected squares D}, defined as

D;. = {(x1,22) € Dy 1> 22} (4.2.4)
and

D, ={(x1,22) € Dy 1 < 22} (4.2.5)

as depicted in Figure 4.2. The total dissected two-particle Hilbert space is then
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Ay = L*(Dy, ). Thus vectors W e 7 are lists

+
U = (Ezm";%”_l) (4.2.6)

of square-integrable functions %, : D — C. The corresponding Sobolev space
H?(Dy, ) is the set of W e 2" consisting of functions ¥, € H2(D3,,,).

We are now in a position to be explicit about the types of interactions we would
like to impose. They will appear as conditions on functions ¥ € H?(Dy, ) along

the boundaries of Dl’ie.

Interactions at the vertices will again be described by simple two-particle lifts of
those imposed in the corresponding one-particle quantum graph. These will be
given by conditions (4.1.13), with all edge lengths in boundary vectors (4.1.12)
equal to [.

Interactions between particles will be analogues of the 5—type interactions intro-

duced in Section 3.3.2 and are characterised by the conditions

Vi (21 22) o120 = Vg (21, 22) 1 =07 (4.2.7)
0 0 o P
"o, 2 vn ;=35 e (42,
(axl P, Za) Vo (1, 02) |2y =3 (%1 s ) U (@1, 22)|yeays (4.2.8)

for all edge couples (i,,,i,) € Z®Z. We reiterate here that d-type interactions can
take place when particles are located on different edges and are therefore rather
less physical than the familiar d-interactions. Such interactions are chosen since,

as we will show, they permit exact solutions via the Bethe ansatz method.

4.2.1 Self-adjoint realisation

The task is now to show that the interactions we would like to impose correspond to
a self-adjoint Laplacian. To this end, adapting the method in [BK13c] (see Section
4.1.1), we deduce self-adjoint realisations of —A, with domains characterised by
conditions on boundary values of functions W € H2(Dy. ) and their derivatives. We
then show that from these conditions we can recover (4.1.13) and (4.2.7)—(4.2.8).
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Let us define the boundary vectors

Wi () = G (1)), and W (1) = (V00 (2)) (4.2.9)

for all x € (0,1), where each ¢, by and 9/, by List values at the boundaries of Dy,
so that

w;nn(()?x) wr_nn,l(07$)

%n(lvx) ¢;n,1(l7x)

_ ;—rm(xvo) ! _ ;—rm,Z(xao)
P2y | e ) 10

%R(I,l') ;er,d(x7x)

¢;nn(x7x)) wr_nn,d(x“x)

Clearly we have that Wy, (x), ¥; (z) € C"2D) with n(Z) = 6/Z]>.
Carrying over the approach from the previous section we present the following
theorem.

Theorem 4.2.1. Let bounded and measurable maps P, L : [0,l] -» M(n(Z),C)
be such that

1. P(z) =1, - Q(x) is an orthogonal projector of class C;
2. L(x) a self-adjoint endomorphism on ker P(x),

for almost every x € [0,1]. Additionally let bounded and self-adjoint operators
IT and A on L%(0,1) ® C*™@ act according to IIx(x) := P(z)x(x) and Ax(z) :=
L(z)x(x) on x € L2(0,1) ® C*@). Finally let us define the domain Do(P, L) as the
set of W e H?(Dy, ) such that

P(2)Why(z) =0 and Q(x)V; (z) + L(z)Q(x) Yy (x) = 0. (4.2.11)

The two-particle Laplacian —Ay with domain Dy(P, L) is self-adjoint.

Now we have established the domain Dy (P, L) of a self-adjoint Laplacian —As on
I'., we would like to recover boundary conditions (4.1.13) and (4.2.7)-(4.2.8) by
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choosing P and L appropriately. Firstly, to distinguish boundary values relat-
ing to vertex interactions from those relating to particle interactions, we assume
the decomposition (4.1.30) where W, and W, now have dimension 4|Z|? and 2|Z|?.
Subspaces W,, and W, are then composed of the top four and bottom two compo-
nents in vectors (4.2.10) respectively. Choosing block diagonal forms (4.1.31) with
respect to this decomposition, we impose that vertex and particle interactions are

independent of each other.

For vertex interactions we again recover boundary conditions (4.1.13) by defining
P, and L, as in Section 4.1.1.

For b-type particle interactions, we would first like to impose the further decom-
position
|
Wy= D Wy, (4.2.12)
m,n=1
where in the case of Wy, each W), ,,,,, is composed of the second bottom component

of Yyn by and the bottom component of 9y, 1y Fixing the block diagonal forms

Izl 1|
B, = @ Bymn and Ly = @ Ly mn (4.2.13)
m,n=1 m,n=1

with respect to this decomposition and setting

2

{1 -1
Pp,m”(x) = _( 1 1 ) and Lp,mn(x) = —05]12, (4214)
we recover the d-type boundary conditions (4.2.7)(4.2.8).

4.2.2 Spectra

We have seen how to establish boundary conditions which correspond to systems of
two particles on equilateral stars with d-interactions in the context of self-adjoint
realisations of the two-particle Laplacian. In this section we show that these sys-

tems are exactly solvable and calculate their spectra.
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The task is to specify eigenvectors W e H2(Dy. ) of —A, which satisfy vertex con-
ditions (4.1.13) as well as 0-type conditions (4.2.7)(4.2.8). Justifying the Bethe
ansatz approach as previously, the vector ¥ will be described by the collection of

functions

() = S AT gilkpizithpara) (4.2.15)
Pews

on squares Di . The eigenvalue equation (4.1.7) is then satisfied with eigenvalues
(4.1.38).

We would first like to show that the system is indeed exactly solvable, that is,
boundary conditions (4.1.13) and (4.2.7)—(4.2.8) imposed on ¥ are compatible
with the properties of #5. Defining the 2|Z|>-dimensional vector

macl (4.2.16)
the vertex condition (4.1.13), together with the form specified by (4.2.15), implies

APTeikpll + APRTe—ikpll

(]IQ®A®H|I)Q( A+ AR )

(4.2.17)

‘ AP _APR
+ikpy (H2®B®H|I)Q( )

_APTgikpil 4 APRT g-ikpil
for all P € #5 where

Iz 0 0 0
0 0 0 Tgpe

Q-= 7 (4.2.18)
0 Ige 0 0

0 0 Tg O

Equilateral stars have Dirichlet conditions at external vertices v; for j > 2. We
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thus have the decomposition

A 0 B, 0
A= and B=|"' : (4.2.19)
0 A2 O BQ

with
AQ = ]I\I| and BQ =0. (4220)

By using the properties of Tz32, we then have that

Q" (L ® S, (k) ® 1) Q = (H2 @5 (el 0 ) . (4.2.21)
0 ~loz2
Rearranging (4.2.17), we can then extract the relation
AP = (1, S (kp1) @7 ) A”. (4.2.22)
The d-type conditions (4.2.7) and (4.2.8) imply
APT = (S, (kp1 - kp2) ® Iz ) A” (4.2.23)

with S,(k) defined in (3.2.42). To prove exact solvability we need only show
that relations (4.2.22) and (4.2.23) are consistent with the properties of #4. This

amounts to the requirements
1. S5 (u)SSM (~u) = Tz
2. Sp(u)Sp(—u) =1I;

3. (]Ig ® ngl)(u) ® ]Im) (Sp(u + U) ® ]Imz) (I[Q ® Sq(,l)(v) ® ]Im) (Sp(v - u) ® H|Z|2)
= (Sp(v - u) ® ]I‘I|2) (]Ig ® 8751)(1;) ® Hm) (Sp(u + ’U) ® I[|I|2) (]12 ® 51(,1)(11) ® ]I|I|).

The first two conditions are easily verified by the explicit forms of 551)(u) and
Sp(w). The third follows from the commutation relation (3.3.28).

Now we have established that the system is exactly solvable, we would like to

deduce the spectrum. This can be done in a number of ways. The method we
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choose here generalises that used for the one-particle case in [KS06b] which we
presented in Section 2.3. Substituting (4.2.23) into (4.2.17) we have that

det |: (Hg ® (A + ZkPlB) ® ]I|I\) QX(kpla kPQa l) + Y(kpl, kPQa l)

2
(4.2.24)
+(]I2®(A—ikplB)®]1m)Q (kp1, kpo, )2 (kp1, kpo, )]:0’
with
I, I,
kD ' oyt | @ Dz 4.2.25
( 1,2 ) (Sp(kl_kQ)Qlkll Sp(_kl_kQ)GZkll) IZ| ( )
and

Y (ky, ko, 1) = L Iz ol (4.2.26)
1, 2, - —Sp(l{jl _ ]{/‘Q)Cikll Sp(—k'l o kz)e_ikll |I‘ . L.

Then, using the invertibility of A + kB, and multiplying on the left by
det [(Ty ® (A +ikp1 B) ©Ti7) Q] (4.2.27)

and on the right by

-1
det[X(klakQal);Y(kbk%l)] ’ (4228)

we arrive at the condition that
Ze(km,]fpz) =0, (4-2'29)

with
Zo(k1, ko) = det []Igm + 2B ( S, (ky = k) Sy (ky + b) @ 551>(k1))] . (4.2.30)

is satisfied for all P € #5. By using properties of determinants and the explicit
forms of S,(k) and SV (k), it is easy to see that if (4.2.29) is satisfied for some
P € #,, then it is necessarily satisfied for elements PR, PT RT € #5. With this in

mind, we can state the main result of this section.
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Theorem 4.2.2. Non-zero eigenvalues of a self-adjoint two-particle Laplacian —A,
defined on an equilateral star I', with interactions at the central vertex specified
through A;, B; and S—type particle interactions, are the values E = k% + k2 # 0 with
multiplicity m, where (kq, k), such that 0 < ky < ko, are solutions to the secular

equations
Ze(kia k?J) = 0 (4231)

for j,i + j € {1,2}, with multiplicity m.

