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Abstract

The aim of this thesis is to study profinite groups of type FP,. These are
groups G which admit a projective resolution P of Z as a Z[G]-module such
that Py, ..., P, are finitely generated, so this property can be studied using the
tools of profinite group cohomology.

In studying profinite groups it is often useful to consider their cohomology
groups with profinite coefficients, but pre-existing theories of profinite cohomol-
ogy do not allow profinite coefficients in sufficient generality for our purposes.
Therefore we develop a new framework in which to study the homology and
cohomology of profinite groups, which allows second-countable profinite coeffi-
cients for all profinite groups. We prove that many of the results of abstract
group cohomology hold here, including Shapiro’s Lemma, the Universal Coeffi-
cient Theorem and the Lyndon-Hochschild-Serre spectral sequence.

We then use these homology and cohomology theories to study how being of
type FP,, controls the structure of a profinite group, and vice versa. We show for
all n that the class of groups of type FP,, is closed under extensions, quotients
by subgroups of type FP,,, proper amalgamated free products and proper HNN-
extensions, and hence that elementary amenable profinite groups of finite rank
are of type FP.,. We construct profinite groups of type FP,, but not FP,, 1 for
all n. Finally, we develop the theory of signed profinite permutation modules,
and use these as coefficients for group cohomology to show that torsion-free
soluble pro-p groups of type FP, have finite rank.



Contents

Mutroduction| 6
0.1 Overviewl . . . . . . o o i e e e e 6
....................... 7

1__Derived Functors| 9
1.1 Quasi-Abelian Categories| . . . . . . . ... ... ... ... ... 9
1.2 Functor Categories| . . . . . . . . . . .. ... ..., 14

2 Topological Modules for Profinite Rings| 19
[2.1 Topological Groups, Rings and Modules| . . . . . ... ... ... 19
2.2 Profinite and Discrete Modules 25
2.2.1  Pontryagin Dualityf. . . . . . ... ... ... .. ... .. 30

2.2.2 Inverse and Direct Lomitsl . . . . . . . ... ... ... .. 31

223 Homand&|......... ... ... ... ... . ... 32

224 Pro-C Groups| . . . . . ... ... .. ... ......... 34

2.3 Tnd-Profinite and Pro-Discrefe Moduled . . . .. ... ... ... 35
2.3.1 Ind-Profinite Modulesf . . . .. ... .. ... ... ... 35

2.3.2  Pro-Discrete Modules . . . .. ... .. ... ....... 41

2.3.3  Pontryagin Dualityf. . . . . .. ... ... ... ... .. 45

2.3.4 Tensor Productsl . . ... ... ... ... .. ....... 50

[3 Derived Functors for Profinite Rings| 53
3.1 P(A), D(A) and Mod(U(A))| . . .. ... ... ... ....... 53
3.2 IP(A)and PD(A)| . . . ... .. 54
3.3 (Co)homology for Profinite Groups| . . . . . ... ... ... ... 57
3.4 Comparison of the Cohomology Theories|. . . . . . .. ... ... 63

[4 Bieri-Eckmann Criteria for Profinite Groups| 66
M1 Abstract and Profinite Moduled . . . . . . . ... ... ... ... 66
4.2 Direct Systems of Profinite Modules| . . . . ... ... ... ... 68
4.3 Group Homology and Cohomology over Direct Systems| . . . . . 77
4.4 Applications|. . . . . . ..o Lo 84

[6 Profinite Groups of Type FP_J] 89
5.1 Signed Permutation Modules| . . . . .. .. ... ... ...... 89
5.2 A Hierarchy of Profinite Groups| . . . ... ... .. ... .... 94
.3 Type L Systems|. . . . . . ... ... oo oo 99
.4 Type H Systems| . . . .. ... ... ... 0L, 105







Acknowledgements

I would like to thank my supervisor, Brita Nucinkis, for her unfailing support
and advice over the past three years, and everyone else at Royal Holloway for
all their help. My thanks also go to Marco Boggi for his contribution to our
joint paper, on which this thesis is partly based.



Introduction

0.1 Overview

Profinite groups arise naturally whenever inverse limits of finite groups appear.
The original motivation for their study comes from Galois groups: every Galois
group can be thought of as a profinite group, and vice versa. These groups are
now widely studied, both in their own right, and for their applications to the rest
of group theory, where profinite completions characterise the finite quotients of
a group.

Cohomology has been an important tool for studying mathematical objects
since its development in the first half of the twentieth century. In the case of a
group G, one can often recover group properties by considering its cohomology
groups H"(G, M), where M is a G-module: see [4]. The theory of group coho-
mology has an analogue in the profinite setting. The earliest exposition of the
subject is in [27], where Serre studies H" (G, M) for G a profinite group and M
a discrete G-module. More recently, Symonds and Weigel in [31] have consid-
ered the case where G is virtually pro-p of type FPo, and M is a Z,[G]-module
which is either profinite or discrete.

However, the categories of modules in both [27] and [31] do not contain
enough information for some purposes. In the former, usefulness is sacrificed for
the expediency of having a nice coefficient category in which to work; it cannot
give profinite analogues of many results in abstract group cohomology because
it does not contain any profinite modules, in particular the group ring Z[[Gﬂ
itself. The latter paper is an attempt to fill these deficiencies, in the case of pro-
p groups of type FP ., by introducing the Pontryagin category, tailored to deal
with Pontryagin duality groups: an exact category which does contain Z,[G].
It is not abelian and has neither enough projectives nor enough injectives, and
therefore once again some basic tools from abstract group cohomology do not
apply here.

There are applications for a more complete framework for the study of profi-
nite group cohomology. Here, after developing new, well-behaved categories of
topological Z[[Gﬂ-modules and using them to develop a theory of profinite group
(co)homology which extends the previously existing work, we use this theory to
study the type FP,, property for profinite groups.

Recall that an abstract group G is said to be of type FP,, over Z, or just
of type FP,,, if Z has a projective resolution which is finitely generated for the
first n steps, considered as an Z[G]-module with trivial G-action. This algebraic
condition corresponds roughly to the geometric condition of G having a model
for the classifying space which has finite n-skeleton (though there are differences



in low dimensions). This condition generalises in a natural way to the profinite
case, by replacing Z and Z[G] with Z and Z[G]. It is well-known that the class
of groups of type FP,, is closed under extensions, and under quotients by groups
of type FP,, [1, Proposition 2.7]. This was also known in the pro-p case, by [31]
Proposition 4.2.3]. However, no results of this kind were previously known for
profinite groups.

In the abstract case, particularly for certain classes of groups, being of type
FP,, places strong constraints on the group structure. In the case n = 1, it is
well-known that a group is of type FP; if and only if it is finitely generated. This
is also the case for pro-p groups by [23, Theorem 7.8.1], [31, Proposition 4.2.3].
In the case n = o0, every polycyclic group is of type FP, by [1, Examples 2.6],
while in the opposite direction a soluble group of type FP, is constructible by
[19, Corollary to Theorem B].

A primary aim of this thesis is to understand the relationship between the
type FP,, conditions for profinite groups and the group-theoretic structure, and
we obtain results which are often, though not entirely, analogous to those proved
for abstract groups.

0.2 Structure of this Thesis

We begin by developing the theoretical background necessary for the applica-
tions of our theory to the study of profinite groups, which takes place primarily
in the last two chapters.

Chapter [I| takes a category-theoretic approach to defining derived functors,
first over quasi-abelian categories, then over functor categories £f, where & is
abelian and [ is any small category. The process of deriving functors over quasi-
abelian categories is well understood, but less well known than the abelian case,
so we include the relevant background here. The failure of these categories to be
abelian means that the derived functors of a functor F' : £ — F between quasi-
abelian categories do not have as F as their codomain, but rather the heart
of t-structure on the category of cochain complexes in F. The case of functor
categories presents no new challenges, but we include the work here because we
have been unable to find a satisfactory reference which treats the situation in
full generality.

In Chapter [2| we develop the basic properties of topological modules over
topological rings from scratch, covering such topics as the existence of limits
and colimits, free topological modules, tensor products and the compact-open
topology on groups of homomorphisms. We then specialise in Section [2:2] to the
case of profinite rings A, and study modules over them with particular topolo-
gies: in this way, the category of profinite A-modules is defined as the image
of a profinite completion functor from the category of topological A-modules
which makes the profinite A-modules into a reflective subcategory, and simi-
larly the category of A-discrete modules is defined as the image of a functor
which makes them into a coreflective subcategory of the topological A-modules.
Through these functors, certain properties proved for categories of topologi-
cal A-modules carry over to the profinite case. As far as we know, this is the
first time the theory of profinite and discrete modules for profinite rings has
been approached through this use of adjoint functors. In Section 2.3 we ex-
tend the classical theory of profinite and discrete A-modules to larger categories



of topological modules: the ind-profinite and pro-discrete A-modules. Many
desirable properties carry over to these larger categories, including the former
having enough projectives and the latter enough injectives, and the existence of
a Pontryagin duality between them.

Chapter [3] combines the work of the previous two chapters to define Ext and
Tor functors over profinite rings. Corresponding to the several different cate-
gories of topological A-modules considered in the previous chapter, there are
several different possible definitions for the Ext and Tor functors. We first con-
sider those involving the abelian categories of profinite and discrete A-modules —
these are well known, and we simply give the necessary definitions — before going
on to investigate the properties of Ext and Tor defined over the quasi-abelian
categories of ind-profinite and pro-discrete A-modules. We show that Pontrya-
gin duality gives a duality between Ext and Tor in this case (Lemma , and
that Q, is acyclic for Ext in the sense that Ext}(Q,, —) = Ext?(—,Q,) = 0 for
n # 0, although Q, is not projective or injective (Lemma . We then spe-
cialise to consider profinite group homology and cohomology with ind-profinite
and pro-discrete coefficients, respectively, and prove analogues of the Univer-
sal Coefficient Theorem in Theorem [3.3.4] Shapiro’s Lemma in Theorem [3.3.10
and the Lyndon-Hochschild-Serre spectral sequence in Theorem We fin-
ish the chapter by comparing the various definitions of Ext and Tor we have
considered, and show that in many cases they are isomorphic.

In the following chapters, we apply this theory to study profinite groups of
type FP,,. In Chapter [4] we derive necessary and sufficient homological and co-
homological conditions for profinite groups and modules to be of type FP,, over
a profinite ring R, analogous to the Bieri-Eckmann criteria for abstract groups:
Theorem This generalises the work of Symonds-Weigel [31], Proposition
4.2.3], giving a necessary and sufficient condition for (virtually) pro-p groups to
be of type FP,,. We use these to prove that the class of groups of type FP,,
is closed under extensions, quotients by subgroups of type FP,,, proper amal-
gamated free products and proper HNN-extensions, for each n (Theorem
Proposition [4.3.11] Proposition [4.3.14). We show, as a consequence of this, that
by Proposition [4.4.2] elementary amenable profinite groups of finite rank are of
type FP, over all profinite rings R. For any class C of finite groups closed
under subgroups, quotients and extensions, we also construct pro-C groups of
type FP,, but not of type FP,,; over Z; for each n in Proposition

Finally, in Chapter [5| we construct a large class of profinite groups L/’I;%S,
including all soluble profinite groups and profinite groups of finite cohomological
dimension over R. We study the properties of a class of profinite R[G]-modules
called signed permutation modules, and use these to show in Theorem [5.5.2
that, if G € 17};3% is of type FP,, over R, then there is some n such that
HE(G, R[G]) # 0. We can then extend the work of King, who shows in [I7,
Corollary D] that an abelian-by-(poly-procyclic) pro-p group of type FP., over
Zy has finite rank, by deducing in Theorem that torsion-free soluble pro-p
groups of type FP, over Z, have finite rank, thus answering the torsion-free
case of a conjecture of Kropholler, [23] Open Question 6.12.1]. We finish the
chapter by adapting a construction of Damian in [10] to exhibit a profinite group
of type FPo, which is not countably based (and hence not finitely generated),
and by showing that a natural analogue of the usual condition measuring when
pro-p groups are of type FP,, fails for general profinite groups.




Chapter 1

Derived Functors

1.1 Quasi-Abelian Categories

A preadditive category is a category enriched over the category Ab of abelian
groups; that is, one in which every set of morphisms mor(A, B) is an abelian
group, such that composition of morphisms is distributive over addition. In
other words, a morphism B — B’ induces a homomorphism mor(4, B) —
mor(A, B') of abelian groups, and similarly a morphism A’ — A induces a
homomorphism mor(A, B) — mor(A’, B). Over preadditive categories we can
define additive functors: functors F' enriched over Ab, so that mor(4, B) —
mor(F(A), F(B)) is a group homomorphism.

An additive category is a preadditive category that has a zero object (that is,
an object that is both terminal and initial in its category) and finite products;
it follows that any finite product is the coproduct of the same objects. Over
additive categories we can define kernels and cokernels of morphisms; see [32]
Appendix A].

Suppose now that £ is an additive category with kernels and cokernels. Given
a morphism f: A — B in &, we write coim(f) = coker(ker(f)) for the coimage
of f and im(f) = ker(coker(f)) for the image of f. Now f induces a unique
canonical map g : coim(f) — im(f) such that f factors as

A — coim(f) & im(f) — B,

and if g is an isomorphism we say f is strict. We say £ is a quasi-abelian category
if it satisfies the following two conditions:

(QA) in any pull-back square

if f is strict epic then so is f;



(QA™*) in any push-out square
f

A——B

L

oL p

if f is strict monic then so is f’.

The names of these axioms are taken from [26, Definition 1.1.3]. In a quasi-
abelian category, the canonical map coim(f) — im(f) is always a bimorphism.

Finally, an abelian category is a quasi-abelian category in which all maps
are strict.

Abelian categories are the usual setting for performing homological algebra,
but the weaker axioms of quasi-abelian categories allow most of the same results
to be proved in this context. We give a brief sketch of the machinery needed to
derive functors in quasi-abelian categories. See [22] and [26] for details.

To establish a notational convention: in a chain complex (A,d) in a quasi-
abelian category, unless otherwise stated, d,, will be the map A,. 1 — A,.
Dually, if (A, d) is a cochain complex, d® will be the map A™ — A"T1

Given a quasi-abelian category &, let K(&) be the category whose objects are
cochain complexes in £ and whose morphisms are maps of cochain complexes
up to homotopy; this makes K(£) into a triangulated category. Given a cochain
complex A in &£, we say A is strict exact in degree n if the map d*~! : A?~1 — A"
is strict and im(d" 1) = ker(d"). We say A is strict ezact if it is strict exact in
degree n for all n. Then, writing N (&) for the full subcategory of (€) whose
objects are strict exact, we get that N(&) is a null system, so we can localise
K(E) at N(E) to get the derived category D(E). We also define KT (€) to be the
full subcategory of I(£) whose objects are bounded below and K~ (€) to be the
full subcategory whose objects are bounded above, and write DT (E), D~ (€) for
their localisations, respectively. We say a map of complexes in K(€) is a strict
quasi-isomorphism if its cone is in N(&).

Defining derived functors in quasi-abelian categories uses the machinery of
t-structures: for background on these, see [22], Section 1.3]. Every t-structure
on a triangulated category has a heart, which is, crucially, an abelian category.
There are two natural t-structures on D(E), the left t-structure and the right t-
structure, and correspondingly a left heart LH (&) and a right heart RH(E). The
t-structures and hearts are dual to each other in the sense that there is a natural
isomorphism between £LH (£)°” and RH(E°P) induced by a natural isomorphism
between D(€)°P and D(E°P) (one can check that £°P is quasi-abelian), so we can
restrict investigation to LH(E) without loss of generality. By general category
theory, LH(E) is an abelian category. Explicitly, LH(E) is the full subcategory
of D(€) whose objects are strict exact in every degree except 0, and the functor

LH® :D(&) — LH(E)

is given by
0 — coim(d™*) — ker(d’) — 0.

Every object of LH(E) is isomorphic to a complex
0E 'L EC S0
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of & with EY in degree 0 and f monic. Let Z : & — LH(E) be the functor given
by
E— (0—E—0)

with E in degree 0. Let C : LH(E) — £ be the functor given by

00— E~! ENY LN 0) — coker(f).

Proposition 1.1.1. 7 is fully faithful and right adjoint to C. In particular,
identifying € with its image under T, we can think of € as a reflective subcategory
of LH(E). Moreover, given a sequence

0O0—-L—>M-—N-—=0

in &, its image under T is a short exact sequence in LH(E) if and only if the
sequence is short strict exact in E.

The functor Z induces functors D(Z) : D(E) — D(LH(E)) and D~ (Z) :
D= (€) =» D~ (LH(E)).

Proposition 1.1.2. D(Z) and D~ (Z) are equivalences of categories which ex-
change the left t-structures of D(E) and D~ (E) with the standard t-structures of
D(LH(E)) and D~ (LH(E)), respectively.

Thus there are cohomological functors LH™ : D(E) — LH(E), so that given
any distinguished triangle in D(&) we get long exact sequences in LH(E). Given
an object (A,d) € D(E), LH™(A) is the complex

0 — coim(d" ') — ker(d™) — 0
with ker(d™) in degree 0.
Everything for RH(E) is done dually, so in particular we get:

Lemma 1.1.3. The functors RH™ : D(E°?) — RH(EP) can equivalently be
defined as (LH™™)°P : D(E)°P — RH(E)P.

As for PD(A), we say an object I of £ is injective if, for any strict monomor-
phism E — E’ in £, any morphism F — I extends to a morphism E’ — I, and
we say &€ has enough injectives if for every E € &£ there is a strict monomorphism
E — I for some injective 1.

Proposition 1.1.4. &£ has enough injectives if and only if RH(E) does.

Suppose that £ has enough injectives. Write Z for the full subcategory of £
whose objects are injective in &.

Proposition 1.1.5. Localisation at N*¥(Z) gives an equivalence of categories
K*(Z) = DT (£).