4.2.3 Spectra from star representation

We have seen how to calculate the spectra of equilateral stars by imposing bound-
ary conditions (4.1.13) and (4.2.7)-(4.2.8) on functions ¥ € H?(Dy. ). Before we
move on, it is instructive to discuss an alternative method for calculating the
spectra since we will follow a related method in the subsequent section where we
extend the scope of our discussion to general graphs. The basic premise is to first
consider I', in its star representation FES) as prescribed in Definition 2.4.1. This is
the collection T (V, €, f) of the single infinite star Ty (vi, &, f) along with [V|- 1
infinite one-edge stars I';(vj, ez.j-1, f), for j € {2,...,[V|}, as depicted in Figure
4.3. Deducing appropriate boundary conditions in this setting and constructing
Laplace eigenfunctions using the Bethe ansatz, we show that we recover the spec-

trum prescribed in Theorem 4.2.2.

Consider the equilateral star I', in its star representation ng). The appropriate

two-particle Hilbert space
) €] I£]
5" = (@ L*(0, oo)) ® (@[ﬂ((), oo)) (4.2.32)
j=1 j=1

on ng) is the direct sum of constituent Hilbert spaces on each external edge couple
(em,en) € E®E. Vectors

W= ( ,Sf}l)'g‘ (4.2.33)

m,n=1

in %(s) are then lists of two-particle functions @b,(qf% : D,(i% - Cin LQ(D%)Z) with
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Figure 4.3: Star representation F,(gs) of equilateral star I, with |Z| edges.

infinite subdomains defined

DS = (0,00) x (0, 00). (4.2.34)
The total configuration space for two particles on ng) is the union
(s) “ (s)
DY = | D) (4.2.35)
m,n=1

of these subdomains. The two-particle Hilbert space can then be written %”2(8) =
L2(DY)).

The task is now to specify appropriate boundary conditions which correspond to
(4.1.13) and (4.2.7)(4.2.8) imposed in the compact setting. To this end, let us

make the definition

Ne=tlemen) cE@E; (4.2.36)
f(em) = f(en) =vior f(em), f(en) €{va,. .. 7U|€\}-
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On T., é-interactions require us to define dissections along the lines x; = 9
of squares D,,,. On ng), this corresponds to defining dissections of D,(i% with

(em, €n) € Ne, according to

DS = (21, 22) € DSy w1 > 2o} (4.2.37)
and
DG = {(21,m2) € DS 1 < 2} (4.2.38)

It is convenient, however, to extend these dissections to all edge pairs, as depicted

in Figure 4.4, so that the total dissected configuration space is given by

€
pE = g} (DS v D). (4.2.39)

We note that later in the formalism we correct for this by imposing conditions
of continuity across dissections of D,(,f,)h with (e, e,) ¢ No. The total dissected
two-particle Hilbert space is then %(s’*) = LQ(D&*)) with vectors

(s,+)) !
U= (vt )mvnﬂ (4.2.40)

in ,%’é(s’*), lists of square-integrable functions ¥ : D&# - C. The corre-
sponding Sobolev space H 2(Dﬁ‘i’*)) is the set of W € %(s’*) consisting of functions
o) € H2(D).

Interactions at the vertices will be described by simple two-particle lifts of those
(2.4.4) imposed in the star representation of the corresponding one-particle quan-
tum graph. Defining boundary vectors

€]

() £l (s,-)
(i x)>“£r“ wd 4 (o) - | (P02,

U () =
(v’ @.0) (053 (,0))
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Figure 4.4: Four dissected infinite subdomains associated with internal edge cou-
ple (im,i,). O-interactions imposed along solid diagonals and continuity imposed
across dashed diagonals.

for all x € (0, 00), boundary conditions at the vertices are given by

(Lo Aely) TS + (Lo Boly)ve” =0, (4.2.42)
The S—type interactions are implemented through the conditions
DS (1,29 et = Vi (@1, 29) oy 2as; (4.2.43)

a a (5 +) ( 6 8 ) S —)
2 9 (s , er=at = | =— — = | Ynm , w=es  (4.2.44
(5~ 7~ 20) ¥ Gl = (5 = 5 ) 6650 r )y (4248
for edge couples (e,,, e,) € N.. Finally, we reestablish continuity across the dissec-

tions relating to edge couples (e,,,e,) ¢ N. by imposing the conditions

wrrf;;—)(xl, x2)x1:x2 = 1/}7(5771_) (1’1, x2)z1=fc§; (4245>

a a (s,+) ( 6 a ) (5,-)
a. A m’;l ) xi1=xt = - m';L 3 Tr1=27 " 4246
(8x1 8x2) (5[;1 x2)| 1=T5 axl 3x2 (i[fl ]}2)| =75 ( )

The task is now to specify eigenvectors ¥ € H 2(Dl(fe’*)) of —Ay which satisfy bound-
ary conditions (4.2.42)—(4.2.46). Using the Bethe ansatz method, the vector ¥ will
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be described by the collection of functions

Ve (w1,32) = > A gikpian+hpae) (4.2.47)
Pews

on DS Let us define the 2|€|?-dimensional vector

(P-))¥
(A )mv";}l . (4.2.48)

P _
A" = T‘g|2 (A%T7+))

m,n=1

The vertex condition (4.2.42) then implies

APR = (]12 ® Sv(—k’pl) ® H|g‘) AP (4249)

I€]

for all P € #5. At this point, it is convenient to define the matrix ¢, = diag(cmn ), o

where

1 if (em,en) € Ne;
Crn = ( ) (4.2.50)
0 otherwise,

which distinguishes domains with g—type interactions from those which are contin-

uous across dissections. Conditions (4.2.43)—(4.2.46) then imply
APT =Y, (kpy - kp) AT, (4.2.51)
with
Ye(k) = Sp(k) ®ce+(15) ® (L — cc) Tjgpe- (4.2.52)

To prove exact solvability we need only show that relations (4.2.49) and (4.2.51)

are consistent with the properties of #5. This amounts to the requirements
L Sy(u)Sy(-u) = ligj;
2. Yo(u)Ye(-u) = Iyg;

3. (L ® S,(u) ® L) Ye(u+v) (I ® S, (v) ® Ligy) Ye (v — )
=Y. (v-u) (]I2 ® S, (v) ® I[|g‘) Ye(u+v) (]I2 ® Sy(u) ® ]I‘g|).
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The first two conditions are easily verified by the explicit forms of S, (u) and Y, (u),

noting that, since ¢, = ¢um, the properties of Tig2 are such that
[CB,T|5|2] =0. (4253)

Prescribing the connectivity of the star graph by choosing the block form (4.2.19)

and Dirichlet conditions (4.2.20) at the outer vertices, the relation
[Suo(u) ® g, c.] =0 (4.2.54)

holds, and the third condition is easily verified.

Let us bring our attention back to the original equilateral star I'.. In order to turn
the eigenfunctions in the star representation into eigenfunctions on the compact

graph, it is sufficient to impose the relations

Yy (1, 12) = ¢2m+|z|)n(l - 21,%2) and (4.2.55)
w;nn(mla -T2) = w;l(n+|1|)($1a l- 952) (4.2.56)

for all m,n € {1,..,|Z|} which imply

P, PR, i
AL = ‘Agm+|;|))ne Friland (4.2.57)
A = AT emiheal, (4.2.58)

These conditions then yield the relation
AP = BE(~kpy) APTET, (4.2.59)
with
E(k)=Lyn® (9§) ® Lize™. (4.2.60)

Applying (4.2.49), (4.2.51) and (4.2.59) successively we arrive at the secular equa-

tion

det [Igzi2 — E(k2)Ye(ka — k1) (I ® S,y (ko) ® Iyz)) Ye(ky + ko)]. (4.2.61)
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Finally, defining the permutation matrix

(4.2.62)

Ly ® (L7, 0
V= (H2®T4®HZ|2)( 4|Z] ( |Z|» |I))7

Lyny ® (07, Iz

where 04 is the d x d matrix of zeros, the spectrum prescribed in Theorem 4.2.2
is recovered by inserting the identity I = V-1V between each element of (4.2.61),
multiplying on the left and right by det[V] and det[V~!] respectively, and using

the properties of determinants.

4.2.4 Recovering specific results

Before we move on to general graphs, let us establish agreement between the spec-
tra of equilateral stars presented in Theorem 4.2.2 and results derived in previous

chapters.

Two-edge stars

Let us first explain how to recover the results of [CCO7] presented in Section 3.3.3.
Simply by substituting |Z| = 2 into (4.2.31), we immediately recover the appropriate
quantisation conditions (3.3.44) for systems of two particles in a box with a central
impurity. Furthermore, rather than choosing Dirichlet vertex conditions (4.2.20),

which specify the connectivity of an equilateral star, and instead choosing standard

1 -1 00
Ay = d By = 4.2.63

to establish continuity at the outer vertices, we recover the quantisation conditions

boundary conditions

(3.3.36) which specify the spectra of systems of two particles on a circle with an

impurity.

Non-interacting particles

Throughout this thesis we have used a to parameterise the strength of particle
interactions. It is reasonable to expect then, that by setting a = 0, one should arrive

at separable quantisation conditions given by (2.3.9) for one-particle quantum
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graphs. Indeed, by substituting o = 0 into the form (4.2.30), we recover
det [Tz + €2*550 (k)| = 0 (4.2.64)

which is exactly the corresponding one-particle condition. It is important to point
out however, that S—type interactions with o = 0 result in coupling between domains
D,,,, and D, and are thus clearly distinct from the truly non-interacting situation.
For this reason we refer to such systems as pseudo-non-interacting. The fact the
one-particle condition (4.2.64) is recovered in this case is a result of the specific
geometry of the equilateral star. We will see in the subsequent section that this
agreement does not hold for general graphs. We revisit this point in the final

section of the chapter when discussing spectral statistics.

Bosons on equilateral stars

Later in this chapter, we would like to analyse examples of bosons on graphs.
Computationally speaking, such examples are useful as the dimension of the matrix

inside the determinant Z,(k1, ko) is halved. Imposing bosonic symmetry

¢T_rm(m17x2) =¢$m($27$1) (4265)
we have that
A = AT (4.2.66)

for all P € #5. The matrix S,(k) then reduces to the scalar form s, (k)L as defined
in (3.2.17) so that from (4.2.30) we recover

Ze,b(kla k’g) =det [H|I| + €2ik113p(k1 - kQ)Sp(kl + kg)Sél)(kl)] . (4267)

4.3 General graphs with J-interactions

We have seen, in the previous section, how to construct systems of two S—interacting
particles on equilateral stars, defining appropriate boundary conditions in the con-
text of a self-adjoint Laplacian, proving exact solvability and calculating spectra.

The majority of quantum graphs literature, however, is concerned with the dynam-
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ics of single particles on graphs with, in general, different edge lengths. Indeed,
in [KS97], rationally independent edge lengths are required to avoid degenerate
energy levels and ensure spectral statistics following random matrix predictions.
This section is concerned with extending the scope of our discussion to two parti-

cles on general compact graphs.

As imposing 5—type interactions between particles on equilateral stars leads to
exact solutions, it seems reasonable to assume that a suitable variant of such
interactions in the general setting will also lead to exact solutions. However,
general graphs bring added complications associated with edges of different length
and distant vertices. The problem is then to choose an appropriate way to impose
g—type interactions in the general setting which preserves compatibility with the
Bethe ansatz method. To address this, let us consider a pair of particles on I’
viewed in its star representation I'(®). At any one time, the particles will be
located on some pair of infinite stars (I'y,['y) with v, A e {1,...,|V|}. We impose
that, when particles are located on different stars (y # \), they will be independent
of each other; there are no particle interactions. When, however, the particles are
located on the same star (v = A), they will be allowed to interact. We postulate
here that exact solvability is assured if these interactions are of d-type. In this
setting, by following the method in Section 4.2.3, we show these systems are exactly
solvable and calculate their spectra. Before we do this, however, we would like to
establish that corresponding boundary conditions provide self-adjoint realisations
of —As on the compact graph. To see this, let us first consider a pair of particles,
with coordinates z; € [0,[,,] and x5 € [0,[,] respectively, on a neighbouring edge
couple (im,,i,) € N with common vertex v,. Additionally, let us assume that the
edges are orientated such that fo(in) = fo(in) = v,. The d-interactions prescribed
above become effective when 1 = x9, with the interaction cut off at the smaller of

the two edge lengths involved. Thus the appropriate dissection of D,,,, is given by
D, =D} vD_ (4.3.1)
with subdomains defined as

D:;mn = {(x17x2) € Dmn; zy > xQ} (432)



CHAPTER 4. TWO-PARTICLE QUANTUM GRAPHS 102
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Figure 4.5: Dissected finite configuration space D}, associated with internal edge
couple (i, 1y).

and
D, = {(x1,22) € Dy @1 < 2} (4.3.3)

(see Figure 4.5). Accordingly, appropriate d-interactions will be imposed along

these dissections.

Let us now extend this discussion from the pair of internal edges (i,,, i) to general
graphs I". Before we continue, it is convenient to impose the further requirement
that any two edges have at most one common vertex. This caveat facilitates the
formalism that follows, namely by enforcing that any rectangle D,,, has at most
one dissection. However, we argue that, dropping these restrictions, the method

is easily generalised by imposing additional appropriate dissections.

For the example discussed above, where we assumed fy(i,,) = fo(i,), appropriate
dissections were made along lines x; = x5 of rectangles D,,,,. In the general setting,

we must, however, pay attention to additional complexities which arise from the



CHAPTER 4. TWO-PARTICLE QUANTUM GRAPHS 103

possible orientations of neighbouring edge couples. Appropriate lines of dissec-
tion should be chosen with this in mind. Specifically, for possible orientations of
(i, in) € N, with

fO(Zm) = fO(Zn)a fO(Zm) = fl(fln)a fl(zm) = fO(Zn) and fl(zm) = fl(ln)a (434>
we require dissection along the lines
X1 =To, X1 =1y —To, by —21 =29 and l,, — 21 = ,, — 29, (4.3.5)

respectively. These four types of dissection are shown in Figure 4.6. Of course
for distant edge couples (i, i,) € D, no dissection is required. By extending the
arguments made in the example above, the appropriate dissected configuration

space is given by

DF=( G Dmn)U( U (D;nUDJnn)), (4.3.6)

(imyin )€D (imyin )N

with subdomains of rectangles D, for (i,,,i,) € N, defined as

{(z1,72) € D @1 > 12} if fo(im) = fo(in);

D:_rm: {(xlamQ)EDmn; x1>ln_l'2} if fO(Zm):fl(Zn)7 (437>
{(x1,22) € Dy i — 21 > 32} if fi(im) = fo(in);
{(xlaxQ)EDmn; lm_x1>ln_$2} if fl(im):fl(in)a

and
{(1,22) € Dps @1 < 22} if fo(im) = fo(in);

D;%n=< {(xlan)EDmn; $1<ln_x2} lf fO(Zm):fl(Zn)y (438)
{(x1,22) € Dy i — 21 < 2} if fi(im) = fo(in);
{(l'l,l’z)EDmn; lm—l'l <ln—l'2} if fl(zm) :fl(in)-

The total dissected Hilbert space is then " = L?(Dy.). Thus vectors ¥ e " are
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Figure 4.6: Dissected domains D} . such that [,, > [,, with four possible ori-

mn

entations. Top left: fo(i,) = fo(in), top right: fo(im) = fi(i,), bottom left:
fi(im) = fo(in), bottom right: f;(i,) = fi(in).
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lists

(wmn)(im,in)ED
U= (V) (imsin)en (4.3.9)
(¢;ﬂn)(lmgzn)€N

of square-integrable functions ¥y, : Dy = C, for (iy,,i,) € D, and 9%, : D, — C,
for (im,i,) € N. The corresponding Sobolev space H2(D;.) is the set of ¥ e J3*
consisting of functions ¥, € H?*(Dyyp), for (i, i,) € D, and %, € H?(Dz,,), for
(imyin) € N.

Generalising the argument made earlier, we would like to impose g—type conditions
along all dissections of Df.. In principle we can define such interactions on the
dissected configuration space (4.3.6). However this presentation becomes rather
convoluted. To this end, it is convenient to define an equivalent configuration

space which simplifies this process. Let

(z1,22) if fo(im) = fo(in);
(21,10 — 22) if fo(im) = fi(in);
(I = 21, 22) if fi(im) = fo(in);
(b =21, ln = 22) if fi(in) = filin)

(4.3.10)

(Zi'l,fz’g) =1

so that correct dissections are along the diagonals Z; = Z5. The total dissected

configuration space can then be written

(im in)€D (im yin)eN

D; = ( L Dmn) U( L (D).u D,;m)), (4.3.11)
with subdomains defined as
Dy = {(F1,82) € Dpn; T1 > B2} (4.3.12)
and

Dy = {(%1,%2) € Dy 1 < F2}. (4.3.13)
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We are now in a position to be explicit about the types of interactions we would
like to impose. They will appear as conditions on functions ¥ € H2?(D;.) along the

boundaries of Dy.

As in the previous two sections, single-particle interactions at the vertices are given
by conditions (4.1.13).

Defining functions ¢ : Dt - C in H2(D%,), d-type boundary conditions are
prescribed by the conditions

Qﬁm(jl’jz)h’l:@ = ¢;m(j17j2)|i1=a~:5§ (4.3.14)
o _0 c o - (0 N,
(8_j1 5 Za) Dran(T1, ) |3y=5 = (&%1 (%2) G (F1,T2)|71-5;  (4.3.15)

for neighbouring edge couples (i,,,%,) € N, where

b

= min(ly, 1,). (4.3.16)

The task is now to show that these conditions correspond to a valid self-adjoint

two-particle Laplacian —A,.

4.3.1 Self-adjoint realisation

Following the formalism in Section 4.2.1, we deduce self-adjoint realisations of
—Ay with domains characterised by conditions on boundary values of functions
U e H?(D;) and their derivatives. We then show that, from these conditions, we
can recover (4.1.13) and (4.3.14)—(4.3.15).