We can now define derived functors in the same way as the abelian case.
Suppose we are given an additive functor F' : £ — & between quasi-abelian
categories. Let Q : KT(€) — DT () and Q' : K1 (') — D+ (&) be the canonical
functors. Then the right derived functor of F' is a triangulated functor

RF : DH(E) = DH(&)

11



(that is, a functor compatible with the triangulated structure) together with a
natural transformation

t:Q oKt (F)— RFoQ
satisfying the property that, given another triangulated functor
G:DT (&) - D)
and a natural transformation
9:Q oK*(F) —»GoQ,

there is a unique natural transformation h : RF — G such that g = (h o Q)t.
Clearly if RF' exists it is unique up to natural isomorphism.

Suppose we are given an additive functor F' : £ — £’ between quasi-abelian
categories, and suppose £ has enough injectives.

Proposition 1.1.6. For E € KT (&) there is an I € KT (&) and a strict quasi-
isomorphism E — I such that each I™ is injective and each E™ — I™ is a strict
monomorphism.

We say such an [ is an injective resolution of E.

Proposition 1.1.7. In the situation above, the right derived functor of F' exists
and RF(E) = KT (F)(I) for any injective resolution I of E.

We write R™F' for the composition RH" o RF'.
This construction generalises to the case of additive bifunctors F': £ x £’ —
E" where £ and £’ have enough injectives: the right derived functor

RF : DH(&) x DT(E') = DH(E")

exists and is given by RF(E,E') = sKT(F)(I,I') where I,I" are injective res-
olutions of E, E’ and sKT(F)(I,I') is the total complex of the double complex
{K*(F)(IP,I'")},, in which the vertical maps with p odd are multiplied by —1.

Projectives are defined dually to injectives, left derived functors are defined
dually to right derived ones, and if a quasi-abelian category £ has enough pro-
jectives then an additive functor from &€ to another quasi-abelian category has
a left derived functor which can be calculated by taking projective resolutions.
Similarly for bifunctors.

We state here, for future reference, some results on spectral sequences; see
[32, Chapter 5] for more details. All of the following results have dual versions
obtained by passing to the opposite category, and we will use these dual results
interchangeably with the originals. Suppose that A = AP? is a first quadrant
double cochain complex in €. By dualising Proposition we can equiva-
lently think of A as a first quadrant double complex in the abelian category
RH(E). Then we can use the usual spectral sequences for double complexes:

Proposition 1.1.8. There are two bounded spectral sequences

TEYT = RHPRHI(A)

p+q

naturally in A.

12



Proof. [32] Section 5.6] O

Suppose we are given an additive functor F' : £ — &’ between quasi-abelian
categories, and consider the case where A € DT(£). Suppose £ has enough in-
jectives, so that RH (&) does too. Thinking of A as an object in DT (RH(E)), we
can take a Cartan-FEilenberg resolution I of A. Then we can apply Proposition
to the first quadrant double complex F'(I) to get the following result.

Proposition 1.1.9. There are two bounded spectral sequences

I 17pq .
B = RHP(RF(A) _ oo,
MY = (ReR)(RE() T,
naturally in A.
Proof. [32], Section 5.7] O

Suppose now that we are given additive functors G : &€ — &', F : & —
E"” between quasi-abelian categories, where £ and £’ have enough injectives.
Suppose G sends injective objects of £ to injective objects of £’.

Theorem 1.1.10 (Grothendieck Spectral Sequence). For A € DT (E) there
is a natural isomorphism R(FG)(A) — (RF)(RG)(A) and a bounded spectral

sequence Iqu _ (RPF)(RQG(A)) = Rp+Q(FG)(A),

naturally in A.

Proof. Let I be an injective resolution of A. There is a natural transformation
R(FG) — (RF)(RG) by the universal property of derived functors; it is an
isomorphism because, by hypothesis, each G(I™) is injective and hence

(RF)(RG)(A) = F(G(I)) = R(FG)(A).
For the spectral sequence, apply Proposition with A = G(I). We have
TER = RHY(R'F(G(D))) = R IF(G(D)):

by the injectivity of the G(I"), RIF(G(I)) = 0 for ¢ > 0, so the spectral
sequence collapses to give

RPTIF(G(I)) = RHPT(FG(I)) = RFT(FG)(A).
On the other hand,
"B} = (RPF)(RH(G(I))) = (RPF)(R'G(A))
and the result follows. O

We consider once more the case of an additive bifunctor
F:Ex& =&
for £,&" and £” quasi-abelian: this induces a triangulated functor

KH(F): KH(E) x KT (E) = KT (&),

13



in the sense that a distinguished triangle in one of the variables, and a fixed
object in the other, maps to a distinguished triangle in K1 (€”). Hence for a
fixed A € K1 (&), KT(F) restricts to a triangulated functor K+ (F)(A4,—), and
if £ has enough injectives we can derive this to get a triangulated functor

R(F(A,—)): DH(E') — DT (E").

Now maps A — A’ in KT(£) induce natural transformations R(F(A,—)) —
R(F(A’,—)), so in fact we get a functor which we denote by

RoF : KH(E) x DH(E') = DF(E").

We know Ry F is triangulated in the second variable, and it is triangulated in
the first variable too because, given B € D+ (£’) with an injective resolution I,
RyF(—,B) = Kt(F)(—,1) is a triangulated functor £+ (&) — D*(£”). Simi-
larly, we can define a triangulated functor

RiF: DY (&) xKT(&) — DT(E)
by deriving in the first variable, if £ has enough injectives.

Proposition 1.1.11. (i) Suppose that £ has enough injectives and F(—,J) :
E — & is strict exact for J injective. Then RoF(—,B) sends quasi-
isomorphisms to isomorphisms; that is, we can think of RoF' as a functor
DT(E) x DT (&) — DT(E).

(ii) Suppose in addition that £ has enough injectives. Then RoF is naturally
isomorphic to RF.
Stmilarly with the variables switched.

Proof. (i) Take an injective resolution I of B. Then we have RoF'(—, B) =
Kt (F)(—,I). Given a quasi-isomorphism A — A’ in KT (£), consider
the map of double complexes KT(F)(A,I) — KT (F)(A’,I) and apply
Proposition to show that this map induces a quasi-isomorphism of
the corresponding total complexes.

(ii) This holds by the same argument as (i), taking A’ to be an injective
resolution of A.
O

Finally, we consider the special case where the quasi-abelian category & is
abelian. In this case, we can recover the standard results of homological algebra:
for £ abelian, the functor Z : £ — LH(E) is an equivalence of categories.

1.2 Functor Categories

Given a category £ and a small category I, one can construct a category whose
objects are the functors I — &, and whose morphisms are the natural transfor-
mations between these functors. Such a category is called a functor category,
and written £7.

We can think of objects in £ as diagrams in &£, that is, pairs

({A" € ob(&) :i € ob(I)}, {(a" : A* — A7) € mor(E) : (i — j) € mor(I)}).

14



When it is clear, we may write ({A}, {a¥}) or just {A*} for this. Similarly, a

morphism , N 4 N
f({A}{a"}) = ({B'}{BY})

in & consists of a set {f? : i € I'} of morphisms in £ such that for all i,j € I
the square

Ai;Bi

aijl \LBM
o .
Al L5 Bi

commutes. When it is clear, we may write {f%:4 € I}, or just {f‘}, for f. We
call the A’s the components of {A'} and the fis the components of f.

In this section, I will always be a small category.

Suppose now that F': £ — F is a functor between categories £ and F. For

a morphism ' N _ N
[ (A {7} = (B} {8})
in £, we have that
{E(f)}: (FALAF (@)} — {FBY}AFBY)))
is a morphism in F! because the square

Ai%>Bi

aij l \Lﬁw
& .
Al —— Bi
commutes, so

Fa) 2L p(pi

F<“”>i iww‘)
J
P4y 2L ppi)

does too. It is clear from the definition that composition of morphisms is pre-
served by this. Thus we get the following results.

Proposition 1.2.1. Define F! : &1 — FI by the maps

{A{a}) = ({F(AD)}A{F(a)})

and

({4} {a}) = ({B'},{8Y})) =
({F(AY}AF(a)}) = (F(B)}LAF(B)}).

Then F' is a functor, which we call the exponent of F by I.

15



Lemma 1.2.2. Given functors F,G : & — F and a natural transformation
n: F — G, we get a natural transformation

nI:FI—>GI,

where, for each A € ET,

~

my s FH(A) = G (A)
is the map with ith component
nai : F(AY) — G(AY).

Proof. To show that each n} is a morphism in F7, we need to check that the
squares

F(A") > G (A7)

F(o/’j)l \LG(QU)

F(A)) 25 G(A)

commute, which holds because 7 is a natural transformation. To show 5! is a
natural transformation, it remains to show that, for a morphism f: A — B in
&L, the squares

Fla) 2 prp

nﬁ;i J/mlg

al(a) £V qrm

commute; it suffices to show that each component commutes, which is just
another application of the naturality of 7. O

For the rest of Chapter [1} we will assume that our categories £ and F are
abelian. Similar statements hold in the quasi-abelian case, but we will not use
this fact.

Given that £ is abelian (resp. additive), it is known that £ is abelian (resp.
additive) (see [32, Functor Categories 1.6.4]). We want to show that exact
sequences in £ are just sequences in £/ which are exact at each component.
To show this, we need a preliminary lemma.

Lemma 1.2.3. Suppose A = ({A},{a¥}), B = ({B%},{8Y}), and consider
f:A— Biné&l.

(i) The kernel ker(f) is the object ({ker(f*)},{v“}) together with the mor-
phism g : ker(f) — A, where g is the canonical map ker(f*) — A® in &,
and v is the (unique) morphism ker(f?) — ker(f7) given by the universal
property of ker(f7) in the diagram

ker(f*) EMNGpT
\
\

’Y” il
v fI .
ker(f7) ——= AJ.
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(i) Similarly for coker(f).

Proof. We will prove (i), and leave it to the reader to check that ker(f) really
is an element of £!, that g really is a morphism, and that (ii) goes through in
the same way.

It is clear that

fg:ker(f) — B

is the zero map, since (one may check) the zero element 07 of £7 is the element
with all its components the zero element 0 of £, with identity morphisms between
them. Suppose we have a morphism

h:E=({E},{cV}) = A

such that fh = 0. By definition, to show that ({ker(f%)},{v%}) is the kernel of
f, we need to show that there is a unique

k:E — ({ker(f9}, {7}

such that h = gk. Now for each i € I, f°h’ = 0 in &, so again by definition of
the kernel there is some unique

k' E' = ker(fY)

such that h* = g’k*. To show that h factors through k = {k'}, we just need to
check that the squares

E' l>ker(fi)
B ker(f7)

commute. Then uniqueness follows from uniqueness of the k.
To see this, note that

PRIl = gl — Qiipi = gl giki = giniigi,
s0, as ¢ is monic, it follows that kie™ = y¥k?, O

Similarly, other operations in £ such as taking direct sums and addition of
morphisms is calculated componentwise. Details are left to the reader.

Lemma 1.2.4. Given a sequence L I M 2 N in €7 such that gf =0,

it is exact at M iff the canonical map im(f) — ker(g) is an isomorphism
iff the canonical map im(f*) — ker(g®) is an isomorphism for all i

iff the sequence L* I Mt L N s evact at M for all 7.
Proof. This follows from Lemma [

Given a triangulated category 7, we can give the functor category 7' the
structure of a triangulated category by defining its distinguished triangles to
be the triangles which are distinguished on each component and its translation
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functor to be translation on each component. Moreover, given another triangu-
lated category 7" and a triangulated functor F' : 7 — T, the exponent functor
F! is triangulated because it is triangulated on each component.

Now it is easy to check that the functor K(E)' — KC(E7) which sends
A e K(€)" to the object B € K(ET) defined by (B")' = (A")™ gives an equiv-
alence of categories. Moreover, this functor is clearly triangulated. Similarly
restricting this functor gives a triangulated equivalence K+ (£)! — KH(&L).
Lemma shows that this functor extends to equivalences D(€)" — D(ET)
and ¢L : DT(E)L — DF(EL) of triangulated categories. Then suppose & has
enough injectives, and define the triangulated functor R(F!) by

R(F')¢g = ¢%(RF)" : DT (€)' — DH(FY).

Suppose now that we are given additive functors G : € — &', F : & — &
between abelian categories, where £ and £’ have enough injectives. Suppose G
sends injective objects of € to injective objects of £’.

Proposition 1.2.5. For A € D¥(&!) there is an isomorphism R(F'GT)(A) —
(R(FD)(R(G1))(A), natural in A, and a bounded spectral sequence

TEY! = (RP(F1))(RY(G")(4)) = RPH(FTGT)(A),
naturally in A.

Proof. By Theorem [1.1.10] and the definitions, it only remains to note that
(RF)(RG)! = (RF o RG)!, which is clear. 0

Finally, we consider the case of an additive bifunctor
F:Ex& =&

for £,&" and £” abelian. For small categories I and .J, we can define an exponent
functor
F- 51 % (gl)J N (g//)IxJ

in the obvious way. Suppose £’ has enough injectives, and define the triangu-
lated functor Ry (F*7) by

Ry(F*)(9f x ¢g,) = ¢pi” (Re )7 - K (€)' x DY (EN) — DH(F).
If instead £ has enough injectives, we can define Ry (F*7) similarly.

Proposition 1.2.6. (i) Suppose that &' has enough injectives and F(—,J) :
E — &" is exact for J injective. Then Ro(F'*7)(—,B) sends quasi-
isomorphisms to isomorphisms; that is, we can think of Ro(F'™*7) as a
functor DT(EL) x DT ((E)T) — DH((E")1*7).

(ii) Suppose in addition that £ has enough injectives. Then Ro(F1*7) is nat-
urally isomorphic to R(F'*7).
Similarly with the variables switched.

Proof. By Lemma quasi-isomorphisms in KT (€7) are maps which are
quasi-isomorphisms in each component (considered as maps in K+ (€)!). Then
the result follows from Proposition [1.1.11 O
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Chapter 2

Topological Modules for
Profinite Rings

2.1 Topological Groups, Rings and Modules

A group G whose underlying set is endowed with a topology T is said to be
a topological group if T' makes multiplication m : G x G — G and inversion
i : G — G continuous, where G x G is given the product topology. Some
authors require in addition that 7" be Hausdorff; we do not. A morphism of
topological groups is a group homomorphism which is also a continuous map of
the underlying topological spaces. For abelian topological groups, we may refer
to the multiplication operation as addition.

A ring A whose underlying set is endowed with a topology T is said to be
a topological ring if T makes A into a topological abelian group under addition
such that multiplication A x A — A is continuous. A morphism of topological
rings is a ring homomorphism which is also a continuous map of the underlying
spaces.

Now suppose A is a topological ring. A topological left A-module A is a
A-module endowed with a topology that makes A a topological abelian group,
such that the scalar multiplication map s : Ax A — A is continuous, where A x A
is given the product topology. A morphism of topological modules is a module
homomorphism which is also a continuous map of the underlying spaces. When
R is a commutative topological ring, a topological R-algebra is a topological
ring A equipped with a canonical morphism R — A in T'Rng into the centre of
A.

We fix some notation. Set, Grp, Ab, Rng and Mod(A) will be the cat-
egories of sets, groups, abelian groups, rings and left A-modules respectively,
for A € Rng. Top, TGrp, TAb, TRng and T(A) will be the categories of
topological spaces, topological groups, topological abelian groups, topological
rings and topological left A-modules for A € TRng respectively. We iden-
tify the category of topological right A-modules with T(A°?), and similarly
for other categories of right modules. We will write U for each of the forget-
ful functors from Top, TGrp, TAb, TRng and T(A) for A € TRng to Set,
Grp, Ab, Rng and Mod(U(A)) respectively which forget the topology; we will
write V for each of the forgetful functors from TGrp, T Ab, TRng and T(A)
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for A € TRng to Top and from Grp, Ab, Rng and Mod(A) for A € Rng to
Set which forget the algebraic structure. Then T'Ab, TRng and T'(A) all in-
herit from Ab, Rng and Mod(U(A)) the structure of additive categories, and
we will see later that they have all kernels and cokernels too, though they are
not in general abelian. In particular, suppose R € T Rng is commutative and
A € TRng is a topological R-algebra, and consider T'(A). We write Homp (4, B)
for mor(A, B), where A,B € T(A). Then Homu (A, B) is naturally a sub-
U(R)-module of Hom psoq7(a)) (U(A),U(B)), the morphisms U(A) — U(B) in
Mod(U(A)). This makes Hom (—, —) into a contra-/covariant additive bifunc-
tor
T(A) x T(A) = Mod(U(R)),

or equivalently a co-/covariant additive bifunctor
T(A)? x T(A) = Mod(U(R)).

Lemma 2.1.1. Suppose A is a topological abelian group with the discrete topol-
ogy, and suppose A € T Ab. Then a A-action f: A x A — A makes A a discrete
A-module if and only if for every a € A the stabiliser of a in A is open.

Proof. We have for each a that
F7Ha)={(9.0) € G x A: gb=a} = | (staba(a)g) x {b},
(g:b)

which is open if stabg(a) is because A is discrete. The opposite implication is
clear. O

Lemma 2.1.2. Suppose C is Top, TGrp, TAb, TRng or T(A) for A € TRng.
Suppose A € U(C), B € C, and we have a morphism f: A — U(B) in U(C).
Then the collection of open sets

T={f"0):0 Copen B}
is a topology on A which makes A into an element of C.

Proof. This is easy for C' = Top.
For C = TGrp or TAb: We write Ap for A endowed with topology T. We
need to check that the multiplication map

mAIATXAT*)AT

and the inversion map
1A AT — AT

are continuous. Given an open set f~1(0),
my' fHO0) = (f x £)"'m (0)

is open, and
' fH0) = [N 0)

is open, as required.
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For C = TRng: We need to check in addition to the C' = T'Ab case that
multiplication is continuous. This holds in the same way as the continuity of m
in the C' = TGrp case.

For C = T(A) for A € TRng: We need to check in addition to the C' = T Ab
case that scalar multiplication

sSa:AXApr — Arp
is continuous. Given an open set f~1(0),
3 F7H0) = (ida x )155(0)
is open, as required. O

Proposition 2.1.3. The categories Top, TGrp, TAb, TRng and T(A) for A €
TRng have all small

(i) limits;
(ii) colimits.