Let us define the boundary vectors

]

m,n=1

Wi (1) = G, oo (U)o y a0 WL (1) = (G110 (1)) (4.3.17)

for all y € (0,1), where ¥, 1y and Uy by List values at the boundaries of Dy, for

(i, in) € N, and D, for (i,,i,) € D. Specifically, for (im,i,) € D, there are no
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interactions between particles and we set

wmn(oylny) wmn,l(oylny)
¢mn(lm> lny) / ¢mn71 (lm> lny)
by (Y) = dy . (y) = 4.3.18
Gt ) o= . 0) 31y
wmn(lmya ln) wmn,Q(lmya ln)

For (im,,i,) € N, we must include boundary values along the diagonals & = Z3 to

accommodate 0-interactions. We thus set

2ﬂmn(ov lny) wmn,l (07 lny)
¢mn(lm> lny) 77ZJmn,1 (lma lny)
Ymno (y) = Vrnllntn0) g U (Y) = Y2 0) . (4.3.19)
Vi (I Y, 1) wmn,2(lmya In)
mn (¥ L) D (lrnYs L)
ot (e T e 1)) \%md(l;my, ln¥)

where functions gbfm 4 are inward derivatives normal to the lines 7; = 7. We note
that we have dropped the labels + denoting the appropriate subdomains of D,,,
in the first four components of (4.3.19) in order to keep the presentation compact.
Clearly we have that Uy, (y), ¥} (y) € C*@N) with n(Z,N) = 4|Z]* + 2|N].

Carrying over the approach in [BK13c], used for equilateral stars in Section 4.2.1,
we have the following theorem.

Theorem 4.3.1. Let bounded and measurable maps P, L : [0,1] > M (n(Z,N'),C)
be such that

1. P(y) =IL,zn) - Q(y) is an orthogonal projector of class C'!;
2. L(y) a self-adjoint endomorphism on ker P(y),

for almost every y € [0,1]. Additionally let bounded and self-adjoint operators
I and A on L2(0,1) ® C*ZN) act according to IIx(y) := P(y)x(y) and Ax(y) :=
L(y)x(y) on x € L2(0,1) ® C*ZN). Finally let us define the domain Dy(P, L) the
set of ¥ e H2(D;) such that

P(y) ¥y (y) =0 and Q(y) Vi, (v) + L(y)Q(y) Vi (y) = 0. (4.3.20)
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The two-particle Laplacian —Ay with domain Dy (P, L) is self-adjoint.

Now we have established the domain Do(P, L) of a self-adjoint Laplacian —A,
on I', we would like to recover boundary conditions (4.1.13) and (4.3.14)—(4.3.15)
by choosing P and L appropriately. To distinguish boundary values relating to
vertex interactions from those relating to particle interactions, we assume the

decomposition
C"EN) =W, @ W, (4.3.21)

where W, and W, have dimension 4|Z|?> and 2|N| respectively. Here W, is com-
posed of all components in vectors (4.3.18) as well as the top four components in
vectors (4.3.19) with W, composed of the remaining components. Choosing block
diagonal forms as in (4.1.31) with respect to this decomposition, we impose that

vertex and particle interactions are independent of each other.

For vertex interactions, we again recover boundary conditions (4.1.13) by defining
P, and L, as in Section 4.1.1. For S—type particle interactions we impose the

further decomposition

WP = @ Wp,mna (4322)
(imsin)eN

where in the case of Wy, each W), ,,,, is composed of the fifth component of 1,,,, 1y

and the sixth component of ¢, v in (4.3.19). Fixing the block diagonal forms

Pp = @ Pp,mn and Lp = @ Lp,mn (4.3.23)
(imin)eN (imyin )eN

with respect to the decomposition (4.3.22) and setting

1{1 -1
Bpmn(y) = 5( . 1) and Ly, mn () = —ally, (4.3.24)

we arrive at the d-type conditions (4.3.14)—(4.3.15).
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4.3.2 Spectra

We have seen how to establish boundary conditions which correspond to two-
particle quantum graphs with d-type interactions by means of self-adjoint exten-
sion. We would now like to show that such systems are exactly solvable and

calculate their spectra.

For equilateral stars I'. considered in Section 4.2, exact solvability was shown by
substituting the ansatz (4.2.15) directly into boundary conditions (4.1.13) and
(4.2.7)—(4.2.8) defined on Dy, . The spectra then followed by generalising the ap-
proach in [KS06b] to two particles. While, in principle, we can use the same
method in the general graph case, the extra complexity brought about by different
edge lengths and distant edge couples makes the presentation rather convoluted.
To this end we will use the method presented in Section 4.2.3 which utilises the

star representation I'®) of the compact graph T.

The appropriate two-particle Hilbert space

L) = (él L2(0, oo)) ® (jé%l L*(0, oo)) (4.3.25)

on I'®) is the direct sum of constituent Hilbert spaces on each external edge couple
(em,en) € E®E. Vectors

w - ( ,Sf%)'g‘ (4.3.26)

m,n=1

in %02(3) are then lists of two-particle functions w,ﬂf}t : D,Si,{ - Cin LQ(DST)I) with

infinite subdomains defined
D) = (0,00) x (0,00). (4.3.27)

The total configuration space for two particles on I'(®) is the union

(s) “ (s)
DY = ) DY) (4.3.28)
m,n=1

of these subdomains. The two-particle Hilbert space can then be written %”2(8) =
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Figure 4.7: Four dissected infinite subdomains associated with internal edge couple
(im,tn) With fo(im) = fo(in). O-interactions imposed along solid diagonal and
continuity imposed across dashed diagonals.

L2(DY).

In the compact setting, d-interactions require us to define dissections along the lines
I1 = T of the domains D,,,, which relate to neighbouring edge pairs (iy,,i,) € N.
On T'®), this corresponds to defining dissections of DS, with f(em) = f(en),

according to

DSt = {(w1,22) € Dy w1 > w2} (4.3.29)
and
DSy = = {(w1,22) € DS a < T} (4.3.30)

As in Section 4.2.3, it is convenient to extend these dissections to all edge pairs,
as depicted in Figure 4.7, so that the total configuration space is given by
(s,%) “ (s,+) (s,-)
D = | (DG w DG, (4.3.31)

m,n=1
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The total dissected two-particle Hilbert space is then %(s’*) = L2(D§S’*)) with

vectors

(s,4) )
(v )m7”=1 (4.3.32)

in %”2(3’*), lists of square-integrable functions gZJ,(,f,’f) (z1,29) : Dﬁ;f;f) — C. The corre-
sponding Sobolev space H 2(D%‘S’*)) is the set of W € z%’é(s’*) consisting of functions
(%) ¢ H2(DS).

Interactions at the vertices in this setting will again be described by simple two-
particle lifts of the corresponding one-particle conditions. Defining boundary vec-
tors

[

frfn) 0,z
(¢ ( )> rgrnzl , (4.3.33)

G

for all x € (0, 00), the appropriate boundary conditions at the vertices are given by

(25l 0.2))

(s0) (.Y _
) (£5:2,0)

=t | and W (2) =

n,m=1 n,m=1

(Lo Aely)ve + (Lo Bely) v =0 (4.3.34)

with |€] x |€] matrices A and B defined as in (2.4.6). As discussed previously we
would like to impose S—type interactions between particles located on the same

infinite star. Such interactions are prescribed by the boundary conditions

(s +)($17«T2)|x1 =r3 — ¢nm_)(x1,x2)‘xl 12, (4 3 35)
0 0 (s +) ( 0 ) (5,-)
- - 2 “\5. " nm ) T1=25) 4
(8131 8x2 ) (I1,$2)|x1 =z 8:5 ax @D (Il ZL’2)| 5 ( 3. 36)

with f(em) = f(en). Since in D&, we defined dissections in Dy, for all edge

pairs, we must reestablish continuity where there are no interactions, that is for
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f(en) # f(ey), according to

DS (1,29 armat = Vi (21, 09) oy 2as; (4.3.37)
0 9\, 69 ( 0 3) (5,-)
a_ A m;L 3 o=zt =\ 5  — & m;;, y T1=T5 4338
(a.fl?]_ axZ)w (Il x2)| 1=Ty a.fl:]_ 8:1:2 (Il x2)| 1=%5 ( )
The task is now to specify eigenvectors ¥ € H 2(Dl(f’*)) of —A, which satisfy bound-

ary conditions (4.3.34)—(4.3.38). Using the Bethe ansatz method, the vector ¥ will

be described by the collection of functions

S (e, a0) = Y AL cilhimikea) (4.3.3)
PeWs

on D$F . Let us define the 2|€[>-dimensional vector

(P-)\¢!
(A )m’"fsﬁ . (4.3.40)

P_
A T (A%T,+))

m,n=1

The vertex conditions (4.3.34) then imply
APF = (I ® Sy (=kp1) ® lig) A” (4.3.41)

for all P € #5. At this point, it is convenient to define the diagonal matrix

c= diag(c,m)lfl‘n:1 where

(4.3.42)
0 otherwise,

o {1 if f(en) = f(en):

which distinguishes domains with S—type interactions from those which are contin-

uous across dissections. The d-type conditions (4.3.35)(4.3.38) then imply
APT =Y (kpy - kpy) AP, (4.3.43)
with

Y (k)= S,(k)@c+ (1) ® (Lgp — ) Tep. (4.3.44)
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To prove exact solvability we need only show that relations (4.3.41) and (4.3.43)

are consistent with the properties of #5. This amounts to the requirements
1. SU(U)SU(—U) = H|S\;
2. Y (k)Y (=k) =Lyg;

3. (]IQ ® S, (u) ® ]I|g‘) Y(u+v) (]Ig ®S,(v)® ]I‘g|) Y(v-u)
=Y (v-u) (]12 ® Sy(v) ® ]I|g|) Y(u+v) (]12 ® Sy(u) ® ]I‘g|).

The first two conditions are easily verified by the explicit forms of S, (u) and Y (u),

noting that, since ¢, = ¢pm, the properties of Tig2 are such that
[c, Tgp] = 0. (4.3.45)
Noting then that the relation
[Su(u) ® g, ] =0 (4.3.46)

holds if boundary conditions at the vertices are local, that is matrices A, B are
subject to the conditions (2.4.6), and also the relation (3.3.28), the third condition

is easily verified.

Let us bring our attention back to the original compact graph I'. In order to turn
the eigenfunctions in the star representation into eigenfunctions on the compact

graph, it is sufficient to impose the relations

Yo (21, 2) = w((;j;:\)ﬂ)n(lm - x1,Ts) and (4.3.47)
Vi (w1, 32) = 50 2 (@, 0 = 2) (4.3.48)

for all m,n € {1,..,|Z|} which imply

P, PR, - m
AL = AEmH;'))ne kpilm and (4.3.49)
Al = AT emheat (4.3.50)

These conditions then yield the relation

AP = E(=kpy) APTET (4.3.51)
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where
0 1 ikl
E(l{}) = H4|I| ® 10 ® e s (4352)

with e defined as in (2.3.6). Applying (4.3.41), (4.3.43) and (4.3.51) successively

we have the condition that
Z(kpy, kpy) =0, (4.3.53)
with
Z(k1, ko) = det [Igzie — E(k2)Y (ko — k1) (I ® Sy (k) ® Lz ) Y (k1 + k)|, (4.3.54)

is satisfied for all P € #5. By using properties of determinants, the commutation
relations established above, and the explicit forms of Y (k), S,(k) and E(k), it
is easy to see that if (4.3.53) is satisfied for some P € #5, then it is necessarily
satisfied for elements PR, PT'RT € #,. With this in mind we can state the main

result of this section.

Theorem 4.3.2. Non-zero eigenvalues of a self-adjoint two-particle Laplacian —A,
defined on I' with local vertex interactions specified through A, B and o-type in-
teractions between particles when they are located on neighbouring edges, are the
values E = kf + k2 # 0 with multiplicity m, where (ki,ks), such that 0 < k; < ko,

are solutions to the secular equations
for j,i# j € {1,2}, with multiplicity m.

4.3.3 Recovering specific results

To finish the section, let us establish agreement between the spectra of general
two-particle quantum graphs presented in Theorem 4.3.2 and results derived and

discussed earlier in the thesis.
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Equilateral stars

We would like to show that the quantisation condition prescribed in Theorem 4.3.2
for general graphs I' reduces to that prescribed in Theorem 4.2.2 for equilateral
stars [, when appropriate parameters are imposed. Firstly, the appropriate vertex
conditions are given by (4.2.19) and (4.2.20) so that interactions at a central vertex
are prescribed by Ay, By with Dirichlet conditions at outer vertices. We also impose
equal lengths [; = [ for all j € {1,...,|Z|}. We recall that on equilateral stars, S-type
interactions are imposed along the diagonals x; = x5 of all square domains D,,,.
Viewed in the star representation, this corresponds to S—type interactions along
dissections of Dgf;:) with (é,,€,) € N, and continuity otherwise. To this end, we
replace the diagonal matrix ¢ with ¢, as prescribed by (4.2.50). Substituting these
parameters into Z(k;, k;) and using the properties of determinants we recover the

form Z.(k;, k;) as required.

Pseudo-non-interacting particles

In Section 4.2.4, we introduced the notion of pseudo-non-interacting particles and
showed that in the equilateral star setting, the corresponding quantisation con-
dition is indeed that of the truly non-interacting case. However, in the general
setting, this agreement does not hold. The spectra of such systems is calculated

first by identifying the matrix
hr% Y(]C) = (1) é) ® (C + (]I|5|2 - C)T|g‘2). (4356)
Substitution into (4.3.54) then yields the quantisation condition

Z(k) = det [Lyzp- (Su(k) © (95) @ ™) ¢

| (4.3.57)
~ (L ® ((98) ® ™) S, (k) (Lyzp - c)]

which we notice is dependent on the single momentum k.
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Non-interacting particles

Truly non-interacting systems are recovered by turning off all coupling between
domains D,,, and D,,,. This is achieved by setting ¢ = 0. We then have that

Y(k)|c:0 = (1) [1)) ® T‘g|2. (4358)

By substituting into (4.3.54) we recover the secular equation (2.3.9) for the one-
particle quantum graph.
Bosons on a general graph

In the subsequent section we would like to analyse examples of bosons on a graph.

Imposing bosonic symmetry

wﬁf{)(ml,wz) = wr(zf;:)(x%ml) (4.3.59)
we have that
A = AT (4.3.60)

for all P € #5. The matrix Y (k) then reduces to the form
Y(k)=LeYy(k) (4.3.61)
with
Yy(k) = sp(k)e+ (L - €)Tiepz, (4.3.62)
so that from (4.3.54), we recover
Zy(ky, ko) = det [Lyzz — Ey (ko) Yy (ko — k1) (Su(k2) ® Lyz)) Yo (k1 + ko) ], (4.3.63)

with E(k) = L, ® Ey(k).
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4.4 Spectral statistics

One of the main motivations for the study of quantum graphs is to analyse their
spectral statistics. In doing so, we can investigate the chaotic nature of their clas-
sical counterparts. Again we pay particular attention to the nearest neighbour
energy level distribution (2.6.13). We also compare the counting function N(E)
as defined in (2.5.1) to the Weyl law (3.4.1) which is proven for singular contact
interactions. Of course, the majority of this thesis is not concerned with J-type
interactions, but with d-interactions. Nonetheless, for each example, we again as-
sign a line of best fit (3.4.2) to N(E) and compare the leading term to (3.4.1) by
calculating the value (3.4.3).

In [KS97], nearest neighbour energy level distributions of one-particle quantum
tetrahedra were shown to exhibit GOE spectral statistics and thus imply chaotic
classical counterparts (see Section 2.6). In this section we analyse the spectra of
two-particle quantum graphs calculated in the previous sections, looking for a po-
tential dependence of spectral correlations on the interaction strength. We refer
to the result by Srivastava et al. [STL*16] who analysed the spectral properties
of interacting kicked rotors which individually show GOE statistics. For the com-
bined spectra, they found a transition from Poissonian to GOE statistics as the

strength of the interaction was increased.

4.4.1 The tetrahedron

Let us take, as a first example, a system of two S—interacting bosons on a tetrahe-
dron (see Figure 2.3) with local boundary conditions (2.6.1), such that scattering
matrices Sé")(k:) corresponding to each vertex v, are identical. The appropriate
spectra are calculated according to Theorem 4.3.2 by finding solutions to the pair

of secular equations

Zb(kh ]{52) =0 and Zb(k27 ]{51) =0 (441)
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given by (4.3.63). In order to reduce the computational expense of this problem

let us define the permutation matrix
V=L® (1112 @1 0 0)T e (0 1 o)T oo (0 0 1)T). (4.4.2)
Multiplying on the left and right of (4.3.63) by
det[V(P®P)] and det[(P' @ P~1)V ], (4.4.3)
we arrive at the block form
Zyp(kq, ko) = det[T144 — %Mm(kl’ k)], (4.4.4)
with
My (ki ko) = (P((98) ® )P o T, )

(diag(amn)izl ® 5, (ka — k) s, (ky + k) (]13 ® 55”>(k2)) (4.4.5)

+diag(1 = 6mn)hy ® S (ko) @ T5).

Laplace eigenvalues F = k? + k2 are then given by solutions (ki, ko) of the pairs of

secular equations
det []Igﬁ - Mu(/{il, ]{?2)] =0 and det []136 - Mv(kQ, k‘l)] = 0, (446)

with u,v € {1,...,4}.

Boundary conditions at the vertices are determined by choosing Discrete Fourier
Transform (DFT) scattering matrices SSMPET) as defined in (2.4.17). For the

tetrahedron, appropriate DFT scattering matrices at each vertex v, are

. 1 1 1
SPED) _ — 1y o5 oM, 4.4.7
1 e3 e

with distinct eigenvalues {-1,1,7}. With this choice, the spectrum of the two-

particle Laplacian with d-interactions is non-degenerate.
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Figure 4.8: Integrated level spacings distributions for the single-particle spectra
associated with non-interacting and pseudo-non-interacting systems on a tetrahe-
dron. First 50,000 eigenvalues.

Before analysing two-particle spectra, let us consider the spectra of non-interacting
systems. Figure 4.8 plots the nearest neighbour distributions for the single-particle
spectra associated with truly non-interacting (¢ = 0) and pseudo-non-interacting
(o = 0) particles on the tetrahedron with DFT scattering matrices. As is well
known [KS97] and confirmed in Figure 4.8, the one-particle spectrum follows GOE
statistics. The pseudo-non-interacting system, however, shows Poissonian statis-
tics. The crucial point here is that two-particle systems prescribed in Theorem
4.3.2 in fact couple systems of pseudo-non-interacting particles which individually
possess spectra with Poissonian statistics, not systems of truly non-interacting
particles which individually follow GOE statistics. Thus we cannot expect a tran-
sition to GOE statistics as in [STL*16]. Figure 4.9 plots the a-dependency of the
lowest energy levels of a system of J-interacting bosons on a tetrahedron with DFT
vertex scattering matrices. There is no obvious transition to a regime of energy
level repulsion as we increase «. Indeed, plots of nearest neighbour distributions

reveal Poissonian statistics for all interaction strengths. Figure 4.10 shows these
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Figure 4.9: Dependency on interaction strength of small eigenvalues of a system
of two bosons on a tetrahedron.