Proof. (i) It is easy to check that products in any of these categories are given
by endowing the product in Set, Grp, Ab, Rng or Mod(U(A)) respectively
with the product topology. Given a functor F' : I — C, where [ is a small
category and C is any of Top, TGrp, TAb, TRng and T(A), take the
product in C of the objects F(i) such that i € I. Now take the subobject
consisting of tuples (x;) € [[; (i) such that for every morphism f :i — j
in I F(f)(z;) = z;, endowed with the subspace topology: one can check
that this is the limit of F.

(ii) We will start from the well-known fact that Set, Grp, Ab, Rng and
Mod(U(A)) have all small colimits. Given a functor F' : I — C, where
I is a small category and C' is any of Top, TGrp, TAb, TRng and T(A),
we can think of F' as an object of C!, and apply the exponent functor
Ul:C! - U(C)! defined in Section We know U (F) € U(C)! has a
colimit.
For C = Top: Let S be the set of topologies on colim; U!(F) making all
the canonical maps

¢; : F(i) — colimy UL (F)

continuous for each i € I.

For C' = TGrp or TAb: Let S be the set of topologies on colim; U!(F)
such that it is a topological group making all the canonical maps

¢ » F(i) — colim; U'F(I)

continuous for each i € I.

For C = TRng: Let S be the set of topologies on colim; U (F) such that
it is a topological ring making all the canonical maps

¢ : F(i) — colim; UTF(I)

continuous for each 7 € I.
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For C = T(A): Let S be the set of topologies on colim; U?(F) such that
it is a topological A-module making all the canonical maps

¢ : F(i) — colim; UTF(I)

continuous for each i € I.

In each case we can make S into a poset ordered by the fineness of the topol-
ogy. Write (colim; UZ(F))s for colim; U!(F) endowed with a topology
T’ € S. By Lemma and the universal property, in each case, if S has
a maximal element T finer than all other topologies in S, (colim; UL (F))r
is the colimit we are looking for. Now S # @& since it contains the in-
discrete topology. Define T' to be the topology generated by the subbase
UgT’. We claim T' € S: then we will be done.

For C' = Top: We need to check ¢;'(O) is open in F(i) for each i and
O open in (colim; UL (F))r. Tt is sufficient to check this when O is in the
subbase, and so open in (colim; U (F))7 for some 1", where this is clear.

For C = T'Grp or T Ab: We need to check in addition to the C' = Top case
that (colim; U (F))r is a topological group, that is, that the multiplication
map

m : (colim; U (F))r x (colim; U (F))r — (colim; UL (F))r
and the inversion map
iz (colimy U (F))p — (colim; U (F))r

are continuous. It suffices to check the inverse images of each open set O
in the subbase; if O is open in (colim; U!(F))7, its inverse image under
m is open in

(COlim[ UI(F))T/ X (COlim[ UI(F))T/,
and hence in

(colimy UI(F))T X (colimy UI(F))T;
its inverse image under i is open in (colim; U!(F))7+, and hence open in
(colim; UL (F))7 too.

For C = TRng: We need to check in addition to the C = T'Ab case that
multiplication is continuous. This holds in the same way as the continuity
of m in the C = T'Grp case.

For C = T(A): We need to check in addition to the C' = T Ab case that
scalar multiplication

s: A x (colim; U (F))p — (colim; U (F))r

is continuous. It suffices to check the inverse images of each open set O
in the subbase; if O is open in (colim; U!(F))7v, then its inverse image is
open in A x (colim; UY(F))r, so open in A x (colim; UL (F))r.

O

There are free topological groups and modules.

Proposition 2.1.4. (i) V : TGrp — Top has a left adjoint Top — TGrp.
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(i) Suppose A € TRng. Then V : T(A) — Top has a left adjoint L : Top —
T(A).

Proof. We give a proof for (ii); the proof of (i) is similar, using the existence of
abstract free groups.
It is well-known that for the abstract ring U(A)

V:Mod(U(A)) — Set

has a left adjoint
L' : Set — Mod(U(A)).

Explicitly, given a topological space X, then on the set U(X) we have a free
module U(A)[U(X)]. Now let S be the set of topologies on U(A)[U(X)] such
that it is a topological A-module making the canonical map

i X = UN[UX)]

continuous. We can make S into a poset ordered by the fineness of the topology.
Write (U(A)[U(X)])r: for U(A)[U(X)] endowed with a topology 77 € S. By
Lemma and the universal property, if S has a maximal element T finer than
all other topologies in S, (U(A)[U(X)])r is the A-module we are looking for;
we will write A[X] for this module. Now S # & since it contains the indiscrete
topology. Define T to be the topology generated by the subbase (Jg7". We
claim T € S: then we will be done.

i: X — (U(AN)[U(X)])7 is continuous: We need to check i~1(0) is open in
X for each O open in (U(A)[U(X)])r. It is sufficient to check this when O is in
the subbase, and so open in (U(A)[U(X)])r+ for some T”, where this is clear.

(UMM[U(X)])r € TAb: We need to show addition

+: (U UX))r x UMUX))r = UN)[UX)])r

and inversion

i (UMUX)])r — (UN)[UX)])r

are continuous. It suffices to check the inverse images of each open set O in the
subbase; if O is open in (U(A)[U(X)])r, its inverse image under + is open in

(UMU X))z x UM[UX)])27,

hence in
UMUX))r > (UM)[UX)])r;
its inverse image under ¢ is open in (U (A)[U(X)])r, hence in (U(A)[U(X)])r.
(UM)[U(X)])r € T(A): We need to show scalar multiplication
s Ax (UMUX))r = UA)[UX)])r

is continuous. It suffices to check the inverse images of each open set O in
the subbase; if O is open in (U(A)[U(X)])r, then its inverse image is open in
A X (UN)[U(X)])7r, so open in A x (U(A)[U(X)])r. O
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We write A[X] for L(X).

Similarly, given a commutative ring R € TRng, G € TGrp, we can define
the topological group ring R[G] to be the topological R-algebra with the univer-
sal property that for any S € TRng and any continuous group homomorphism
G — S, the group of units of .S, this extends to a continuous R-algebra homo-
morphism R[G] — S. As before, this is the abstract group ring U(R)[U(G)] en-
dowed with the strongest topology making U(R)[U(G)] a topological R-algebra
such that the canonical group homomorphism G — U(R)[U(G)] is continuous.
Details are left to the reader.

Finally, we have topological tensor products. Suppose R is a commutative
topological ring and A is a topological R-algebra. Given a right A-module A, a
left A-module B and an R-module M, a bilinear map b: A x B — M is a map
of sets, such that for all x,2" € A,y,3’ € B and X\ € A:

(i) b(z +2',y) = b(z,y) + b(z', y);
(i) b(z,y +y') = b(z,y) + bz, y");
(iii) bz, y) = bz, \y).

Proposition 2.1.5. Suppose R € T Rng is commutative, A € T Rng is a topo-
logical R-algebra, A € T(A°?), B € T(A). Then there is an object A @p B €
T(R) and a continuous bilinear map

@pr:AXxB— ARy B

satisfying the following universal property: given a continuous bilinear map b :
AXx B — M for M € T(R), there is a unique continuous homomorphism
f:A®r B — M inT(R) such that f@x = b.

Proof. Take the abstract tensor product of U(A) and U(B), U(A) @y ) U(B).
Let S be the set of topologies on U(A) ®y(a) U(B) such that it is a topological
R-module making the canonical map

@p:AX B — U(A) ®U(A) U(B)

continuous. We can make S into a poset ordered by the fineness of the topology.
Write (U(A) ®uay U(B))rr for U(A) ®p(ay U(B) endowed with a topology
T’ € S. By Lemma[2.1.2] and the universal property, if S has a maximal element
T finer than all other topologies in S, (U(A) ®y ) U(B))r is the R-module we
are looking for; we will write A ® B for this module. Now S # @ since it
contains the indiscrete topology. Define T' to be the topology generated by the
subbase (J¢T". We claim T € S: then we will be done.

®p 1 Ax B — (U(A)®y(a) U(B))r is continuous: We need to check @' (0)
is open in A x B for each O open in (U(A) ®y ) U(B))r. It is sufficient to
check this when O is in the subbase, and so open in (U(A) ®y ) U(B))7 for
some T’, where this is clear.

(U(A) @u(a) U(B))r € TAb: We need to show addition

+: (U(A) @uay U(B))r x (U(A) @ua) U(B))r — (U(A) @ua) U(B))r
and inversion

i: (U(A) @y UB))r — (U(A) @y U(B))r
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are continuous. It suffices to check the inverse images of each open set O in the
subbase; if O is open in (U(A) ®ya) U(B))7v, its inverse image under + is open
in

(U(A) @y U(B))7r x (U(A) @y U(B))1/,

hence in
(U(A) @y U(B))r x (U(A) @ua) U(B))T;

its inverse image under ¢ is open in (U(A) ®ya) U(B))1, hence in (U(A) @y (a)
U(B))r-
(U(A) @y U(B))r € T(R): We need to show scalar multiplication

s: Rx (U(A) @y U(B))r — (U(A) @y U(B))r

is continuous. It suffices to check the inverse images of each open set O in the
subbase; if O is open in (U(A) ®ya) U(B))7, then its inverse image is open in
R x (U(A) @y U(B))1, so open in R x (U(A) @y ) U(B))r. O

Tt is clear from the universal property that ®j is a co-/covariant bifunctor

T(A?) x T(A) — T(R).

2.2 Profinite and Discrete Modules

We now define a completion functor ¢ : TGrp — TGrp. Given G € TGrp,
consider the diagram in T'G'rp whose objects are the continuous finite discrete
quotient groups G; of G, and whose morphisms are the ones making the dia-
grams

G

L\

G14>GJ

commute, where the maps G — G; are quotients. Then we define ¢(G) to be
the limit in T'Grp of this diagram, and the universal property of limits gives
a canonical morphism G — ¢(G) in TGrp. Given a morphism f : G — H in
TGrp, for every continuous finite discrete quotient H; of H, the composites

give us a collection of morphisms f; : G — H; making

G

|\

Hi —— Hj
commute. Now for each H;, G/ker(f;) is a continuous finite discrete quotient

of G, since the continuity of f; and discreteness of H; imply that ker(f;) is a
clopen subgroup of G of finite index. Hence we have a collection of morphisms

c(fi) 1 e(G) = G/ ker(f;) — H;

25



making

(@)

|\

Hi*>Hj

commute, and hence a unique ¢(f) : ¢(G) — ¢(H), making ¢ a functor. We will
refer to this as the profinite completion functor.

At last, we define the category PGrp to be the full subcategory of T'Grp
whose objects are those isomorphic to ¢(G) for some G in T'Grp; we call objects
of PGrp profinite groups. Thus in fact ¢ is a functor TGrp — PGrp. Observe
that coc is naturally isomorphic to ¢, and so ¢, restricted to PGrp, is naturally
isomorphic to the identity functor on PGrp.

We denote by t the inclusion functor PGrp — TGrp.

Proposition 2.2.1. ¢ is a left adjoint of t.

Proof. Suppose G € TGrp, H € PGrp. Then ¢ induces a map of sets
morrarp (G, t(H)) = morparp(c(G), H);
this map is surjective because, given f’: ¢(G) — H, we have
f=tflc:G—c(G)— H — t(H)

such that ¢(f) = f/. To see it is injective, consider f : G — ¢(H) such that
¢(f) = 0. From the construction, this implies that each G/ ker(f;) — H; is 0,
hence that each f; : G — H; is too, and hence that f is, in the notation used
above. O

This adjunction makes PGrp a reflective subcategory of T'Grp, and hence
we can characterise profinite completion by the following universal property: for
G € TGrp,H € PGrp, f : G — t(H), there is a unique f’ : ¢(G) — H such that
f=tfle.

In exactly the same way we define profinite completion functors ¢ on Top,
TAb, TRng and T(A) for A € TRng. In each case, the profinite completion of
an object is the limit of its finite quotient objects. We define Pro, PAb, PRng
and P(A) to be the full subcategories of Top, TAb, TRng and T(A), respec-
tively, whose objects are isomorphic to the image under ¢ of some object in that
category; objects of Pro, PAb, PRng and P(A) will be called profinite spaces,
profinite abelian groups, profinite rings and profinite A-modules, respectively.
In each case, c is a left adjoint of the inclusion functor ¢, so that each of these
profinite categories is a reflective subcategory of the corresponding topological
one.

As before we write U for each of the forgetful functors from Pro, PGrp,
PAb, PRng and P(A) for A € TRng to Set, Grp, Ab, Rng and Mod(U(A))
respectively which forget the topology, and V for each of the forgetful functors
from PGrp, PAb, PRng and P(A) for A € TRng to Pro which forget the
algebraic structure.

By [23, Theorem 1.1.12, Theorem 2.1.3, Proposition 5.1.2], profinite spaces,
groups and rings are exactly the topological spaces, groups and rings respec-
tively which are compact, Hausdorff and totally disconnected. By [23, Lemma
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5.1.1], profinite A-modules are just the compact, Hausdorff, totally disconnected
topological A-modules when A is profinite. So a closed subgroup of a profinite
group, or a quotient of a profinite group by a closed subgroup, or an extension
of one profinite group by another, will again be profinite, and similar state-
ments hold for profinite spaces, rings, and A-modules for A € PRng. Therefore,
when we talk of profinite groups, subgroups and quotient groups will always be
assumed to be profinite, unless stated otherwise, and similarly for spaces, etc.

Note that PAb, PRng and P(A) for A € PRng inherit the structure of ad-
ditive categories via c¢; the results on topology show that they also have kernels
and cokernels. In fact PAb and P(A) are abelian categories: this follows from
the fact that continuous bijections of compact, Hausdorff spaces are homeo-
morphisms, and that the compact subspaces of compact, Hausdorff spaces are
exactly the closed sets.

Ezxample 2.2.2. Consider the abelian group Z, with the discrete topology. We
write Z for the abelian profinite group ¢(Z). Since the finite discrete quotient
groups of Z as a group are also the finite discrete quotient rings of Z considered
as a ring, 7 also has the structure of a profinite ring.

Proposition 2.2.3. For A € TAb and A a profinite A-module, there is a canon-
ical ¢(N)-action on A making it a profinite ¢(A)-module. In particular, a profi-
nite abelian group is a profinite Z-module.

Proof. A is the limit of its finite discrete quotient A-modules A;. Because A;
is finite discrete and the A-action A x A; — A; is continuous, it follows from
Lemma that there is some open (two-sided) ideal I of A whose action on
A; is multiplication by 0. So the A-action factors as A/I x A; — A;, and hence
the canonical map ¢(A) — A/I makes A; into a finite discrete ¢(A)-module.

Taking limits over ¢, A is a profinite ¢(A)-module.
For the rest of the statement, let A = Z with the discrete topology, and ob-
serve that topological abelian groups are automatically topological Z-modules.
O

Using the actions on finite quotients, it is easy to check that this construction
is functorial: given a map f : A — B of A-modules, f is compatible with the
¢(A)-action defined above, so we get a functor P(A) — P(c(A)). Moreover, the
restriction functor P(c(A)) — P(A) is inverse to this. So Proposition [2.2.3]gives
equivalences P(A) — P(c(A)) and PAb — P(Z).

We can now deduce several nice properties of our profinite categories from
the corresponding topological ones, using our adjunctions.

Proposition 2.2.4. The categories Pro, PGrp, PRng and P(A) for A € PRng
have all small colimits, and the colimit of a diagram in any of these categories
is the profinite completion of the colimit of the same diagram in Top, TGrp,
TRng or T(A), respectively.

Proof. This follows from Proposition by [32, Theorem 2.6.10], using the
adjoint functors ¢ and ¢. O

There are free profinite groups and modules, which are the profinite comple-
tions of free topological groups and modules.

Proposition 2.2.5. (i) V : PGrp — Pro has a left adjoint Pro — PGrp.
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(i) Suppose A € PRng. Then V : P(A) — Pro has a left adjoint L : Pro —
P(A).

Proof. We give a proof for (ii); the proof of (i) is similar
Write Lo, and Vi, for the adjoint pair Top — T'(A) and T(A) — Top

defined earlier. Then V is the composite P(A) % T(A) Yo, Top, whose image
is in Pro. Suppose A € Pro, B € P(A). Then

IIlOI‘p,.o(fl7 V(B)) = HlOI'P7o(A VTUP (B))
= morT (A) (LTop( )a t(B))
= morp(p)(cLrop(A), B),

so let L = cLrop. O

Writing F'X for the free profinite group on a profinite space X, we can now
define G € PGrp to be finitely generated (respectively, d-generated) if there is
an epimorphism FX — G for some finite X (respectively, such that | X| < d).

We also write A[X] for the free profinite A-module on X, and define A € A
to be finitely generated if there is an epimorphism A[X] — A for some finite
X.

Now (ii) shows that the abelian category P(A) has enough projectives: im-
ages under L are projective by [23] Proposition 2.2.2], which gives the existence
of continuous sections of profinite group homomorphisms.

Similarly, given a commutative ring R € PRng, G € PGrp, we can define
the profinite group ring R[G] to be a profinite R-algebra, i.e. a profinite ring
which is also a topological R-algebra, with the universal property that for any
profinite R-algebra S and any continuous group homomorphism G — S*, the
group of units of S, this extends to a continuous R-algebra homomorphism
R[G] — S. The universal property of profinite completions shows that this is
just the profinite completion of the topological group ring R[G]. Details are left
to the reader.

Finally, we have profinite tensor products.

Proposition 2.2.6. Suppose R € PRng is commutative, A is a profinite R-
algebra, A € P(A°P), B € P(A). Then there is an object A&xB € P(R) and a
continuous bilinear map

®A :Ax B — A®AB

satisfying the following universal property: given a continuous bilinear map b :
AXx B — M for M € PM(R), there is a unique continuous homomorphism
f:A®AB — M in P(R) such that f&x = b.