Figure 4.10: Integrated level spacings distributions for systems of two bosons on
a tetrahedron. First 3000 eigenvalues.
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Figure 4.11: Counting functions N(E) (solid line) with lines of best fit N(F)
(dashed line) for systems of two bosons on a tetrahedron.

plots for interaction strengths a =1 and « = 10.

Figure 4.11 plots counting functions N(FE) for strengths o € {0,1,10} together
with quadratic lines of best fit N(E) given by (3.4.2). In each case, the leading
term does not agree with the Weyl law (3.4.1) predicted for contact interactions;

L

the values g are
T™a

8.36x 1073, 6.47 x 107 and 5.94 x 1073 (4.4.8)

for a equal to 0, 1 and 10 respectively.

4.4.2 Equilateral stars

To examine the spectral statistics of coupled chaotic systems we must look for
two-particle quantum graphs for which the one-particle spectra recovered when
setting o = 0 are chaotic. We have seen that two-particle tetrahedra with é-
interactions do not fulfil this requirement. Let us then focus our attention on

equilateral stars which we discussed in Section 4.2. Therein, we showed that true
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Figure 4.12: Integrated level spacings distributions for a single particle on a 9-edge
equilateral star. First 50,000 eigenvalues.

Figure 4.13: Dependency on interaction strength of small eigenvalues of a system
of two bosons on a 9-edge equilateral star.
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Figure 4.15: Dependency on interaction strength of large eigenvalues of a system
of two bosons on a 9-edge equilateral star.
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Figure 4.16: Integrated level spacings distributions for systems of two bosons on
a 9-edge equilateral star with o = 10.

one-particle spectra are recovered when setting a = 0. Thus we can discuss coupled
chaotic systems in the spirit of [STL*16] if we can find one-particle equilateral stars
which exhibit GOE statistics. Such systems are characterised by the quantisation
condition (4.2.64) which can be written

e 2 = —(k), (4.4.9)

where p(k) is an eigenvalue of ngl)(k). Clearly, the multiplicity of solutions k are
equal to the multiplicity these eigenvalues. For example, equilateral stars with
boundary conditions characterised by the DFT scattering matrix (2.4.17) at the
central vertex yield solutions corresponding to pu = {1,-1,4,-i}, with degenerate
values arising for d > 3. Clearly degenerate energy levels would obscure conclusions
made in the context of spectral statistics. To navigate this issue, we must choose
a scattering matrix with non-degenerate eigenvalues. In what follows, we choose a
randomly generated djz) x djz; unitary matrix. Figure 4.12 plots the nearest neigh-
bour distribution for a single particle on such an equilateral star with 9 edges.

The degenerate energy level spacings arise from the imposition of equal lengths.
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Figure 4.17: Counting functions N(E) (solid line) with lines of best fit N(F)
(dashed line) for systems of two bosons on a 9-edge equilateral star.

Indeed in studies of one-particle quantum graph spectra, rationally independent
lengths are chosen to avoid degenerate level spacings. We do however see approx-
imate agreement with GOE statistics. In this setting we can thus investigate the

coupling of two chaotic spectra by increasing « from 0.

Figure 4.13 plots the a-dependency of the lowest energy levels of a system of two
bosons on a 9-edge equilateral star with a random unitary central scattering ma-
trix. We clearly see a transition to level repulsion as « is increased. Figure 4.14
plots nearest neighbour distributions for the first 100 energy levels. There is a
clear shift from Poissonian, for a = 1, towards GOE statistics, for o = 10. We
note, however, that this level repulsion becomes less apparent as we include larger
energy levels; Figure 4.15 shows level crossing at higher energies and Figure 4.16
shows how the spectral statistics for the @ = 10 case tend to Poissonian as we

include higher energies.

Figure 4.17 plots counting functions for a € {0,1,10} together with quadratic lines
of best fit N(E) given by (3.4.2). The leading term is consistent with the Weyl
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law (3.4.1) for all interactions strengths; the values = are

1.002, 0.990 and 0.964 (4.4.10)

for o equal to 0, 1 and 10 respectively. Indeed, for the non-interacting (a = 0)
case, this agreement is almost exact. As the interaction strength increases, the

counting function diverges from this exact agreement.



Chapter 5
Many-particle quantum graphs

In the previous chapter we constructed exactly solvable two-particle quantum
graphs with d-interactions and calculated their spectra using the Bethe ansatz.

In this chapter we generalise this approach to n-particle graphs.

5.1 Preliminaries

Before we proceed it is useful to define the symmetric group 5,,, and the Weyl group
W, of the root system C,, which we will use to characterise the symmetries of ex-
actly solvable n-particle systems. Material, taken from [Hum?72, AMP81, Bou6§|,

generalises that in Section 3.1.

Definition 5.1.1. Elements ) in the symmetric group 5, acting on the set

{1,...,n} will be written in term of generators
Ty.....Twy (5.1.1)
which act according to
Ti(1,...i-Liai+1i+2,...n)=(,....i-1i+1,ii+2,....,n)  (5.1.2)

and satisfy the conditions
L. T = I

2. TT; = T;T; for |i - j| > 1;

127
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3. TiTin T =Ty Ty

Consider the Euclidean space R™ with standard basis consisting of vectors
6&=(0,...,1,...,0)T, (5.1.3)

with 1, in the 7t position, the only non-zero entry. The root system C,,, for n > 2,
is the set of 2n? vectors {¢; ¢}, with 1 <i < j <n, and {£2¢}, with 1 <i <n.
The Weyl group %, is the group of isometries generated by the reflections through
hyperplanes perpendicular to the roots of C),.

Definition 5.1.2. Elements P in the Weyl group

Wy, = (L[22)" x S, (5.1.4)
of order 2"n!, acting on the set {1,...,+n} will be written in terms of generators
Ti,...,T,, Ry (5.1.5)

which act according to
L T(1,...i—140+1,0+2,...,n)=(1,...,i=1,i+ 1,4, + 2,...,n);
2. Ri(1,2,...,n)=(-1,2,...,n),
and satisfy the conditions
1. RiRy =1;
2. TiT; = I
3. T,T; = T;T; for |i — j| > 1;
4. TiTinT; = TinTiT;
5. RiT\R\Ty =T R\T1 Ry;
6. R{T; =T;R; for 7> 1.

It will be convenient to define elements

Ri :7—%—1 '--TlRlTl ---T’i—l (516)
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so that
Ri(1,...;4,...,n)=(1,...,—%,...,n). (5.1.7)

We note then that, with S,, and %, defined as above, the normal subgroup (Z/2Z)"
in #,, can be written in terms of generators Ry, ..., R,. With this in mind, the con-

ditions in Definition 3.1.4, which validate the semidirect product are easily verified.

Finally it will be useful to relate the Weyl groups #;,, and #,,_;. To this end, let

us define the cyclic permutation

Cpn=Ty 1Ty 2...Th (5.1.8)
so that
Co(1,2,...,n-1,n)=(n,1,...,n-2,n-1), (5.1.9)
where we note the relation
R, =C,R,C; (5.1.10)

The Weyl group #,, can then be written in terms of #,,_; according to

5.2 Bosons in a box

In order to establish some key concepts in the n-particle setting, we begin by
presenting the model of n d-interacting bosons in a box solved by Gaudin [Gau71]
and presented for n = 2 in Section 3.2.2. The problem is formulated as a search

for n-particle solutions

V=2, T0) (5.2.1)
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of the Schrodinger equation

(—An+2az5(xi—xj))w = B (5.2.2)

[E]

with particle positions x1,...,z, defined on the half-line R, = (0,00). Here the

n-particle Laplacian acts according to

N —jf; g;jé. (5.2.3)
By requiring that —A,, is self-adjoint and imposing bosonic symmetry
Y(X1, e i1, Ty Tis s+ oy L1, Tjy Tty - ey Ty) (5.2
=(X1, e Bic1y Ty Tins - oy L1, Tiy Ty - -5 L),
equation (5.2.2) can be shown to decompose into the eigenvalue equation
A = EY (5.2.5)
alongside the set of n —1 jump conditions in the derivatives
( af - %) Bleyormet = Wy rmat (5.2.6)
for je{l,...,n—1}, and the Dirichlet condition
Play=0 =0, (5.2.7)
with 1) restricted to the subspace
d' = {R"; z; < <z,}. (5.2.8)

Together with the imposition of bosonic symmetry, the problem is then also defined

in all subspaces

d? ={R"; xg <+ <Tgn} (5.2.9)
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with @ € S,, and thus all of R?. We recall that, in the two-particle setting, inter-
actions between particles meant R? was naturally dissected into two subspaces d*.
Here, in the n-particle case, appropriate dissections result in n! subspaces labeled
by elements () € S,,. Bosonic symmetry establishes equivalence between each of

these subspaces so that we need only consider one.