Proof. The universal property of profinite completions shows that this is just
the profinite completion of the topological tensor product A ®, B. O

It is clear from the universal property that @, is a co-/covariant bifunctor
P(A°P) x P(A) — P(R).

We write DAb and D(A), A € TRng, for the categories of discrete tor-
sion abelian groups and discrete torsion topological left A-modules respectively,
whose morphisms are continuous group/A-module homomorphisms. In other
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words, they are the full subcategories of TAb and T'(A) containing the objects
whose topology is discrete, whose underlying abelian groups are torsion, and (in
the latter case) whose scalar multiplication map Ax A — A is continuous. As be-
fore we write U for the forgetful functors DAb — Ab and D(A) — Mod(U(A)).
We define a functor d : TAb — T Ab in the following way. Given A € T Ab,
consider the diagram in T'Ab whose objects A; are finite subgroups of A, with the
discrete topology, and whose morphisms are inclusions of one of these subgroups
into another. Then we define d(A) to be the colimit of this diagram in T Ab.

Lemma 2.2.7. d(A) is in DAb.

Proof. We can identify the underlying group of d(A) with the torsion subgroup
of A, so we just need to check that the colimit topology on d(A) is discrete.
Clearly every map A; — d(A) is continuous when d(A) is given the discrete
topology, and the discrete topology is necessarily the strongest topology for
which this is the case, so the result follows. O

Morphisms are given by restriction to the torsion subgroup of A, whose
image under any morphism is torsion.

We also have a functor d : T(A) — D(A), defined similarly: given A € T'(A),
consider the diagram whose objects are finite A-submodules A; of A, with the
discrete topology, such that the discrete topology makes A; a topological A-
module; morphisms are inclusions of one submodule into another. Then d(A) is
the colimit of this diagram in T'(A). The same argument as Lemma shows
that d(A) is discrete, except that, by Lemma the underlying module of
d(A) is the submodule of the torsion submodule of A on which the stabilisers
of the A-action are open.

Proposition 2.2.8. (i) d: TAb — DADb is right adjoint to inclusion DAb —
T Ab.

(ii) d:T(A) — D(A) is right adjoint to inclusion D(A) — T'(A).
Therefore DAb and D(A) are coreflective subcategories of TAb and T(A),
respectively, and have all small limits.

Proof. (i) Given A € DAb, B € T Ab, any homomorphism of groups f: A —
B will be continuous, and its image will be torsion. So f factors through
A — d(B).

(ii) Given A € D(A), B € T(A), the argument is the same as for (i), after
noting that for any z € B in the image of A, it will be the image of some
element whose stabiliser is open, so the stabiliser of z will be open, so

x € d(B).
T Ab and T'(A) have all small limits by Proposition m Then our adjunc-
tions give all small limits in DAb and D(A) by [32, Theorem 2.6.10]. O

Proposition 2.2.9. (i) P(A) is closed under taking limits in T(A). That is,
given a diagram in P(A), its limit as a diagram in T(A) will be a profinite
A-module. Hence P(A) has all small limits.

(i1) D(A) is closed under taking colimits in T(A). That is, given a diagram in

D(A), its colimit as a diagram in T(A) will be a discrete A-module. Hence
D(A) has all small colimits.
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Proof. (i) Products of compact, Hausdorff, totally disconnected spaces are
compact, Hausdorff and totally disconnected, by [23] Proposition 1.1.3],
so products of profinite A-modules are profinite. The limit of a diagram in
T(A) can be constructed as a submodule of the product of the objects in
the diagram, with the subspace topology of the product topology, and [23]
Lemma 1.1.2] shows that this submodule is closed, and hence profinite.

(ii) Suppose we have a diagram {A;} in D(A). Take the colimit A of this
diagram considered as a diagram of abstract modules, and give it the
discrete topology. Clearly every map A; — A is continuous, so if A is
a topological A-module, it is easy to show that it satisfies the required
universal property to be the colimit of {A;} in T(A). The colimit of a
diagram in T'(A) can be constructed as a quotient module of the direct
sum of the objects in the diagram, with the colimit topology; so given
a € A, we know a is the image of some (a;) € € A;, with only finitely
many a; non-zero. By Lemma the stabiliser of each non-zero a; is
open in A, so the finite intersection of these stabilisers is open and stabilises
a, so A is a topological A-module.

O

The same argument as (i) shows that Pro, PGrp and PRng have all small
limits too.

2.2.1 Pontryagin Duality

From now on, unless stated otherwise, R will always be a commutative profinite
ring, and A will always be a profinite R-algebra.
Recall the additive bifunctor

Homp (—,—) : T(A)? x T(A) = Mod(U(R)),

where R € PRng is commutative and A is a profinite R-algebra. It will often
be given the compact-open topology: we define the sets

Orgu ={f € Homp(A,B) : f(K) CU}

to be open, whenever K C A is compact and U C B is open. Then the Ok
form a subbase for the topology, which makes Homy (A, B) into a topological
abelian group; when this topology is used, we will write Homy (A, B). This
topology makes the R-module homomorphism

Hom, (A, B) — Hom, (A, B')

induced by morphisms A’ — A, B — B’ continuous. So Hom, becomes a
bifunctor
T(A)P x T(A) — T Ab.

Now let Q/Z be given the discrete topology, and write * for the contravariant
functor Homp4,(—,Q/Z) : TAb — TAb. Moreover, given a topological A-
module A, define a right A-action on A* by (fA)(a) = f(Aa). If A is finite and
discrete, A* will be too, and in this case the A-action defined on A* will be
continuous, by Lemma [2.1.1

30



Theorem 2.2.10 (Pontryagin Duality). The functor * sends profinite abelian
groups to discrete ones and vice versa. Indeed, if A € PAb is the limit of its
finite discrete quotient groups A;, then A* is the colimit of its finite discrete
subgroups A, and vice versa. Then * o* is naturally isomorphic to the identity
on PAb and DADb, and hence * gives a dual equivalence between DAb and PAb.

Proof. [23, Theorem 2.9.6] O

Remark 2.2.11. In fact the Pontryagin duality theorem holds more generally,
giving a dual equivalence of the category of locally compact abelian groups with
itself. We will not use this.

For A € P(A), A is the limit of its finite discrete quotient modules A;. Then
each A} is a finite discrete right A-module, with the action defined above, so
the colimit of these is a discrete right A-module by Proposition[2.2.9] Similarly,
for A € D(A°P), its Pontryagin dual is a profinite left A-module. So in fact
* gives functors P(A) — D(A°P) and D(A°?) — P(A). Also, by the previous
theorem, we still have that both compositions * o * are naturally isomorphic to
the identity. So we get:

Corollary 2.2.12. * gives a dual equivalence between P(A) and D(A°P).

This duality immediately gives information about D(A) from what we know
of P(A).

Corollary 2.2.13. (i) D(A) is an abelian category with enough injectives.
(ii) D(Z) is equivalent to DAb.

More generally, to prove results about D(A) and P(A), it will often be enough
just to give a proof for one of the categories and use Pontryagin duality to deduce
the other.

2.2.2 Inverse and Direct Limits

Suppose £ is a category and I is a small category. We call a functor F': [ — &
an inverse system in £ if, for each 7,5 € I, there is at most one morphism in
mor(¢,7) Umor(4,7), and there is some k € I such that there are morphisms
k —iand k — j in I. In this case, the limit of F' is called an inverse limit. We
call functors I — £ direct systems if functors I°? — £ are inverse systems, and
call their colimits direct limits. We denote inverse limits variously by @ e
I'&ng, anI or @, and similarly for direct limits @ 7
We call a poset I’ directed if for every i,j € I’ there is some k € I’ such
that £ > i,7. There is a one-to-one correspondence between categories I over
which limits are inverse limits and directed posets, in the following way: given a
category I, take the set ob(I) of objects of I and define a partial order on it by
i > j whenever there is a morphism ¢ — j; conversely, given a directed poset,
take its underlying set to be the objects of a category I and give I a morphism
i — j whenever ¢ > j and no others. So we can equivalently think of inverse
limits as limits of diagrams of directed posets. The case of direct limits can be
thought of similarly. We will use the two equivalent definitions interchangeably.
It is easy to check that if I and J are directed posets, I x J is again directed,
when we define (i1, j1) < (i2,j2) if and only if ¢; < is and j; < jo. This allows
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us to take an inverse limit over directed posets I and J simultaneously by taking
the inverse limit over I x J, and similarly for direct limits.

Observe that for G € TGrp ¢(G) is the inverse limit of the continuous
finite discrete quotients of G. To see this, consider any two such quotients
Gi,G;. Write H;, H; for ker(G — G;), ker(G — G;) respectively. Then H;, H;
are finite index clopen normal subgroups of G, so H; N Hj is too, and hence
G, = G/(H; N Hj) is a continuous finite discrete quotient of G such that

G G
J«\ and l\

commute. Similarly one can check that objects in Pro, PRng and P(A) are the
inverse limits of their continuous finite discrete quotients, and that objects in
D(A) are the direct limits of their finite submodules.

Now several of our constructions can be defined in terms of inverse and direct
limits. For X = @Xi € Pro with the X; finite, and A = @Aj € PRng with
the A; finite,

ALX] = lim A, ;]
by [23, Exercise 5.2.3], where the A;[X;] are the topological free modules defined
earlier. For G = l&n G; € PGrp with the G| finite, and R € PRng commutative,

R[G] = lim R, (G

by [23], Lemma 5.3.5]. More examples are given in the next section.
We can also now phrase Pontryagin duality in terms of inverse and direct
limits.

Lemma 2.2.14. If A = @AZ— € P(A), then A* = h_II}A;k € D(A°P), and if
A =1lim A; € D(A?), then A* = lm A7 € P(A).

Proof. This follows immediately from the dual equivalence between P(A) and
D(A°P, Corollary [2.2.12 O

The reason for introducing these special kinds of limits and colimits is for
exactness. Inverse limits of short exact sequences of profinite groups are exact,
by [23, Proposition 2.2.4], and hence inverse limits are exact in P(A). By
Pontryagin duality, direct limits are exact in D(A).

2.2.3 Hom and ®

Suppose now that A = @Ai € P(A°P), B = Im B; € P(A) and C =1limCy, €
D(A) where the A; and B; are finite discrete quotient modules of A and B, and
the C}, are finite discrete submodules of C.

Lemma 2.2.15. (i) A9xB = lim A; ®x Bj, where the A; @5 B; are the
abstract tensor products of A; and B; with the discrete topology.

(i1) FEach Homy (Bj, Ck) has the discrete topology, and

HOIIIA(B7 C) = @HOIHA(BJ‘, Ck)
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Proof. [23} Lemma 5.5.1, Lemma 5.1.4] O

For (ii), each Homy (B;,Cy) is in fact a topological R-module by Lemma
because each map B; — C}, is fixed by an open subring of R. Indeed,
since Cj, is in D(A), the stabiliser of any element of C}, is open in A by Lemma
taking the intersection of these stabilisers, some open subring of A fixes Cj,
pointwise. The intersection of this subring with R fixes Homa (B;, C}) pointwise,
as required. So in this situation Homy (B, C) is a discrete R-module, not just a
discrete abelian group. In other words, we have:

Corollary 2.2.16. Hom, gives an additive bifunctor P(A)°P x D(A) — D(R).

Similarly, if B is finitely generated, each Homy (B, Cy) is finite and discrete,
and the same argument as before shows that in fact Homy (B, Cy) is a finite
discrete R-module. It follows from the universal property of limits that

Homya (A, B) = @HomA(A, By).
In fact this gives an isomorphism
HomA(A, B) = l'ngomA(A, Bk)

of topological R-modules: this follows from the fact that the kernels of the maps
B — By form a fundamental system of neighbourhoods of 0 in B, so these
kernels can be used to calculate the compact-open topology on Homy (A, B).

Write P(A)g for the full subcategory of P(A) consisting of finitely generated
modules. P(A)q is additive, but not abelian; when we talk about exactness
properties involving P(A)g, we will mean relative to the class of sequences 0 —
A — B — C — 0in P(A)p which are exact in P(A).

Lemma 2.2.17. Hom, gives an additive bifunctor P(A)? x P(A) — P(R).

Proof. The topology on the topological R-module Homp (A, B) is profinite by
Proposition [2.2.9 O

Suppose now that ©,®, ¥ are profinite R-algebras. Let P(O© — ®) be the
category of profinite ® — ®-bimodules and continuous © — ®-bimodule homo-
morphisms, and let D(© — ¥) be the category of discrete ©® — ¥-bimodules and
continuous ©® — W-homomorphisms. If L is a profinite © — A-bimodule and M
is a profinite A — ®-bimodule, one can make L®xM into a profinite © — -
bimodule in the same way as in the abstract case. Similarly, if M is a profinite
A —0O-bimodule and N is a discrete A —®-bimodule, one can make Hom (M, N)
into a discrete ©® — ®-bimodule in the same way as in the abstract case. We
leave the details to the reader.

Theorem 2.2.18 (Adjunction isomorphism). Suppose L € P(© — A),M €
P(A—®),N € D(O© — V). Then there is an isomorphism

Homg (L&A M, N) = Hom (M,Homeg (L, N))
in PD(® — W), natural in L, M, N.
Proof. [23| Proposition 5.5.4(c)] O
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It follows that Hom, (considered as a co-/covariant bifunctor P(A)°P X
D(A) — D(R)) is left-exact in both variables, and that ©, is right-exact in
both variables, by [32, Theorem 2.6.1]. It is easy to check also that the other
Hom functors we have considered are left-exact in each variable.

If L € P(© — @), Pontryagin duality gives L* the structure of a discrete
® — O©-bimodule, and similarly with profinite and discrete switched.

Corollary 2.2.19. There is a natural isomorphism
(LA M)* = Homp (M, L*)
in D(®—0) for Le P(O—A),M € P(A— ).
Proof. Apply the theorem with ¥ = Z and N = Q/z. O

Proposition 2.2.20. Suppose P € P(A) is projective and I € D(A) is injective.
Then Homy (P, —) is an ezact functor on D(A), —® P is an exact functor on
P(A°P), and Homp(—, ) and I*®— are ezact functors on P(A).

Proof. |23], Exercise 5.4.7] and its Pontryagin dual. O

2.2.4 Pro-C Groups

Let C be a non-empty class of finite discrete groups, closed under isomorphisms.
Given a topological group G, we can define a pro-C completion functor c¢ which
sends G to the limit of the quotients of G which are in C, and define the category
of pro-C groups to be the image cc(TGrp) in TGrp. Similarly, one can define
pro-C rings and modules to be ones which are the limit of quotients whose
underlying abelian group is in C.

Suppose that C is closed under taking quotients, and satisfies the following
property: if G is a finite discrete group with normal subgroups N7, N» such that
G/N; and G/Nj are in C, then G/(N1NN3) is in C. (In the terminology of [23],
this makes C a formation.) Then, by the same proof as for profinite groups, c¢
is left-adjoint to the inclusion functor cc(T'Grp) — T'Grp.

For sufficiently well-behaved classes C, much of the theory of profinite groups
can be carried over to the category of pro-C groups and continuous homomor-
phisms. We will primarily be interested in the case where C is the category of
finite discrete p-groups, for some prime p; in this case, we will call such groups
pro-p groups, write cc as ¢, and call it pro-p completion, and so on. We will call
rings and A-modules whose underlying abelian group is a p-group p-rings and
p-A-modules.

Ezxample 2.2.21. Consider the abelian group Z, with the discrete topology. We
write Z,, for the abelian pro-p group ¢,(Z). Since the finite discrete quotient p-
groups of Z as a group are also the finite discrete quotient p-rings of Z considered
as a ring, Z, also has the structure of a pro-p ring.

Proposition 2.2.22. For A € TAb and A a pro-p A-module, there is a canon-
ical cp(A)-action on A making it a pro-p cp(A)-module. In particular, a pro-p
abelian group is a pro-p Zy-module.

Proof. A is the limit of its finite discrete quotient p-A-modules A;. Because
A; is a finite discrete p-group and the A-action A x A; — A; is continuous, it
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follows from Lemma[2.1.1] that there is some open (two-sided) ideal I of A with
p-power index whose action on A; is multiplication by 0. So the A-action factors
as A/I x A; — A;, where A/I is a finite p-ring, and hence the canonical map
¢p(A) — A/I makes A; into a finite discrete p-c,(A)-module. Taking limits over

i, A is a pro-p c,(A)-module.
For the rest of the statement, let A = Z with the discrete topology, and ob-
serve that topological abelian groups are automatically topological Z-modules.
O

Using the actions on finite quotients, it is easy to check that this construction
is functorial: given a map f : A — B of A-modules, f is compatible with the
¢p(A)-action defined above. As for Proposition this functor is inverse to
restriction, so we get equivalences between the categories of pro-p A-modules and
pro-p ¢p(A)-modules, and in particular between the categories of pro-p abelian
groups and pro-p Z,-modules.

In many ways, the class of pro-p groups is better behaved than the class
of profinite groups. Z, is a principal ideal domain, and a local ring, by [23]
Proposition 2.7.1], so it is a discrete valuation ring. Explicitly, the valuation of
an element x € Z, is the largest k such that x € kap. On the other hand,
7= [1,Z, by [23| Theorem 2.7.2], so Z is not a domain.

We also write Q, for the field of fractions of Z,, with the topology given by
defining the sets p"Z,, n € Z, to be a fundamental system of neighbourhoods
of 0.

2.3 Ind-Profinite and Pro-Discrete Modules

2.3.1 Ind-Profinite Modules

We say a topological space X is ind-profinite if there is an injective sequence
of subspaces X;, i € N, whose union is X, such that each X; is profinite and
X has the colimit topology with respect to the inclusions X; — X. That is,

X = h_r)n IPSpace X;. We write 1 PSpace for the category of ind-profinite spaces

and continuous maps.

Proposition 2.3.1. Given an ind-profinite space X defined as the colimit of
an injective sequence {X;} of profinite spaces, any compact subspace K of X is
contained in some X;.

Proof. [12, Proposition 1.1] proves this under the additional assumption that
the X; are profinite groups, but the proof does not use this. O

This shows that compact subspaces of X are exactly the profinite subspaces,
and that, if an ind-profinite space X is defined as the colimit of a sequence {X;},
then the X; are cofinal in the poset of compact subspaces of X. We call such a
sequence a cofinal sequence for X: any cofinal sequence of profinite subspaces
defines X up to homeomorphism.

A topological space X is called compactly generated if it satisfies the following
condition: a subspace U of X is closed if and only if U N K is closed in K for
every compact subspace K of X. See [29] for background on such spaces. By the
definition of the colimit topology, ind-profinite spaces are compactly generated.
Indeed, a subspace U of an ind-profinite space X is closed if and only if U N X;
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is closed in X; for all 4, if and only if U N K is closed in K for every compact
subspace K of X by Proposition [2.3.1

Lemma 2.3.2. IPSpace has finite products and coproducts.

Proof. Given X,Y € IPSpace with cofinal sequences {X;},{Y;}, we can con-
struct X UY using the cofinal sequence {X; LY;}. Thanks to Proposition m
the ind-profinite space ligXi x Y; is the product of X and Y in I PSpace. In-
deed, given an ind-profinite space Z with cofinal sequence {Z;} and continuous
maps f: Z — X and g : Z — Y, write f;,g; for f, g restricted to Z;, respec-
tively. We know f(Z;), g(Z;) are compact, so they are contained in some X;,, Yy,
respectively. Let I; = max{j;, k;}. Then f; and g; factor through X;, x Y;,, so
f= liénfi and g = héngi factor through lingli x X, = @Xi x Y. O

Moreover, by the proposition, {X; x Y;} is cofinal in the poset of compact
subspaces of X x Y (with the product topology), and hence lim X; x Y; is the
k-ification of X x Y, or in other words it is the product of X and Y in the
category of compactly generated spaces — see [29] for details. So we will write
X X Y for the product in IPSpace. It is not clear whether the space X x Y,
with the product topology, is homeomorphic to X x; Y.

We say an abelian group M equipped with an ind-profinite topology is an
ind-profinite abelian group if it satisfies the following condition: there is an
injective sequence of profinite subgroups M;, ¢ € N, which is a cofinal sequence
for the underlying space of M. It is easy to see that profinite groups and
countable discrete torsion groups are ind-profinite. Moreover Q,, is ind-profinite
via the cofinal sequence

Zy 52,5 ... (%)

Remark 2.3.3. It is not obvious that ind-profinite abelian groups are topological
groups. In fact, we see below that they are. But it is much easier to see that
they are k-groups in the sense of [20]: the multiplication map

IPSpace

is continuous by the definition of colimits. The k-group intuition will often be
more useful.

In the terminology of [12] the ind-profinite abelian groups are just the abelian
weakly profinite groups. We recall some of the basic results of [12].

Proposition 2.3.4. Suppose M is an ind-profinite abelian group with cofinal
sequence {M;}.

(i) Any compact subspace of M is contained in some M;.
(i) Closed subgroups N of M are ind-profinite, with cofinal sequence N N M;.

(iii) Quotients of M by closed subgroups N are ind-profinite, with cofinal se-
quence M; /(N N M;).

(iv) Ind-profinite abelian groups are topological groups.

Proof. [12], Proposition 1.1, Proposition 1.2, Proposition 1.5] O
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As before, we call a sequence {M;} of profinite subgroups making M into
an ind-profinite group a cofinal sequence for M.

Suppose from now on that R is a commutative profinite ring and A is a
profinite R-algebra.

Remark 2.3.5. We could define ind-profinite rings as colimits of injective se-
quences (indexed by N) of profinite rings, and much of what follows does hold
in some sense for such rings, but not much is lost by the restriction. In partic-
ular, it would be nice to use the machinery of ind-profinite rings to study Q,,
but the sequence (x) making Q, into an ind-profinite abelian group does not
make it into an ind-profinite ring because the maps are not maps of rings.

We say that M is a left A-k-module if M is a k-group equipped with a contin-
uous map A xg M — M. A A-k-module homomorphism M — N is a continuous
map which is a homomorphism of the underlying abstract A-modules. Because
A is profinite, A x;; M = A x M, so A x M — M is continuous. Hence if M is
a topological group (that is, if multiplication M x M — M is continuous) then
it is a topological A-module.

We say that a left A-k-module M equipped with an ind-profinite topology
is a left ind-profinite A-module if there is an injective sequence of profinite
submodules M;, i € N, which is a cofinal sequence for the underlying space of
M. So countable discrete A-modules are ind-profinite, because finitely generated
discrete A-modules are finite, and so are profinite A-modules. In particular A,
with left-multiplication, is an ind-profinite A-module. Note that, since profinite
Z-modules are the same as profinite abelian groups, ind-profinite Z-modules are
the same as ind-profinite abelian groups.

Then we immediately get the following.

Corollary 2.3.6. Suppose M is an ind-profinite A-module with cofinal sequence
{M;}.

(i) Any compact subspace of M is contained in some M;.
(i) Closed submodules N of M are ind-profinite, with cofinal sequence NN M;.

(i1i) Quotients of M by closed submodules N are ind-profinite, with cofinal
sequence M; /(N N M;).

(iv) Ind-profinite A-modules are topological A-modules.

As before, we call a sequence {M;} of profinite submodules making M into
an ind-profinite A-module a cofinal sequence for M.

Lemma 2.3.7. Ind-profinite A-modules have a fundamental system of neigh-
bourhoods of 0 consisting of open submodules. Hence such modules are Hausdorff
and totally disconnected.

Proof. Suppose M has cofinal sequence M;, and suppose U C M is open, with
0 € U, by definition, U N M; is open in M; for all . Profinite modules have
a fundamental system of neighbourhoods of 0 consisting of open submodules,
by [23, Lemma 5.1.1], so we can pick an open submodule Ny of My such that
Ny C UNM,y. Now we proceed inductively: given an open submodule N; of M;
such that N; C U N M;, let f be the quotient map M — M/N;. Then f(U) is
open in M/N; by [12], Proposition 1.3], so f(U) N M;11/N; is open in M;11/N;.
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Pick an open submodule of M;1/N; which is contained in f(U)NM;1/N; and
write N;41 for its preimage in M; ;. Finally, let N be the submodule of M
with cofinal sequence {N;}: N is open and N C U, as required. O

Write IP(A) for the category whose objects are left ind-profinite A-modules,
and whose morphisms M — N are A-k-module homomorphisms. We will
identify the category of right ind-profinite A-modules with IP(A°) in the
usual way. Given M € IP(A) and a submodule M’, write M’ for the clo-
sure of M’ in M. Given M, N € IP(A), write Hom;px) (M, N) for the U(R)-
module of morphisms M — N: this makes Hom;ps)(—,—) into a functor
IP(A)°P x IP(A) — Mod(U(R)) in the usual way.

Proposition 2.3.8. IP(A) is an additive category with kernels and cokernels.

Proof. The category is clearly pre-additive; the biproduct M @ N is the biprod-
uct of the underlying abstract modules, with the topology of M x; N. The
existence of kernels and cokernels follows from Corollary the cokernel of
f:M — Nis N/f(M). O

Remark 2.3.9. The category IP(A) is not abelian in general. Consider the
countable direct sum ®y,Z/27Z, with the discrete topology, and the countable
direct product [[y, Z/2Z, with the profinite topology. Both are ind-profinite

Z-modules. There is a canonical injective map
i ®L/2Z — [ 2/22,

but i(6Z/2Z) is not closed in [[ Z/2Z. Moreover, &7 /27 is not homeomorphic
to i(®Z/2Z), with the subspace topology, because i(BZ/2Z) is not discrete, by
the construction of the product topology.

Recall from Chapter [1] that in an additive category with kernels and cok-
ernels we write coim(f) for coker(ker(f)), and im(f) for ker(coker(f)). That
is, coim(f) = f(M), with the quotient topology coming from M, and im(f) =
f(M), with the subspace topology coming from N. In an abelian category,
coim(f) = im(f), but the preceding remark shows that this fails in 7P(A).

We say a morphism f: M — N in IP(A) is strict if coim(f) = im(f). In
particular strict epimorphisms are surjections. Note that if M is profinite all
morphisms f : M — N must be strict, because compact subspaces of Hausdorff
spaces are closed, so that coim(f) — im(f) is a continuous bijection of compact
Hausdorff spaces and hence a topological isomorphism.

Proposition 2.3.10. Morphisms f : M — N in IP(A) such that f(M) is a
closed subset of N have continuous sections im(f) — M. So f is strict in this
case, and in particular continuous bijections are isomorphisms.

Proof. [12], Proposition 1.6] O

Corollary 2.3.11 (Canonical decomposition of morphisms). Every morphism
f i+ M — N in IP(A) can be uniquely written as the composition of a strict
epimorphism, a bimorphism and a strict monomorphism. Moreover the bimor-
phism is an isomorphism if and only if f is strict.
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Proof. The decomposition is the usual one
M — coim(f) & im(f) — N,

for categories with kernels and cokernels. Clearly coim(f) = f(M) — N is
injective, so ¢ is too, and hence ¢ is monic. Also the set-theoretic image of
M — im(f) is dense, so the set-theoretic image of g is too, and hence g is epic.
Then everything follows from Proposition O

Because ITP(A) is not abelian, it is not obvious what the right notion of
exactness is. We will say that a chain complex

SN NS VEENY O

is strict exact at M if coim(f) = ker(g). We say a chain complex is strict exact
if it is strict exact at each M.

Proposition 2.3.12. The category IP(A) has countable colimits.

Proof. We show first that IP(A) has countable direct sums. Given a countable
collection {M,, : n € N} of ind-profinite A-modules, write {M,,; : i € N}, for
each n, for a cofinal sequence for M,. Now consider the injective sequence
{N,} given by N,, =[]\, M; n41—;: each N, is a profinite A-module, so the
sequence defines an ind-profinite A-module N. It is easy to check that the
underlying abstract module of N is @, M,,, that each canonical map M,, — N
is continuous, and that any collection of continuous homomorphisms M, — P
in IP(A) induces a continuous N — P.

Now suppose we have a countable diagram {M,} in TP(A). Write S for
the closed submodule of @ M,, generated (topologically) by the elements with
jth component —z, kth component f(z) and all other components 0, for all
maps f : M; — Mj, in the diagram and all x € M;. By standard arguments,
(b M,,)/S, with the quotient topology, is the colimit of the diagram. O

Remark 2.3.13. We get from this construction that, given a countable collection
of short strict exact sequences

0—-L,—>M,— N, —0

in IP(A), their direct sum

Oﬁ@Ln—)@Mn—)@Nn—)O

is strict exact by Proposition[2:3.10] because the sequence of underlying modules
is exact. So direct sums preserve kernels and cokernels, and in particular direct
sums preserve strict maps, because given a countable collection of strict maps

{fn} in IP(A),

coim(@ fn) = coker(ker(@ fn)) = @coker(ker(fn))
= @ ker(coker(f,,)) = ker(coker(EP) f»)) = im(EP fn)-
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Lemma 2.3.14. (i) Given M,N € IP(A), pick cofinal sequences {M;},{N;}
respectively. Then

%

HOm[p(A)(M, N) = limlig!}HomIp(A)(Mi, ]Vj)7
i g
in the category of U(R)-modules.

(ii) Given X € IPSpace with a cofinal sequence {X;} and N € IP(A) with
cofinal sequence {N;}, write C(X,N) for the U(R)-module of continuous
maps X — N. Then C(X,N) = lim, ligj C(Xi, N;).

Proof. (i) Since M = ligIP(A) M;, we have
Homjpa)(M,N) = @Homlp(A)(Mi,N).

Since the N; are cofinal for N, every continuous map M; — N factors
through some Nj, so

Hom;p(a)(M;, N) = limp Homy p(a) (M;, N;).
(ii) Similarly.
O

Given X € I PSpace as before, define a module A[X] € IP(A) in the follow-
ing way: let A[X;] be the free profinite A-module on X;. The maps X; — X;41
induce maps A[X;] — A[X;41] of profinite A-modules, and hence we get an ind-
profinite A-module with cofinal sequence {A[X;]}. Write A[X] for this module,
which we will call the free ind-profinite A-module on X.

Proposition 2.3.15. Suppose X € IPSpace and N € IP(A). Then we have
Hom;pp)(A[X], N) = C(X,N), naturally in X and N.

Proof. Recall, by Proposition that Hom;pa) (A[X], N) = C(X, N) when
X and N are profinite. Then by Lemma

Homyp4) (A[X], N) = lim lim Homy p ) (A[X:], N;)
(]
= lim iy C/(X;, ;)
iog
— C(X,N).

The isomorphism is natural because Hom;pa)(A[—], —) and C(—, —) are both
bifunctors. O

We call P € IP(A) projective if
0 — Homypa)(P, L) = Hom;p(a) (P, M) — Hom;ppy(P,N) — 0
is an exact sequence of U(R)-modules whenever
0—+L—-M-—N—=0
is strict exact. We say IP(A) has enough projectives if for every M € IP(A)

there is a projective P and a strict epimorphism P — M.

40



Corollary 2.3.16. IP(A) has enough projectives.

Proof. By Proposition [2.3.15| and Proposition [2.3.10} A[X] is projective for all
X € IPSpace. So given M € IP(A), A[M] has the required property: the

identity M — M induces a canonical ‘evaluation map’ € : A[M] — M, which
is strict epic because it is a surjection. O

Lemma 2.3.17. Projective modules in IP(A) are summands of free ones.

Proof. Given a projective P € IP(A), pick a free module F' and a strict epimor-

phism f : ' — P. By definition, the map Hom;p)(P, F) EARN Homjpay (P, P)
induced by f is a surjection, so there is some morphism g : P — F such that
f*(g9) = gf =idp. Then we get that the map ker(f) ® P — F is a continuous
bijection, and hence an isomorphism by Proposition [2.3.10] O

Remarks 2.3.18. (i) We can also define the class of strictly free modules to
be free ind-profinite modules on an ind-profinite space X which has the
form of a disjoint union of profinite spaces X;. By the universal properties
of coproducts and free modules we immediately get A[X] = @ A[X,].
Moreover, for every ind-profinite space Y there is some X of this form
with a surjection X — Y given a cofinal sequence {Y;} in Y, let X; =Y;
and X = | | X;, and the identity maps X; — Y; induce the required map
X — Y. Then the same argument as before shows that projective modules
in IP(A) are summands of strictly free ones.

(ii) Note that a profinite module in I P(A) is projective in IP(A) if and only if
it is projective in the category of profinite A-modules. Indeed, Proposition
shows that free profinite modules are projective in IP(A), and the
rest follows.

2.3.2 Pro-Discrete Modules

Write PD(A) for the category of left pro-discrete A-modules: the objects M in
this category are countable inverse limits, as topological A-modules, of discrete
A-modules M?, i € N; the morphisms are continuous A-module homomorphisms.
So discrete torsion A-modules are pro-discrete, and so are second-countable
profinite A-modules by [23] Proposition 2.6.1, Lemma 5.1.1], and in particular
A, with left-multiplication, is a pro-discrete A-module if A is second-countable.
Moreover Q,, is a pro-discrete Z-module via the sequence

i>Qp/Zp i>@p/ZP-

We will identify the category of right pro-discrete A-modules with PD(A°P) in
the usual way.

Lemma 2.3.19. Pro-discrete A-modules are first-countable.

Proof. We can construct M = l&nM ¢ as a closed subspace of [] M*. Each M*
is first-countable because it is discrete, and first-countability is closed under
countable products and subspaces. O
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Remarks 2.3.20. (i) This shows that A itself can be regarded as a pro-discrete
A-module if and only if it is first-countable, if and only if it is second-
countable by [23] Proposition 2.6.1]. Rings of interest are often second-
countable; this class includes, for example, Z,, Z, Qp, and the completed
group ring R[G] when R and G are second-countable.

(ii) Since first-countable spaces are always compactly generated by [29] Propo-
sition 1.6], pro-discrete A-modules are compactly generated as topological
spaces. In fact more is true. Given a pro-discrete A-module M which is
the inverse limit of a countable sequence { M*} of finite quotients, suppose
X is a compact subspace of M and write X for the image of X in M*. By
compactness, each X is finite. Let N? be the submodule of M generated
by X?: because X’ is finite, A is compact and M? is discrete torsion, N°
is finite. Hence N = lim N' is a profinite A-submodule of M containing
X. So pro-discrete modules M are compactly generated by their profinite
submodules N, in the sense that a subspace U of M is closed if and only
if U NN is closed in N for all N.

Lemma 2.3.21. Pro-discrete A-modules are metrisable and complete.

Proof. |3, IX, Section 3.1, Proposition 1] and the corollary to [3| IT, Section 3.5,
Proposition 10]. O

Note that pro-discrete A-modules need not be second-countable in general,
because for example PD(Z) contains uncountable discrete abelian groups. How-
ever, we have the following result.

Lemma 2.3.22. Suppose a A-module M has a topology which makes it pro-
discrete and ind-profinite (as a A-module). Then M is second-countable and
locally compact.

Proof. As an ind-profinite A-module, take a cofinal sequence of profinite sub-
modules M;. For any discrete quotient N of M, the image of each M; in N is
compact and hence finite, and IV is the union of these images, so N is count-
able. Then if M is the inverse limit of a countable sequence of discrete quotients
M7, each M7 is countable and M can be identified with a closed subspace of
[1 M7, so M is second-countable because second-countability is closed under
countable products and subspaces. By Proposition M is a Baire space,
and hence by the Baire category theorem one of the M; must be open. The
result follows. O

Proposition 2.3.23. Suppose M is a pro-discrete A-module which is the in-
verse limit of a sequence of discrete quotient modules {M*}. Let U* = ker(M —

(i) The sequence {M'} is cofinal in the poset of all discrete quotient modules
of M.

(i) Closed submodules N of M are pro-discrete, with cofinal sequence N/(N N
U?).

(i1i) Quotients of M by closed submodules N are pro-discrete, with cofinal se-
quence M/(U* + N).
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Proof. (i) The U® form a basis of open neighbourhoods of 0 in M, by [23]
Exercise 1.1.15]. Therefore, for any discrete quotient D of M, the kernel
of the quotient map f : M — D contains some U’, so f factors through
Ut.