The task is then to construct explicit Laplace eigenfunctions v in d! which satisfy
conditions (5.2.6) and (5.2.7). The justification for the appropriate ansatz is a
straightforward generalisation of that given in the two-particle setting. Let us

consider an n-particle plane wave state
Wy = el thnm) (5.2.10)
defined with momenta
kp<--<ky<0and (ki,...,k,) #0, (5.2.11)

so that the system is approaching one of the n boundaries, x; = z;.1, for j €
{1,...,n -1}, and z1 =0, of d’. The possible results of d-type conditions at each

boundary z; = z,,1 are the momenta of each participating particle being swapped
(kj, kjar) = (Kjur, k), (5.2.12)

or else remaining as they were
(kj kji1) = (kj, kji). (5.2.13)
Dirichlet boundary conditions at the latter boundary result in momentum reversal
(k1, ko, kp) = (k1 ko, ... ky). (5.2.14)

Taking into account all possible interactions, we expect that any resulting n-

particle state must be one of n!2" n-particle plane waves

wP — ei(kp1$1+"'+kann)’ (5215)
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with elements P € #,, as prescribed in Definition 5.1.2. We can then think of each

P e W, as corresponding to some configuration of momenta
k=(kpi,....kpn). (5.2.16)

The Bethe ansatz method in this context is the assumption that the appropriate

ansatz is the sum of possible constituent plane wave states

w _ Z Apei(kp1$1+"'+kPn37n) (5217)
Pey,

with AP the amplitudes of constituent states ¢ p.
Using the form (5.2.17), equation (5.2.6) is satisfied with Laplace eigenvalues
E=Yk. (5.2.18)
=1

Boundary conditions (5.2.6) and (5.2.7) then imply
APT = 5, (kpi = kpgi)) A", (5.2.19)
forie{l,...,n-1}, and
APE = - AP (5.2.20)

for all P e #,. Exact solvability is assured if relations (5.2.19) and (5.2.20) are
compatible with the properties of #;,. This amounts only to the requirement

sp(u)s,(—u) =1 which is easily verified.

Let us bring our attention back to the compact setting. Enclosing the particles in

a box length [ is enforcing the Dirichlet condition

1/1(%1,...,1’”_1,0 =0 (5221)
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which implies the relation

.AP - _ €2ikP"lAPR"

— _ 2ikpnl gPCaRICy! (5.2.22)

where for the latter equality we have used the relation (5.1.10). Finally, applying
(5.2.19), (5.2.20) and (5.2.22) successively, we arrive at the condition
) n-1
e 2ikpal = TT s, (kpn + kpi)sp(kpy — kpi) (5.2.23)
i=1
for all P € #;. We note here that the form of s,(k) is such that, if (5.2.23) is
satisfied for some P € #,, then it is necessarily satisfied for elements
PTy,...,PT, 5, PRy and PR, (5.2.24)
in #,, and thus for every
PX and PR, X (5.2.25)

in #, with X € #,_1. Using (5.1.11), we thus have the n quantisation conditions

e 2l =T sp(kj + ki)sp(kj — ks), (5.2.26)
i)
with j € {1,...,n}. Solutions (ki,...,k,) # (0,...,0), such that 0 < ky--- < k,,
then constitute energies (5.2.18).

5.3 General graphs with )-interactions

Now we have established how to construct exactly solvable n-particle systems on
an interval, we would like to extend the approach to general graphs. As in the
two-particle setting, we will impose d-interactions to ensure compatibility with the
Bethe ansatz method.

In Section 4.3, we calculated the spectra of two-particle quantum graphs by first

viewing a general graph T in its star representation I'®) and then imposing d-type
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interactions between particles located on the same star. In this section we extend
this notion to n-particle quantum graphs. Appropriate boundary conditions will be
n-particle analogues of (4.3.34)—(4.3.38). Defining an appropriate n-particle Bethe
ansatz, we show exact solvability and calculate quantisation conditions which pro-
vide the exact spectra. In previous chapters, boundary conditions were shown to
provide self-adjoint realisations of the appropriate Laplacian. For compactness, we
claim that the arguments made in this context can be carried over to the n-particle

setting in the obvious way (see [BK13c]).

Consider the compact graph I' viewed in its star representation I'(®). The appro-

priate n-particle Hilbert space on I'(®) is

A :é(%ﬂ(o,w)). (5.3.1)

i=1 \j=1

Vectors

- (v, )" (5.3.2)
n %’il(s) are then lists of n-particle functions

i, D5~ C (5.3.3)
in LQ(Dj(f‘).. ;) with infinite subdomains defined as

D%

Ji-Jn

= (0, 00)". (5.3.4)

The total configuration space for n particles on I'®) is the disjoint union

@ 5 Ao
b= |J DY (5.3.5)
J15e-Jn=1

of these subdomains. The n-particle Hilbert space can then be written %(S) =
LA(Dy?).

In the two-particle setting, interactions take place along the diagonals x; = x9

of two-dimensional configuration spaces Dﬁ,f% In the n particle case, we wish to
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impose interactions at the boundaries of subdomains

DY@ = {(21,...,2,) € D) 5 wgr <+ <wqal, (5.3.6)

with @ € S,,. The appropriate total dissected configuration space is then
o (5.@)
Dy = ' U ) D7 (5.3.7)
J15dn=1 \QeSn
with the total dissected two-particle Hilbert space " = L2(D%*)). Thus
vectors

(5 N 539

jlv"'vjn:l

in 22" are lists of square-integrable functions wj(fQ])n (z1,...,2,) Dj(fQj)n - C.
The corresponding Sobolev space H 2(Dl(f’*)) is the set of U e ") consisting of
3 S,Q 87Q

functions ¢§1...jl € HQ(DJ(.L“J&).

Boundary conditions will be imposed on eigenfunctions W € H 2(Dl(f’*)) of the n-
particle Laplacian —A,,. We reiterate here that these will be n-particle analogues
of the boundary conditions (4.3.34)—(4.3.38) imposed in the two-particle setting.
Before we proceed with establishing these conditions, it is convenient to define the

permutations Q as representations of () € .S, on
&) CFl (5.3.9)
j=1

according to
1. I'=Igm is the representation of I;
2. T® =Tigi-1 ® Tigpe ® [igjn-i-1 is the representation of T;.

We note the properties

i €]

TO (Ajrgu)5 s ddiensined (5.3.10)
- €]
- (Ajl"'j”)jlv---aji—l7ji+17ji7ji+27---7jvz=1 (5'3'11>
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for |€|*-dimensional column vectors A and that

T(Z)(Ml ®:--Q Mi—l ® Mz ® Mi+1 ® Mi+2 - Q Mn)T(Z)

(5.3.12)
ZMl ®"'®Mi_1 ®Mi+1®Mi®Mi+2®"'®Mn

for any || x |€| matrices M;.

Let us define boundary vectors

v _ &
U0 = (000 )L -
@) (1y..Q €] o
\Ijbv = (Q 1(77Z)j1...jnaQ1 (I’l, e 7$n)|zQ1:O)j1 jn:l)QGSn )

.....

where wﬁmjn@l(m, ...,x,) are inward derivatives normal to the line zg; = 0.
Single-particle interactions with the vertices are then prescribed by local boundary

conditions
(L ® A® L) U + (I ® B L )T =0 (5.3.14)

with || x |€] matrices A and B defined as in (2.4.6).

We would like to impose 5—type interactions between particles located on the same

infinite star and impose continuity across dissections otherwise. We then have the

conditions

Q

ij—ll---jQ—ln(xl’ s 7xn)|$Qi:$Q(i+1)

_ QT .

—¢jTiQ_1l"'jTiQ_1n(x17 T ’mn)|in:$Q(i+1)7

0 0 (5.3.15)
Q .

((%Q(M) Orgi Qa) Vigrirdgrt, (12 Tn)lraimraqun

0 0 :
= ( )wQTZ (,CL“17 ‘e ’xn)|in=xQ(i+1)7

0xqeis1y Orgi) 'me'1Ine s
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for f(eji) = f(eji+1) and

Q
ij—ll...jQ_ln(x:[J ... 7xn)|in:xQ(i+1)
T; ‘
:w‘%*ll“'ijln(xl’ st ’xn)|in=xQ(i+l)’
o 9 )@ (5.3.16)
(01;@(“'1) - axQz ) ij_ll...jQ_ln(xly . 7«Tn)|in:zQ(i+1)
o 0\ on
i (axQ(’H-l) - al’Qz ) ijfll‘“ijln (xl’ T 7$n)|in=CEQ(i+1)7

for f(eji) * f(eji+1)'

The task is now to specify eigenvectors W € H 2(D%S’*)) which satisfy boundary con-
ditions (5.3.14)-(5.3.16). Taking care to distinguish between subdomains D](fQj)n,

the vector ¥ will be described by the collection of functions

P:Q 7 x nTn
U o = PZW AL ilkpizrethpyzn) (5.3.17)
€Wn

This form obviously leads to eigenfunctions of —-A, with Laplace eigenvalues
(5.2.18).