(ii) M is complete, and hence N is complete by [3, II, Section 3.4, Propo-
sition 8]. It is easy to check that {N N U*} is a fundamental system of
neighbourhoods of the identity, so N = @N/(N NU?) by [3 II1, Section
7.3, Proposition 2]. Also, since M is metrisable, by [3, IX, Section 3.1,
Proposition 4] M/N is complete too. After checking that (U + N)/N is
a fundamental system of neighbourhoods of the identity in M/N, we get
M/N = @M/(Ul + N) by applying [3, III, Section 7.3, Proposition 2]
again.

O

As a result of (i), we call {M*} a cofinal sequence for M.

As in IP(A), it is clear from Proposition that PD(A) is an addi-
tive category with kernels and cokernels. Given M, N € PD(A), we write
Hompp(ay(M,N) for the U(R)-module of morphisms M — N: this makes
Hompp(ay(—,—) into a functor

PD(A) x PD(A) — Mod(U(R))

in the usual way. Note that the ind-profinite Z-modules in Remarkare also
pro-discrete Z-modules, so the remark also shows that PD(A) is not abelian in
general.

As before, we say a morphism f: M — N in PD(A) is strict if coim(f) =
im(f). Since im(f) is a closed submodule of N, f(M) = {f(m) : m € M} must
be closed for strict f. In particular strict epimorphisms are surjections. We say
that a chain complex

RN NS VN Y

is strict exact at M if coim(f) = ker(g). We say a chain complex is strict exact
if it is strict exact at each M.

Remark 2.3.24. In general, it is not clear whether a map f: M — N in PD(A)
with f(M) closed in N must be strict, as is the case for ind-profinite modules.
However, if in addition M (and hence coim(f)) is second-countable, [I6, Chap-
ter 6, Problem R] shows that the continuous bijection coim(f) — im(f) is an
isomorphism.

As for ind-profinite modules, we can factorise morphisms in a canonical way.

Corollary 2.3.25 (Canonical decomposition of morphisms). Every morphism
f i+ M —= N in IP(A) can be uniquely written as the composition of a strict
epimorphism, a bimorphism and a strict monomorphism. Moreover the bimor-
phism is an isomorphism if and only if the morphism is strict.

Remark 2.3.26. Suppose we have a short strict exact sequence

0sLL ML NS0

in PD(A). Pick a cofinal sequence {M'} for M. Then, as in Proposition

eERE )

L = coim(f) = im(f) = y_im(im(f) — M"),
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and similarly for IV, so we can write the sequence as a surjective inverse limit
of short (strict) exact sequences of discrete A-modules.
Conversely, suppose we have a surjective sequence of short (strict) exact
sequences
0—L' - M — N —0

of discrete A-modules. Taking limits we get a sequence
0LL ML NS0 (+)
of pro-discrete A-modules. It is easy to check that
im(f) = ker(g) = L = coim(f)

and
coim(g) = coker(f) = N = im(g),

so f and g are strict, and hence (x) is a short strict exact sequence.

Lemma 2.3.27. Given M, N € PD(A), pick cofinal sequences {M*}, {N7}
respectively. Then

Hompp(a) (M, N) = limlim Homppa) (M, N7),
7 7

in the category of U(R)-modules.

Proof. Since N = @PD(A) N7, we have by definition that

Hompp(p) (M, N) = lim Homp p(a) (M, N7).

Since the M? are cofinal for M, every continuous map M — N7 factors through
some M’, so

Hompp(a) (M, N7) = lim Homppp) (M, N7).

We call I € PD(A) injective if
0 — Hompp(a)(N,I) = Homppa)(M,I) = Homppay(L,I) =0
is an exact sequence of R-modules whenever
0—+L—-M-—=N=—=0

is strict exact.

Lemma 2.3.28. Suppose that I is a discrete A-module which is injective in the
category of discrete A-modules. Then I is injective in PD(A).

Proof. We know Homppa)(—, I ) is exact on discrete A-modules. Remark|2.3.26
shows that we can write short strict exact sequences of pro-discrete A-modules as
surjective inverse limits of short exact sequences of discrete modules in PD(A),
and then, by injectivity, applying Homppa)(—, I) gives a direct system of short
exact sequences of U(R)-modules; the exactness of such direct limits is well
known. O
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In particular we get that Q/Z, with the discrete topology, is injective in
PD(Z) it is injective among discrete Z-modules (i.e. torsion abelian groups
by Corollary by Baer’s lemma [32] 2.3.1], because it is divisible.

Given M € IP(A), with a cofinal sequence {M;}, and N € PD(A), with
a cofinal sequence { N7}, consider the category T(A) of topological A-modules
and continuous A-module homomorphisms. We can consider IP(A) and PD(A)
as full subcategories of T(A), and observe that M = @T(A) M; and N =

]'ng(A) NJ. We write Hom (M, N) for the U(R)-module of morphisms M — N

in T(A). By the universal properties of limits and colimits:
Lemma 2.3.29. As U(R)-modules, Homp (M, N) = l'glinomA(Mi,Nj).

Then we may make Hom (M, N) into a topological R-module by identifying
it with @1” Hom (M;, N;) with the limit topology: this makes Homy (M, N)
into a pro-discrete R-module which we write as Homp (M, N). Because M;
and N7 are cofinal sequences, this topology coincides with the compact-open
topology, so this notation does not cause any ambiguity. The topology thus
constructed is well-defined because the M; are cofinal for M and the N; cofinal
for N. Moreover, given a morphism M — M’ in TP(A), this construction makes
the induced map Homp (M’, N) — Homy (M, N) continuous, and similarly in
the second variable, so that Hom (—, —) becomes a functor IP(A)°? x PD(A) —
PD(R). Of course the case when M and N are right A-modules behaves in the
same way; we may express this by treating M, N as left A°’-modules and writing
Homppory (M, N) in this case.

More generally, given a chain complex

d d d_
eSS My —S

in IP(A) and a cochain complex
a0 A g Al

in PD(A), both bounded below, consider the double cochain complex with
(p, ¢)th term {Homy (M,, N7)}, with the obvious horizontal maps, and with the
vertical maps defined in the obvious way except that they are multiplied by
—1 whenever p is odd: this makes Tot(Homa (M), N9)) into a cochain complex
which we denote by Homy (M, N). Each term in the total complex is the sum
of finitely many pro-discrete R-modules, because M and N are bounded below,
so Homy (M, N) is in PD(R).

Suppose O, ® are profinite R-algebras. Then let PD(© — ®) be the category
of pro-discrete © — ®-bimodules and continuous ©® — ®-homomorphisms. If M
is an ind-profinite A — ©-bimodule and N is a pro-discrete A — ®-bimodule, one
can make Homy (M, N) into a pro-discrete © — ®-bimodule in the same way as
in the abstract case. We leave the details to the reader.

2.3.3 Pontryagin Duality

Lemma 2.3.30. Suppose that I is a discrete A-module which is injective in
PD(A). Then Homp(—,I) sends short strict exact sequences of ind-profinite
A-modules to short strict exact sequences of pro-discrete R-modules.
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Proof. Proposition shows that we can write short strict exact sequences
of ind-profinite A-modules as injective direct limits of short exact sequences of
profinite modules in IP(A), and then Proposition shows that applying
Hom, (—, I) gives a surjective inverse system of short exact sequences of discrete
R-modules; the inverse limit of these is strict exact by Remark [2.3.26] O

In particular this applies when I = Q/Z, with the discrete topology, as a
Z-module.

Consider Q/Z with the discrete topology as an ind-profinite abelian group.
Given M € IP(A), with a cofinal sequence {M;}, we can think of M as an
ind-profinite abelian group by forgetting the A-action; then {M;} becomes a
cofinal sequence of profinite abelian groups for M. Now apply Hom,(—,Q/Z)
to get a pro-discrete abelian group. We can endow each Homy (M;, Q/Z) with
the structure of a right A-module, such that the A-action is continuous, by
Corollary Taking inverse limits, we can therefore make Hom, (M, Q/Z)
into a pro-discrete right A-module, which we denote by M*. As before, * gives a
contravariant functor IP(A) — PD(A°P). Lemma now has the following
immediate consequence.

Corollary 2.3.31. The functor * : IP(A) — PD(A°P) maps short strict exact
sequences to short strict exact sequences.

Suppose instead that M € PD(A), with a cofinal sequence { M?}. As before,
we can think of M as a pro-discrete abelian group by forgetting the A-action,
and then {M'} is a cofinal sequence of discrete abelian groups. Recall that, as

U(Z)-modules,

Homp g (M, Q/Z) = @HomPD(Z)(Mi,@/Z).

K2

We can endow each Homp, 5, (M*,Q/Z) with the structure of a profinite right
A-module, by Corollary Taking direct limits, we can therefore make
Hompp, 3, (M,Q/Z) into an ind-profinite right A-module, which we denote by
M., and in the same way as before . gives a functor PD(A) — I P(A°P).

Note that , also maps short strict exact sequences to short strict exact
sequences, by Lemma and Proposition Note too that both * and
« send profinite modules to discrete modules and vice versa; on such modules
they give the same result as the usual Pontryagin duality functor of Section

ZZ1

Theorem 2.3.32 (Pontryagin duality). The composite functors IP(A) it

PD(A°P) — IP(A) and PD(A) — IP(A°P) = PD(A) are naturally iso-
morphic to the identity, so that IP(A) and PD(A) are dually equivalent.

* *

Proof. We give a proof for * o ,; the proof for , o * is similar. Given M €
IP(A) with a cofinal sequence M;, by construction (M*), has cofinal sequence
(M}).. By [23 p.165], the functors * and . give a dual equivalence between the
categories of profinite and discrete A-modules, so we have natural isomorphisms
M; — (M}), for each i, and the result follows. O

From now on, by abuse of notation, we will follow convention by writing *
for both the functors * and ..
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Corollary 2.3.33. Pontryagin duality preserves the canonical decomposition of
morphisms. More precisely, given a morphism f: M — N in IP(A), im(f)* =
coim(f*) and im(f*) = coim(f)*. In particular, f* is strict if and only if f is.
Similarly for morphisms in PD(A).

Proof. This follows from Pontryagin duality and the duality between the defi-
nitions of im and coim. For the final observation, note that, by Corollary 2.3.11]

and Corollary [2.3.25
f* is strict < im(f*) = coim(f™)

< im(f) = coim(f)

& f is strict.

Corollary 2.3.34. (i) PD(A) has countable limits.

(i) Direct products in PD(A) preserve kernels and cokernels, and hence strict
maps.

(ii) PD(A) has enough injectives: for every M € PD(A) there is an injective
I and a strict monomorphism M — I. A discrete A-module I is injective
in PD(A) if and only if it is injective in the category of discrete A-modules.

(iv) Every injective in PD(A) is a summand of a strictly cofree one, i.e. one
whose Pontryagin dual is strictly free.

(v) Countable products of strict exact sequences in PD(A) are strict exact.

(vi) Suppose that P is a profinite A-module which is projective in IP(A). Then
Hom (P, —) sends strict exact sequences of pro-discrete A-modules to strict
exact sequences of pro-discrete R-modules.

Ezample 2.3.35. Tt is easy to check that Z* = Q/Z and Zy = Qp/Zyp. Then

Q;:(hﬂ(zpﬁzpﬁ*”))*:@(”'iﬂ@p/zpl“@p/zp):@p'

The topology defined on M* = Homy, (M, Q/Z) when M is an ind-profinite
A-module coincides with the compact-open topology, because the (discrete)
topology on each Homj(M;,Q/Z) is the compact-open topology and every
compact subspace of M is contained in some M; by Proposition Sim-
ilarly, for a pro-discrete A-module N, every compact subspace of N is con-
tained in some profinite submodule L by Remark[2.3.20[(ii), so the compact-open
topology on HomPD(i)(N, Q/Z) coincides with the limit topology defined on

@T(A) Homp, 5 (L, Q/Z), where the limit is taken over all profinite submod-

ules L of N and each Hompp, 5 (L, Q/Z) is given the (discrete) compact-open
topology.

Proposition 2.3.36. The compact-open topology on HomPD(Z)(N, Q/Z) coin-
cides with the topology defined on N*.
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Proof. By the preceding remarks, HomPD(Z)(N, Q/Z) with the compact-open
topology is just @proﬁnite L<N L*. So the canonical map N* — @L* is a
continuous bijection; we need to check it is open. By Lemma [2.3.7] it suffices to
check this for open submodules K of N*. Because K is open, N*/K is discrete,
so (N*/K)* is a profinite submodule of N. Therefore there is a canonical
continuous map lim L* — (N*/K)** = N*/K, whose kernel is open because
N*/K is discrete. This kernel is K, and the result follows. O

As topological groups, ind-profinite A-modules have the structure of uniform
spaces (as they are abelian, the left and right uniformities coincide).

Corollary 2.3.37. The uniformity on ind-profinite A-modules is complete,
Hausdorff and totally disconnected.

Proof. By Lemmal[2.3.7] we just need to show the uniformity is complete. Propo-
sition [2:3:36] shows that ind-profinite A-modules are the inverse limit of their
discrete quotients, and hence that the uniformity on such modules is complete,
by the corollary to [3 II, Section 3.5, Proposition 10]. O

Moreover, given ind-profinite A-modules M, N, the product M X N is the
inverse limit of discrete modules M’ x; N’, where M’ and N’ are discrete quo-
tients of M and N respectively. But M’ x;, N’ = M’ x N’, because both are
discrete, so

MXkN:]&lM/XN/:MXN,

the product in the category of topological modules.

Proposition 2.3.38. Suppose that P € IP(A) is projective. Then Homy (P, —)
sends strict exact sequences in PD(A) to strict exzact sequences in PD(R).

Proof. For P profinite this is Corollary vi). For P strictly free, P = @ P;,
we get Homy (P, —) = [[Homy (P;, —), which sends strict exact sequences to
strict exact sequences because || and Homy (P;, —) do. Now the result follows
from Remark 2.3.18 O

Lemma 2.3.39. Homs (M, N) = Hompor (N*, M*) for all M € IP(A),N €
PD(A), naturally in both variables.

Proof. The functor —* induces maps of abstract groups

Homy (M, N) L% Homy (N*, M*)
L2, Homy (N, M*)
I3, Homp (N**, M***)

such that the compositions fof; and f3f2 are isomorphisms, so fs is an iso-
morphism. In particular, this holds when M is profinite and N is discrete, in
which case the topology on Homy (M, N) is discrete; so, taking cofinal sequences
{M;} for M and {N7} for N, we get Homy(M;, N9) = Hompo»(N7*, M})
as topological modules for each i, j, and the topologies on Homy (M, N) and
Hompor (N*, M*) are given by the inverse limits of these. Naturality is clear. O

Corollary 2.3.40. Suppose that I € PD(A) is injective. Then Homp(—, )
sends strict exact sequences in IP(A) to strict exact sequences in PD(R).
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Proposition 2.3.41 (Baer’s Lemma). Suppose I € PD(A) is discrete. Then
I is injective in PD(A) if and only if, for every closed left ideal J of A, every
map J — I extends to a map A — 1.

Proof. Think of A and J as objects of PD(A). The condition is clearly necessary.
To see it is sufficient, suppose we are given a strict monomorphism f: M — N
in PD(A) and a map g : M — I. Because I is discrete, ker(g) is open in M.
Because f is strict, we can therefore pick an open submodule U of N such that
ker(g) = M NU. So the problem reduces to the discrete case: it is enough to
show that M/ker(g) — I extends to a map N/U — I. In this case, the proof
for abstract modules, [32] Baer’s Criterion 2.3.1], goes through unchanged. O

Therefore a discrete Z-module which is injective in PD(Z) is divisible. On
the other hand, the discrete Z-modules are just the torsion abelian groups with
the discrete topology. So, by the version of Baer’s Lemma for abstract modules
(32, Baer’s Criterion 2.3.1]), divisible discrete Z-modules are injective in the
category of discrete Z—modules, and hence injective in PD(Z) too by Corollary

2.3.34(iii). So duality gives:

Corollary 2.3.42. (i) A discrete Z-module is injective in PD(Z) if and only
if it is divisible.

(i) A profinite Z-module is projective in IP(Z) if and only if it is torsion-free.

Proof. Being divisible and being torsion-free are Pontryagin dual by [23, Theo-
rem 2.9.12]. O

Remark 2.3.43. On the other hand, Q) is not injective in PD(Z) (and hence not

projective in I P(Z) either), despite being divisible (respectively, torsion-free).
Indeed, consider the monomorphism

Q= [[Q/Zp, 2 (z,/px/p?, ),
N

which is strict because its dual

fr @Zp = Qp, (z0,21,...) — an/p"
N n

is surjective and hence strict by Proposition Suppose Q,, is injective, so
that f splits; the map g splitting it must send the torsion elements of [ [ Q,/Z,
to 0 because Q,, is torsion-free. But the torsion elements contain @y Q,/Z,, so
they are dense in [[yQp/Z, and hence g = 0, giving a contradiction.

Finally, we note that in fact IP(A) and PD(A) are quasi-abelian categories.
Both categories satisfy axiom (QA) because forgetting the topology preserves
pullbacks in both, and Mod(U(A)) satisfies (QA). Then both categories satisfy
axiom (QA*) by duality, and we have:

Proposition 2.3.44. IP(A) and PD(A) are quasi-abelian categories.

Moreover, a morphism f in a quasi-abelian category is called strict if the
canonical map coim(f) — im(f) is an isomorphism, which agrees with our use

of the term in TP(A) and PD(A) by Corollary [2.3.11 and Corollary [2.3.25

49



2.3.4 Tensor Products

As in the profinite case, we can define tensor products of ind-profinite modules.
Suppose L € IP(A?),M € IP(A),N € IP(R). Then T € IP(R), together
with a continuous bilinear map 6 : L x; M — T, is the tensor product of L and
M if, for every N € IP(R) and every continuous bilinear map b: L x;; M — N,
there is a unique morphism f : T — N in IP(R) such that b = f#.

If such a T exists, it is clearly unique up to isomorphism, and then we write
L&xM for the tensor product. To show the existence of L&a M, we construct it
directly: b defines a morphism b’ : F'(L X M) — N in IP(R), where F'(L x; M)
is the free ind-profinite R-module on L X M. From the bilinearity of b, we get
that the R-submodule K of F(L xj; M) generated by the elements

(lh +la,m) — (I1,m) — (Ia,m), (I,m1 +ma) — (I, m1) — (I, m2), (IX\,m) — (I, A\m)

for all I,11,lo € Lym,my1,ms € M,\ € A is mapped to 0 by /. From the
continuity of b" we get that its closure K is mapped to 0 too. Thus b’ induces
a morphism b” : F(L x, M)/K — N. Then it is not hard to check that
F(L x3, M)/K, together with b”, satisfies the universal property of the tensor
product.

Proposition 2.3.45. (i) —®a— is an additive bifunctor IP(A°?) x IP(A) —
IP(R).

(ii) There is an isomorphism A&yM = M for all M € I1P(A), natural in M,
and similarly L&A = L naturally.

(iii) L&AM = M&@por L, naturally in L and M.

(iv) Given L in IP(A°P) and M in IP(A), with cofinal sequences {L;} and
{M;}, there is an isomorphism

Proof. (i) and (ii) follow from the universal property.

(iii) Writing * for the A°P-actions, a bilinear map by : L x M — N (satisfying
ba(IX;m) = ba(l, Am)) is the same thing as a bilinear map bpor : M X L —
N (satisfying bpor (m, A * 1) = baor (m % A, 1)).

(iv) We have Lx M = @ L; x M; by Lemma By the universal property
of the tensor product, the bilinear map

limg L x My = L x M — L&\M
factors through f : ligLZ@ AM; — L&xM, and similarly the bilinear map
L xy M — lim L; x M; — lim L;a M,

factors through g : L& M — lim L;&a M;. By uniqueness, the composi-
tions fg and gf are both identity maps, so the two sides are isomorphic.

O
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More generally, given chain complexes

d d d_
P N TN O

in IP(A°P) and
d d d_,
_>M1_>MO_>

in IP(A), both bounded below, define the double chain complex {L,®sM,}
with the obvious vertical maps, and with the horizontal maps defined in the
obvious way except that they are multiplied by —1 whenever ¢ is odd: this
makes Tot(L,&xM,) into a chain complex which we denote by L&y M. Each
term in the total complex is the sum of finitely many ind-profinite R-modules,
because M and N are bounded below, so L& M is a complex in IP(R).

Suppose from now on that ©, ®, ¥ are profinite R-algebras. Then let I P(©—
®) be the category of ind-profinite © — ®-bimodules and © — ®-k-bimodule
homomorphisms. We leave the details to the reader, after noting that an ind-
profinite R-module N, with a left ©-action and a right ®-action which are
continuous on profinite submodules, is an ind-profinite © — ®-bimodule since
we can replace a cofinal sequence {N;} of profinite R-modules with a cofinal
sequence {O- N;-®} of profinite © — ®-bimodules. If L is an ind-profinite © — A-
bimodule and M is an ind-profinite A — ®-bimodule, one can make L& M into
an ind-profinite © — ®-bimodule in the same way as in the abstract case.

Theorem 2.3.46 (Adjunction isomorphism). Suppose L € IP(© — A),M €
IP(A—®),N € PD(© — V). Then there is an isomorphism

Homg (L&A M, N) = Hom (M,Home (L, N))
in PD(® — ), natural in L, M, N.
Proof. Given cofinal sequences {L;},{M;}, {N*} in L, M, N respectively, we
have natural isomorphisms
HOm@(Li®AMj7Nk) = Hom (M;, Homg (L;, Ny))

of discrete ® — ¥-bimodules for each 4, j, k by Theorem [2:2.18] Then by Lemma
2329 we have

Home (L&, M,N) = lim  Home(L;&aM;, Ny)
PD(®—W)
> lim Hom,(M;, Home (Li, Ny))
PD(®—W)
>~ Homy (M,Homg (L, N)).

O

It follows that Hom, (considered as a co-/covariant bifunctor IP(A)°P x
PD(A) — PD(R)) commutes with limits in both variables, and that ©, com-
mutes with colimits in both variables, by [32, Theorem 2.6.10].

If L € IP(©—®), Pontryagin duality gives L* the structure of a pro-discrete
® — ©-bimodule, and similarly with ind-profinite and pro-discrete switched.
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Corollary 2.3.47. There is a natural isomorphism
(L&AM)* = Homy (M, L*)
in PD(®—0) for Le IP(© —A),M € IP(A — D).
Proof. Apply the theorem with ¥ = Z and N = Q/Z. O

Properties proved about Hom, in the past two sections carry over immedi-
ately to properties of ®,, using this natural isomorphism. Details are left to
the reader.

Given a chain complex M in IP(A) and a cochain complex N in PD(A),
both bounded below, if we apply * to the double complex with (p,¢)th term
Hom, (M,,, N9), we get a double complex with (g, p)th term N9*®, M, — note
that the indices are switched. This changes the sign convention used in forming
Hom, (M, N) into the one used in forming N*&, M, so we have Homy (M, N)* =
N*®xM (because * commutes with finite direct sums).
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Chapter 3

Derived Functors for
Profinite Rings

3.1 P(A), D(A) and Mod(U(A))

We now use the framework of Section [L] to define derived functors in our
categories of interest. It will be necessary to distinguish notationally between
the different possible categories we want to derive in, so we write

Hom!"”" for Hom, : P(A)°P x D(A) — D(R),
HomE\PO’P) forHom, : P(A)g” x P(A) — P(R),

Hom&P’P) for Homp : P(A)°P x P(A) = Mod(U(R)), and
Hom\'”"") for Hom, : IP(A)? x PD(A) — PD(R).

When there is no danger of ambiguity, the subscripts may be omitted. We
may also write ®f and ®II\P for the profinite and ind-profinite tensor products,
respectively.

In this section we will consider the functors involving abelian categories; this
material is well-known, and we simply define these functors, giving references
that provide more detail. We will consider the functors involving quasi-abelian
categories in more depth in the next section.

Recall that P(A) has enough projectives and D(A) has enough injectives.
The classical approach to profinite cohomology is to define the functors

Ext 7P . P(A)P x D(A) — D(R)

by ExtXP’D)’n(M, N) = H”(HomS\P’D)(P, N)), where P is a projective resolu-

tion of M in P(A) and cohomology is taken in D(R). By Proposition [1.1.11

and Proposition [2.2.20 Ext&P’D)’n can equivalently be defined by an injective
resolution of NN, and there are long exact sequences in both variables because
H™" is a cohomological functor. Similarly, we can define the functors

Tor},, : P(A°?) x P(A) — P(R)

by Tor%ﬁn(M, N) = Hn(P®fN), where P is a projective resolution of M in
P(A) and homology is taken in P(R). By the same propositions as before,
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Tor%,n can equivalently be defined by a projective resolution of N, and there
are long exact sequences in both variables. See [23] or [33] for more details.

We say A is of type FP,, over A, n < oo, for A € P(A), if it has a projective
resolution which is finitely generated for the first n steps, and write P(A),
for the full subcategory of P(A) whose objects are of type FP,,. We also write
P(A)o =, P(A), and say that A € P(A) is of type FP.. This is equivalent
to having a projective resolution with P, finitely generated for all n, by [Il
Proposition 1.5]. When the choice of A is clear, we will just say M is of type
FP,,. Then we can define the functors

Ext{f~")" . P(A)? x P(A) — P(R)

by EX‘L&P“’P)’"(M, N) = H”(HomS\PO’P)(P, N)), where P is a projective resolu-
tion of M in P(A) with each P, finitely generated and cohomology is taken in

P(R). [31] gives more detail on this. By [3I} Theorem 2.2.4, Remark 3.7.3], the

ExtE\P"‘”P) functors have long exact sequences in both variables, although P(A)

does not have enough injectives.

We also define the functors

E (P,P),n op
Xty : P(A)°P x P(A) = Mod(U(R))

by EX‘G&P’P)’”(M, N) = H"(HomE\P’P) (P,N)), where P is a projective resolution
of M in P(A) and cohomology is taken in Mod(U(R)). Note that, by Proposition
the ExtS\RP) functors have long exact sequences in both variables because
H™ is a cohomological functor, although P(A) does not have enough injectives.
Since HomE\P’D), HomEXPO’P) and Hom&P’P) are all left exact functors to
abelian categories, we get that ExtQ(—, —) = Homy (—, —) in each case.

Finally, we can define group (co)homology. For a profinite group G, let

HP™(G, M) = Extyi i)™ (R, M), M € D(R[G]),

R[G
HE (G,M) = Torg[ELGﬂ](M, R), M e P(R[G]), and
HP™MG, M) = Bxt )" (R, M), M € P(R[G]).

See [23], Chapter 6] for more detail on the first two of these.
If R is of type FP, as a profinite R[G]-module with trivial G-action, we
say G is of type FP,. In this case, we also let

Py ,P)n Py ,P)n
H TG, M) = Bxtlyiz ™" (R, M),

for M € P(R[G]); these functors are studied in [31].

3.2 IP(A) and PD(A)

The dual equivalence between IP(A) and PD(A) extends to dual equivalences
between D~ (I P(A)) and DF(PD(A)) given by applying the functor * to cochain
complexes in these categories, by defining (A*)™ = (A~™)* for a cochain complex
A in PD(A), and similarly for the maps. We will also identify D~ (IP(A)) with
the category of chain complexes A (localised over the strict quasi-isomorphisms)
which are 0 in negative degrees by setting A, = A~". The Pontryagin duality

54



extends to one between LH(IP(A)) and RH(PD(A)). Moreover, writing RH™
and LH"™ for the nth cohomological functors D(PD(R)) — RH(PD(R)) and
D(IP(R°?)) — LH(IP(R°P)), respectively, the following is just a restatement
of Lemma

Lemma 3.2.1. LH "o*=*0o RH".
Let

RHom{PPP)(— —y: D~ (IP(A))? x D (PD(A)) — D+ (PD(R))
be the total right derived functor of
Hom'!""P)(—, —) : IP(A)*? x PD(A) — PD(R).

By Proposition this exists because IP(A) has enough projectives and
PD(A) has enough injectives, and RHomSXIP’PD)(M, N) = HomS\IP’PD)(P, 1),
where P is a projective resolution of M and I is an injective resolution of N.
Dually, let

~IP,L

—& PP D= (IP(A°P)) x D(IP(A)) — D~ (IP(R))

be the total left derived functor of
—&\ = IP(A?) x IP(A) — IP(R).

Then by Proposition again M ®,I\P’LN = P®ZI\PQ where P, () are projective
resolutions of M, N respectively.
We also define

Ext{7"P)" — RH" RHom ' """P) : D~ (IP(A))°” x DT (PD(A)) — RH(PD(R))

and
Toryp, = LH "(~&y ""=) : D~ (IP(A°?)) x D~ (IP(A)) — LH(IP(R)).

Because LH™ and RH™ are cohomological functors, we get the usual long ex-
act sequences in LH(IP(R)) and RH(PD(R)) coming from strict short exact
sequences (in the appropriate category) in either variable, natural in both vari-
ables — since these give distinguished triangles in the corresponding derived
category.

For the rest of the chapter, for clarity, we will omit the I P and PD subscripts
and superscripts on Hom, ®, Ext and Tor functors.

Lemma 3.2.2. (i) The functors RHomy(—,—) and —®II{— are Pontryagin
dual in the sense that, given M € D~ (IP(A)) and N € DT (PD(A)),

RHom, (M, N)* = N*&y M, naturally in M, N.
(ii) Exth (M, N)* = Tor>(N*, M).

Proof. (i) Take a projective resolution P of M and an injective resolution I
of N, so that by duality I* is a projective resolution of N*. Then

RHomy (M, N)* = Homy (P, I)* = I*&,P = N*&5 M,

naturally by the universal property of derived functors.
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Ext? (M, N)* = (RH" RHom (M, N))*
= LH " (Homu (M, N)") by Lemma [3.2.1
= LH "(N*&%5M) by (i)
= Tor(N*, M).

Proposition 3.2.3. Suppose M € D~ (IP(A)), N € D" (PD(A)).
(i) RHom (M, N) = RHomor (M*, N*);
(11) Exty (M, N) = Ext}o, (N*, M*);
(iti) N*&5M = M&E,, N*;
(iv) Tor®(N*, M) = Tor®™ (M, N*);
naturally in M, N.

Proof. (iii) and (iv) follow from (i) and (ii) by Pontryagin duality. To see (i),
take a projective resolution P of M and an injective resolution I of N. Then

RHomp (M, N) = Homy (P, I) = Hompoer (I*, P*) = RHompor (M™*, N¥),
by Lemma [2.3.39} Then (ii) follows by applying LH ™. O

Proposition 3.2.4. RHom,, Ext, ®/L\ and Tor can be calculated using a res-
olution of either variable. That is, given M € D~ (IP(A)) with a projective
resolution P and N € DT (PD(A)) with an injective resolution I,

RHomp (M, N) = Homy (P, N) = Homy (M, I),
Ext} (M, N) = RH"(Homy (P, N)) = H"(Hom (M, I)),
N*&XM = N*&pP = &AM and
Tord (N*, M) = LH " (N*&aP) = LH "(I*&5M).
Proof. By Proposition RHom (M, N) = Homy (M, I); everything else

follows by some combination of Proposition taking cohomology and ap-
plying Pontryagin duality. O

Ezample 3.2.5. Z, is projective in IP(Z) by Corollary [2.3.42] Now consider the
sequence

0Pz, L Pz, » Q0
N N
where f is given by
(w0, 21,T2,...) = (To,¥1 — P~ X0, T2 — P~ T1,...)

and g is given by (x¢,1,T2,...) = 2o + x1/p + x2/p* + - --. This sequence is
exact on the underlying modules, so by Proposition [2.3.10] it is strict exact, and
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hence it is a projective resolution of Q,. By applying Pontryagin duality, we
also get an injective resolution

0—Q, — HQp/Zp — HQP/ZP — 0.
N N

Recall that, by Remark [2.3.43] Q, is not projective or injective.

Lemma 3.2.6. For alln >0 and all M € IP(Z),
(i) ExtZ(Qp, M*) =0;

(ii) Extz(M,Qp) = 0;

(iii) Tor’(Qy, M) = 0;

(iv) Tor’(M,Q,) = 0.

Proof. By Lemma and Proposition it is enough to prove (iii). Since
Qp has a projective resolution of length 1, the statement is clear for n > 1. Now

Tor?(@p,M) = ker(f®;M), in the notation of the example. Writing M, for
Zpéi)ZM7 f®ZM is given by

@Mp%@Mp,(x()?wlamQa"')'_) (I‘O,Sﬁ’] _p'$0a$2_p'3317~--)7
N N

because ®Z commutes with direct sums. But this map is clearly injective, as
required. O

Remark 3.2.7. By Lemma , EX’C%((@p7 —) is an exact functor RH(PD(Z)) —

RH(PD(Z)). In particular, writing Z for the inclusion functor PD(Z) —
RH(PD(Z)), the composite Ext%((@p, —) o Z sends short strict exact sequences

in PD(Z) to short exact sequences in RH(PD(Z)) by Proposition On
the other hand, by Proposition again, the composite Z o Hom,(Q,, —)

does not send short strict exact sequences in PD(Z) to short exact sequences in

RH(PD(Z)). Therefore, by [26, Proposition 1.3.10], and in the terminology of
[26], Hom; (Q,, —) is not RR left exact: there is some short strict exact sequence

0—-L—>M-—N-=0

in PD(Z) such that the induced map Hom;(Q,, M) — Hom;(Q,, N) is not
strict. By duality, a similar result holds for tensor products with Q,.

3.3 (Co)homology for Profinite Groups

We now study the homology of profinite groups with ind-profinite coefficients,
and cohomology with pro-discrete coefficients.

We define the category of ind-profinite right G-modules, I P(G°P), to have as
its objects ind-profinite abelian groups M with a continuous map M X, G — M,
and as its morphisms continuous group homomorphisms which are compatible
with the G-action. We define the category of pro-discrete G-modules, PD(G),
to have as its objects prodiscrete Z-modules M with a continuous map G X
M — M, and as its morphisms continuous group homomorphisms which are
compatible with the G-action.
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Proposition 3.3.1. (i) IP(G°?) and IP(Z[G]°?) are equivalent.

(i) An ind-profinite right R[G]-module is the same as an ind-profinite R-
module M with a continuous map M X G — M such that (mr)g = (mg)r
forallge G;r € R,me M.

(iii) PD(G) and PD(Z[G]) are equivalent.

(iv) A pro-discrete R[G]-module is the same as a pro-discrete R-module M
with a continuous map G X M — M such that g(rm) = r(gm) for all
geG,re Rme M.

Proof. (1) Given M € IP(G°P), take a cofinal sequence {M;} for M as an
ind-profinite abelian group. Replacing each M; with M! = (M, - G) if
necessary, we have a cofinal sequence for M consisting of profinite right
G-modules. By [23| Proposition 5.3.6(c)], each M/ canonically has the
structure of a profinite right Z[G]-module, and with this structure the
cofinal sequence {M!} makes M into an object in IP(Z[G]°’). This
gives a functor IP(G°) — IP(Z[G]°?). Similarly, we get a functor
IP(Z[G]°?) — IP(G°P) by taking cofinal sequences and forgetting the
Z-structure on the profinite elements in the sequence. These functors are
clearly inverse to each other.

(i) Similarly.

(iii) The same proof as (i), after replacing [23] Proposition 5.3.6(c)] with [23
Proposition 5.3.6(¢)].

(iv) Similarly.
O

By (ii) of Proposition [3.3.1] given M € IP(R), we can think of M as an
object in IP(R[G]°P) with trivial G-action. This gives a functor, the trivial
module functor, IP(R) — IP(R[G]°"), which clearly preserves strict exact

sequences.
Given M € IP(R[G]°?), define the coinvariant module M¢ by

M/{(m-g—m, forall g€ G,m € M).