Let us define the |£|"-dimensional vectors

APQ) = (A(.P’Q) )'8' (5.3.18)

Trdn ) gy in=

and then the n!|&|"-dimensional vectors

AP = (Q1APQ @) (5.3.19)

QeSy

[t is convenient at this point to impose an ordering on (5.3.19) by associating with
each element @ the number [@Q] € (1,...,n!) so that

QlAPQTQ) (5.3.20)

is the [Q]*" block in the list AP,
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Boundary conditions at the vertices (5.3.14) imply the relations
Q1 APRQ) = (S, (~kpg) ® Lign-1) QTAPQ), (5.3.21)
Noting then, that the properties of %, imply
Roi = QRQ 7, (5.3.22)
we have that
AP =T ® S, (<kp1) @ Lgpn-1. A (5.3.23)
At this point, it is convenient to define the diagonal matrices

c; = diag(ct” ) 1 (5.3.24)

J1--In/ J1sesdn=

where

() _ L if f(eji) = f(ejin);

Gl Jn

(5.3.25)

0 otherwise,

which distinguish domains with é-type interactions from those which are continu-

ous across dissections. We notice here the relations
C; = ]I‘g|z>1 ®C® ]I|g‘n7i71. (5326)

The d-type conditions (5.3.15) and continuity conditions (5.3.16) imply the rela-

tions

-1 A(PTiQ71,Q)
(]IQ@CZ')( @ A )

TOQ-1 AP QT
(5.3.27)

-1 A(PQT.Q)
= (Sp(kpi - kP(i+1)) ® H|g‘n) (]IQ ® Ci) ( Q )

’]I‘(i)(@—lA(PTiQ’l,QTi)
and

(Lep — €)QTATD) = (T — ;) QL APRQT) (5.3.28)
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respectively. We then have that
AP = Y (kp; - kpgeny) AL, (5.3.29)

where

-l

k %
Yi(k)qien cioQie) + (k =i+ TO (Tigp - Cz’)) derie)-  (5-330)

k+ia

Exact solvability is assured if relations (5.3.23) and (5.3.29) are compatible with

the properties of #;,. This amounts to the consistency relations
LSy (u)Sy(-u) = Iig;
2. Yi(w)Yi(-u) = Lujgpn;
3. Yi(w)Y;(v) = Y;(0)Yi(u) for fi - j| > 1
4. Vi (u)Yi(u +v)Yi (v) = Yi(v)Yiea (u + v) Y (u);

5. (Lu® Sy(uw) ® Ligp-1) Vi (u +0) (L ® Sy(v) ® Lgpn1) Ya (v — )
= YI(U - u) (Hm ® SU(U) ® H|g‘n—l) Yi(u + ’U) (]Ing ® Sv(u) ® ]I|5|n—l);

6. Yi(u) (Hn[ ® S,(v) ® H|g|n—l) = (]Im ®S,(v)® ]I|g|n-1)Y;(u) for ¢ > 1.

These conditions can be verified by the explicit forms of S, (k) (for local bound-
ary conditions) and Y;(k) using the commutation relations (4.3.46), (4.3.45) and
(3.3.28) alongside the decompositions of ¢; and T in terms of ¢ and Tjg pre-

scribed above.

In order to turn the eigenfunctions in the star representation into eigenfunctions
on the compact graph, we must impose appropriate joining conditions. These are
analogues of (4.3.47)—(4.3.48) and are written

N CIT ) B wg___%(m;, xh) (5.3.31)

for all Q) € S,,, where

(iL',Ql, AN ,:L‘bn) = (:L‘Ql, < LQ(n-1)» len - an) (5332)
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and

(Gous -+ Jon) = (o1, - -+ Jam-1), Jan + E])- (5.3.33)
We then have

AP =E(kp,) AP

~B (k) ATC .

where
E(k) =Lygn1® (9§) ® ™. (5.3.35)
Applying (5.3.23), (5.3.29) and (5.3.34) successively we have that the relation
Z(kpr,. .. kpn) =0, (5.3.36)
with

Z(kr, - ka) = det | Tugn = B(kn) a1 (hn = Fnt) . Yi (ko = k)
(5.3.37)
(Tt ® Sy(kn) ® Tigpns )Yy (hy + i) - Yoy (hiny + k:n)],

is satisfied for all P € #;,,. By using properties of determinants, it can be shown
that the explicit forms of Y;(k), S, (k) and E(k) are such that if (5.3.36) is satisfied

for some P € #;,, then it is necessarily satisfied for elements
PTy,...,PT, 2, Ry and R, (5.3.38)
in #,, and thus for every
PX and PR, X (5.3.39)

in #, with X € #,_,. Using (5.1.11), we can state the main result of this section.

Theorem 5.3.1. Non-zero eigenvalues of a self-adjoint n-particle Laplacian —A,,
defined on T' with local vertex interactions specified through A, B and é-type in-
teractions between particles when they are located on neighbouring edges, are

the values F = k? + .-+ + k2 # 0 with multiplicity m, where (k1,...,k,), such that
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0<ky <---<k,, are solutions to the n secular equations
Z(kiyy .y ki,) =0, (5.3.40)

for (i1,...,i,) € {C4(1,...,n)}"}, with multiplicity m.

5.3.1 Recovering specific results

In this final section, by choosing particular parameters, we show how to recover
established results from the general n-particle quantisation condition prescribed
by Theorem 5.3.1.

Equilateral stars

Let us recover the spectra of n-particle equilateral stars I'.. We begin by im-
posing vertex conditions (4.2.19) and (4.2.20) and equal lengths I; = [ for all
je{l,...,|Z|}. We recall that in the star representation of two-particle equilateral
stars, S—type interactions were imposed along the diagonals x; = x5 of domains
DE) with (em,en) € No. Extending this notion to n particles, the diagonal matri-
ces ¢ in Y;(k), are replaced with ¢, as prescribed by (4.2.50). Substituting these

parameters into (5.3.37) we recover the spectra for n-particle equilateral stars.

Simply by choosing |Z] = 2, one immediately recovers the spectra of n particles
in a box with a central impurity. By instead defining vertex conditions according
to (4.2.63) to establish continuity at the outer vertices, we recover the spectra of
systems of two particles on a circle with an impurity. These spectra are exactly
those prescribed in [CC07] (see Proposition 3.1 therein).

Non-interacting particles

Non-interacting systems are recovered by turning off all coupling between domains

D, and D,,,. This is achieved by setting ¢ = 0. Matrices

Yi(k)le=0 (5.3.41)
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are then composed of blocks
(Yi(k)|c=0)[Q][Q’] = T(i)é[QTi][Q’]- (5.3.42)

By substituting into (5.3.37) we recover the secular equation (2.3.9) for the one-

particle quantum graph.



Chapter 6
Summary and Outlook

In this thesis, we have constructed exactly solvable many-particle quantum graphs
with boundary conditions which provide self-adjoint realisations of the Laplacian.

Using the Bethe ansatz, we calculated and analysed their spectra.

We began by introducing basic concepts and ideas associated with one-particle
graphs before introducing the Bethe ansatz in the context of simple, exactly solv-
able, two-particle systems. We then constructed general two-particle quantum
graphs by establishing self-adjoint realisations of the two-particle Laplacian which
prescribe single particle interactions with the vertices as well as d-type particle
interactions. Such systems are, in general, not exactly solvable. Adapting the ap-
proach so that self-adjoint Laplacians instead prescribe non-local S—type particle
interactions, we constructed exactly solvable two-particle equilateral star graphs.
In this setting we introduced two methods for calculating spectra using the Bethe
ansatz. The latter was used in extending the approach to general two-particle

quantum graphs, finally arriving at an exact expression for the spectra
E=k+k2, (6.0.1)
with (K1, ko) given by solutions to a pair of secular equations
Z(k1,k2) =0 and Z(ks, k1) = 0. (6.0.2)

For two examples, we performed numerical eigenvalue searches to obtain explicit

spectra. We then compared the spectral counting function and level-spacings

143
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distribution with known results in quantum graphs and random matrix theory.
Mostly, Poissonian statistics resulted, with some level repulsion detected in exam-
ples of equilateral stars. None of the examples, however, reproduced clear GOE
statistics. Spectral counting functions, in general, did not agree with the two-
particle Weyl law for contact interactions. Agreement, however, was observed in
the equilateral star case. Finally, we extended the Bethe ansatz approach to n-

particle quantum graphs with 5—interacti0ns, deducing an exact expression for the

spectra
E=Y B (6.0.3)
j=1
with (kq,...,k,) given by solutions to the collection of n secular equations
Z(kiyy. . ki) =0, (6.0.4)
for (iy,...,i,) equal to cyclic permutations of (1,...,n).

There are several directions for further research in this area. Firstly, quantisa-
tion conditions in the form of secular equations provide the possibility to establish
a many-particle quantum graph trace formula analogous to (2.5.2) for the one-
particle quantum graph. Such an expression would provide an analytical connec-
tion between the spectra of many-particle quantum graphs and the dynamics of

their classical counterparts in terms of periodic orbits.

Using the trace formula, or otherwise, one might wish to deduce an appropriate
Weyl law for quantum graphs with o-interactions. Indeed this would shed light
on the apparent disagreement between the spectral counting functions for certain
two-particle quantum graphs and the Weyl laws (1.0.26)—(1.0.27) which are valid

for contact interactions.

In each of the examples studied in Sections 3.4 and 4.4, we referred to the asser-
tion [BGS84] that systems which are chaotic in their classical limit exhibit spectral
statistics which follow GOE predictions. It is well known [KS97] that this is the
case for one-particle quantum graphs. Indeed we showed this for the one-particle

tetrahedron. However, none of the two-particle quantum graphs we studied exhib-
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ited clear GOE statistics. In [STL*16], it was shown that, when coupling individ-
ually chaotic systems, the resulting spectra reproduce GOE statistics in the limit
of a large number of systems. Of course, in this thesis, the n-particle spectra have
been deduced exactly and thus, in principle, it is possible to test this argument
for n-particle quantum graphs. However this amounts to eigenvalue searches in
high dimensions which is computationally expensive. Revealing numerical results
could be obtained either by increasing computational power or developing efficient
root-finding methods. Additionally, it may be possible to reduce the dimension of
certain secular equations by making use of inherent symmetries associated with

specific examples.

Exact solvability on general many-particle quantum graphs was assured by impos-
ing d-interactions between particles. In this way we constructed explicit Laplace
eigenfunctions using the Bethe ansatz. Of course there may be other possible
types of particle interaction which lead to exactly solvable models. It would then

be interesting to compare the spectral statistics of such models.
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