This makes Mg into an object in TP(R). In the same way as for abstract
modules, M is the maximal quotient module of M with trivial G-action, and so
—¢ becomes a functor I P(R[G]°P) — IP(R) which is left adjoint to the trivial
module functor. —¢ is defined similarly for left ind-profinite R[G]-modules.

By (iv) of Proposition given M € PD(R), we can think of M as an
object in PD(R[G]) with trivial G-action. This gives a functor which we also
call the trivial module functor, PD(R) — PD(R[G]), which clearly preserves
strict exact sequences.

Given M € PD(R[G]), define the invariant submodule MY by

{meM:g-m=m, forall ge G,m € M}.
It is a closed submodule of M, because
MY = ﬂ ker(M — M,m — g-m —m).

geG
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Therefore we can think of M as an object in PD(R). In the same way as for
abstract modules, M© is the maximal submodule of M with trivial G-action,
and so —¢ becomes a functor PD(R[G]) — PD(R) which is right adjoint to
the trivial module functor. —¢ is defined similarly for right pro-discrete R[G]-
modules.

Lemma 3.3.2. (i) For M € IP(R[G]°"), Mg = M®g[cR.
(ii) For M € PD(R[G]), M“ = Hompcy(R, M).

Proof. (i) Let {M;} be a cofinal sequence for M. By [23, Lemma 6.3.3],
(My)g = Mi®R[[G]]R7 naturally in M;. As a left adjoint, —g commutes
with direct limits, so

Mg = h_n>1(Mz)G = U_H>1(M¢®R[[G]}R) = M®ge1R

by Proposition
(i) Similarly, by [23| Lemma 6.2.1], because —¢ and Hom zj¢q (R, —) commute

with inverse limits.

O
Corollary 3.3.3. Given M € IP(R[G]°?), (Mg)* = (M*)“.
Proof. Lemma and Corollary O

We now define the nth homology functor of G over R, with ind-profinite
coefficients, by

H{p,,(G, =) = Tor /I (= R) : D~ (IP(R[G]™)) — LH(IP(R))
and the nth cohomology functor of G over R, with pro-discrete coefficients, by
HG PG, ) = Extlyey (R, ) : DT (PD(R[G])) — RH(PD(R)).

By Lemma[3.2.2 we have H (G, M)* = HA(G, M*) for M € D~ (IP(R[G]°?)),
naturally in M. When it is clear, we may omit the I P and PD subscripts and
superscripts of H and HE.

Of course, one can calculate all these groups using the projective resolution
of R arising from the usual bar resolution, [23] Section 6.2], and this shows
that the homology and cohomology groups are the same if we forget the R-
module structure and think of M as an object of D~ (IP(Z[G]P)); that is, the
underlying abelian k-group of HF(G, M) and the underlying topological abelian

group of H3%(G, M*) are HZ(G, M) and HZ (G, M*), respectively. We therefore
write
H, (G, M) = HX(G, M) and
H™(G,M")=HZ(G,M").
Theorem 3.3.4 (Universal Coefficient Theorem). Suppose M € PD(Z[G])

has trivial G-action. Then there are mon-canonically split short strict exvact
sequences

0 — Ext} (H,—1(G,Z),M) — H"(G, M) — Ext(H,(G,Z), M) = 0,

0 — TorZ(M*, H, (G, 7)) — Hp (G, M*) — Tor2(M*, H,_1(G, 7)) — 0.
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Proof. We prove the first sequence; the second follows by Pontryagin duality.
Take a projective resolution P of Z in IP(Z[G]) with each P, profinite, so
that H"(G, M) = RH”(Homz[[GH(P, M)). Because M has trivial G-action,
M= HomZ(Z, M), where we think of Z as an ind-profinite Z — Z[G]-bimodule
with trivial G-action. So

Homy (P,M) = Homy (P, HomZ(Z, M)
= HomZ(Z@)Z[[GH P, M)
= Hom, (Pg, M).

Note that Pg is a complex of profinite modules, so all the maps involved are
automatically strict. Since —¢ is left adjoint to an exact functor (the trivial
module functor), we get in the same way as for abelian categories that —¢ pre-

serves projectives, so each (P,)¢g is projective in IP(Z) and hence torsion free
by Corollary [2.3.42] Now the profinite subgroups of each (P,)¢ consisting of

cycles and boundaries are torsion-free and hence projective in I P(Z) by Corol-
lary so Pg splits. Then the result follows by the same proof as in the
abstract case, [32, Section 3.6). O

Corollary 3.3.5. For alln,
(i) Ho(G,Z,) = Tory(Z,, Hy(G,2)) = Z,&, Ha(G, 7).

(ii) Ha(G,Q,) = Tork(Qy, H(G, 2)).
(iii) H"(G,Qp) = Ext)(Hn(G,Z),Qp).

Proof. (i) holds because Z,, is projective; (ii) and (iii) follow from Lemma
O

Suppose now that H is a (profinite) subgroup of G. We can think of R[G]
as an ind-profinite R[H] — R[G]-bimodule: the left H-action is given by left
multiplication by H on G, and the right G-action is given by right multiplication
by G on G. We will denote this bimodule by R[™~G¥ .

If M € IP(R[G]), we can restrict the G-action to an H-action. Moreover,
maps of G-modules which are compatible with the G-action are compatible with
the H-action. So restriction gives a functor

Res$ : IP(R[G]) — IP(R[H]).

Resfl can equivalently be defined by the functor R[# ~G¥ ¢ R[c]—- Similarly,
we can define a restriction functor

Res% : PD(R[G]*?) — PD(R[H])

by Hom iy (RG], ).

On the other hand, given M € IP(R[H]P), M® gy R[" ~G¥ ] becomes
an object in TP(R[G]°P). In this way, —® g R[ *G< “] becomes a functor,
induction,

Ind : IP(R[H]?) — IP(R][G]°P).
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Also, Hom g (R[™~G¥ %], —) becomes a functor, coinduction, which we de-
note by
Coind$ : PD(R[H]) — PD(R[G]).

Since R[T™GC] is projective in IP(R[H]) and IP(R][G])°?, Res%, Ind$
and Coindy all preserve strict exact sequences. Moreover, Resg and IndF
commute with colimits of ind-profinite modules because tensor products do,
and Resg and Coindf[ commute with limits of pro-discrete modules because
Hom does in the second variable.

We can similarly define restriction on right ind-profinite or left pro-discrete
R[G]-modules, induction on left ind-profinite R[G]-modules and coinduction
on right pro-discrete R[G]-modules, using R[¢>G¥ H]. Details are left to the
reader.

Suppose an abelian group M has a left H-action together with a topology
that makes it into both an ind-profinite H-module and a pro-discrete H-module.
For example, this is the case if M is second-countable profinite or countable
discrete. Then both Ind% and Coind$ are defined. When H is open in G,
we get Indg - = Coindf[ — in the same way as the abstract case, [32, Lemma
6.3.4].

Lemma 3.3.6. For M e IP(R[H]°), (Ind§ M)* = Coind%(M*). For N e
IP(R[G]°P), (Res$ N)* = Res(N*).

Proof.

(Indf M)* = (M&gpay R[" G CT)
= Hom g (R["™>G¥ €], M*) = Coind§ (M*).

(Res N)* = (N& ey R[O>GH])*
= Hom g (R[“G< ], N*) = Resf (N*).

O

Lemma 3.3.7. (i) Ind$ is left adjoint to Res$,. That is, for M € IP(R[H]),
N e IP(R[QG]),

Hom, p(gyap (Indf M, N) = Homy p(gpap) (M, Resf; N),
naturally in M and N.

(ii) Coind$ is right adjoint to ResS. That is, for M € PD(R[G]), N €
PD(R[H]),

HomPD(R[[G]])(Ma Coindg N) = HomPD(R[[H]]) (Resg ]\47 N),

naturally in M and N.
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Proof. (i) and (ii) are equivalent by Pontryagin duality and Lemma We
show (i). Pick cofinal sequences {M;},{N;} for M, N. Then

Homy p(riey) (Indf M, N) = Hom, p(riop) (lim(Indf; M;), lim N;)

= lim lim Homy p(rpey) (Indg M;, N;)
i g

= @MHomIP(RHH]])(M“ Resg Nj)
g

= Hom[p(R[[Hﬂ)(ligMi,li_rglResg Nj)

= Hom; p(gyap) (M, Resf N)

by Lemma [2.3.14] and the Pontryagin dual of |23, Lemma 6.10.2], and all the

isomorphisms in this sequence are natural. O

Corollary 3.3.8. Indfl preserves projectives. Dually, Coindg preserves injec-
tives.

Proof. The adjunction of Lemma shows that, for P € IP(R[H]) projec-
tive,
HOHl]p(R[[GH)(IHdg P, 7) = HOIHIP(R[[H]])(P, Resg 7)

sends strict epimorphisms to surjections, as required.
The second statement follows from the first by applying the result for Indg
to IP(R[H]°P), and then using Pontryagin duality. O

Lemma 3.3.9. For M € IP(R[H]?), N € IP(R[G]), Ind§; M&gigyN =
M®& g Res® N and Hompgpgy (N, Coindf (M*)) = Hompgpm)(Res§; N, M*),
naturally in M, N.

Proof.
Ind§; M&pie)N = M&pm R[" >G< )& pie)N = M& gy Resf N.

The second equation follows by applying Pontryagin duality and Lemma [3.3.6
O

Theorem 3.3.10 (Shapiro’s Lemma). For M € IP(R[H]°?), N € IP(R[G]),
we have for all n:

(i) TorfIE(mad% M, N) = TorPIH) (M, Res§ N);
(ii) TorPIC1”" (N, Ind$ M) = TorPHHI™ (Res$ N, M);
(iii) Extfyaper (Ind§ M, N*) = Extfy o (M, Res§y N*);
(iv) Exthyey(N, Coindf M*) = Extlhy(Resy N, M*);
naturally in M, N .
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a projective resolution P of M. By Corollary [3.3.8 Inng is a projective
resolution of Ind% M. Then

Proof. We show (i); (ii)-(iv) follow by Lemma and Proposition Take

TorfI(Ind§ M, N) = LH~"(Ind$; P&gieN)
= LH "(P&pgquq Resf; N) by Lemma [3.3.9
= TorIHl (M, ResG N),

and all these isomorphisms are natural. O]

Corollary 3.3.11. For M € IP(R[H]?),

HE (G, Ind% M) = HE(H, M) and

n

H2(G, Coind$ M*) = HE(H, M*)
for all n, naturally in M.

Proof. Apply Shapiro’s Lemma with N = R with trivial G-action — the restric-
tion of this action to H is also trivial. O

If K is a profinite normal subgroup of G, then for M € IP(R[G]°), Mk
becomes an ind-profinite right R[G/K]-module, and for M € PD(R[G]), M*¥
becomes a pro-discrete R[G/K]-module, as in the abstract case. So we may
think of — as a functor IP(R[G]°?) — IP(R[G/K]°") and write HE(K, —)
for its derived functors D~ (I P(R[G]°?)) — D~ (IP(R[G/K]°?)), and similarly
for — K.

Theorem 3.3.12 (Lyndon-Hochschild-Serre Spectral Sequence). Suppose K is
a profinite normal subgroup of G. Then there are bounded spectral sequences

E} = HIY(G/K, H(K,M)) = H (G, M)
for all M € D~(IP(R[G]°)) and

E5* = Hp(G/K, Hy(K, M)) = Hi (G, M)
for all M € D+(PD(R[G])), both naturally in M.

Proof. We prove the first statement; then Pontryagin duality gives the second
by Lemma@ By the universal properties of — g, —¢/x and —¢, it is easy to
see that (—x)q/k = —g. Moreover, as for abstract modules, — g is left adjoint
to the forgetful functor IP(R[G/K]°?) — IP(R[G]°?), which sends strict exact
sequences to strict exact sequences, and hence — g preserves projectives. So the
result is just an application of the Grothendieck Spectral Sequence, Theorem
[L1.10 O

3.4 Comparison of the Cohomology Theories

We now compare our various definitions of Ext functors. The case of the Tor
functors can be treated similarly.
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Recall from Section [[.1] that the inclusion
7 . PD(A) — RH(PD(A))

has a right adjoint C°?. We can give an explicit description of these functors by
duality: for M € PD(A), Z°?(M) = (0 — M — 0). Each object in RH(PD(A))

is isomorphic to a complex
M = (0— M° L Mt —0)

in PD(A), where MY is in degree 0 and f is epic, and C°P(M’) = ker(f). Also
the functors
RH" : D(PD(A)) = RH(PD(A))

are given by

dn+1

dnt VNG VI SN ) =(0— coker(dnfl) — im(d") — 0),

RH"(---

with coker(d"~1) in degree 0.

For M € P(A),N € D(A), we have Hom§"™ (M, N) = Hom{! """ (M, N).
Let P be a projective resolution of M in P(A) and I an injective resolution of N
in D(A): recall that projectives in P(A) are projective in IP(A) and injectives
in D(A) are injective in PD(A) by Lemma [2.3.28
Proposition 3.4.1. Suppose M € P(A),N € D(A). Then

7o Ext 7" (M, N) = Ext{ PP (0, N)
in RH(PD(R)), naturally in M and N.
Proof. We have
Ext(PFP)" (M, N) = RH™ (Hom{ PFP) (P, N)).

Because each P, is profinite, HomgP’PD) (P,N) = HomE\P’D) (P, N) is a cochain
complex of discrete R-modules; write d” for the map

Homg\IP’PD) (Pn,N) — Homﬁ\IP’PD) (Pnt1,N).

In the abelian category D(R), applying the Snake Lemma to the diagram

im(d"~') — Hom'""”)(P,, N) — coker(d"~!) —= 0
0 — ker(d") — Hom'""”)(P,, N) —— coim(d")
shows that

H"(Hom'""?) (P, N)) = coker(im(d" ") — ker(d"))
= ker(coker(d" 1) — coim(d™)).
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Next, using once again that D(R) is abelian, we have
RH"(Hom{ ") (P,N)) = (0 — coker(d"~') — im(d") — 0)
= (0 — coker(d"™') — coim(d"™) — 0),

so it is enough to show that the map of complexes

0 — ker(coker(d" 1) — coim(d™)) 0 0
0 ——— coker(d" ') ————— coim(d") ——=0
is a strict quasi-isomorphism, or equivalently that its cone
0 — ker(coker(d" ') — coim(d™)) — coker(d™ ') — coim(d"™) — 0
is strict exact, which is clear. O

If on the other hand we are given M, N € P(A) with M of type FP,, assume

that N is second-countable, so that ExtE\IP’PD)’n(M, N) is defined. Because
P(R) is an abelian category, the same proof as Proposition shows:

Proposition 3.4.2. Suppose M € P(As), N € P(A). Then
T Ext{ =" (M, N) = Ext{ 77" (M, N)
in RH(PD(R)), naturally in M and N.

In general, for M, N € P(A), with N second-countable and P a projective
resolution of M, the cochain complex HomE\IP’PD)(P, N) need not be strict. In

the notation of Proposition [3.4.1

ExtE\HD’PD)’n(M7 N) = (0 — coker(d"™') — coim(d"™) — 0),
but if "~ is not strict then the underlying module U (coker(d" 1)) is not equal
to the cokernel of the underlying map of abstract modules coker(U(d"~1)).
Indeed, the former is

UHom!""P)(P,, N)/d»1(Hom """ (P,_1,N)))
and the latter is
UHom''""P)(P,, N))/U(d" ' (Hom{ ") (P,_,N))).
Now
U oC% o Ext{ PPV (M, N) = U(ker(coker(d" ') — coim(d™))),
and by the Snake Lemma argument of Proposition |3.4.1]

Ext "™ (M, N) = ker(coker (U (d" 1)) — coim (U (d™))),
A
(P,P)n

so in general we cannot expect to recover the Ext (=, —) functors from the
ExtE\IP’PD)’n(—, —) functors by applying the adjoint functor C°P and forgetting

the topology.
However, we can clearly obtain all these functors from the total derived
functor RHomE\IP’PD)(—, —), that is, from the cochain complex Homy (P, N) in

this case.
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Chapter 4

Bieri-Eckmann Criteria for
Profinite Groups

4.1 Abstract and Profinite Modules

In this chapter we will get information about profinite modules and groups by
comparing the effects of profinite and abstract Hom and tensor product functors

on them. Since all the topological modules in this chapter will be profinite,

(P,P)
A

nothing is lost if we write Homp for Hom , and similarly for Ext, etc., and

we will do this where the meaning is clear.
Write @) for the standard tensor product of abstract modules

Mod(U(A%)) x Mod(U(A)) — Mod(U(R)).

The definition of completed tensor products says that there is a unique
canonical continuous bilinear map

B x A — B&pA,

and continuous bilinear maps are clearly bilinear in the abstract sense, so by
the universal property of abstract tensor products

U(B x A) — U(B&,A)
factors canonically (and uniquely) as
U(B) x U(A) = U(B) @) U(A) = U(B@xA).

The map
U(B) Qu(a) U(A) > U(BRpA)

induces a transformation of functors
U(=)®un) = U(—&r—)
which is natural in both variables, by the universal property of @ (a)-

Lemma 4.1.1. Suppose A € P(A), B € P(AP).
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(i) If A is finitely generated and projective, the canonical map
U(B) @) U(A) = U(B&@yA)
s an isomorphism.
(i) If A is finitely generated,
U(B) @) U(A) = U(B&)A)
s an epimorphism.
(i5i) If A is finitely presented,
U(B) @ya) U(A) — U(B&)A)
s an isomorphism.
Similar results hold for B.

Proof. (i) First suppose A is finitely generated and free. Then the result
follows from [23, Proposition 5.5.3 (b),(c)] that B&yA = B and B — is
additive, so that U(B&A™) and U(B) @y (a) U(A™) are both isomorphic
to U(B™). Since projectives are summands of frees, the result follows for
A finitely generated and projective as well.

(ii) Consider the short exact sequence 0 - K — F' — A — 0 with F free and
finitely generated. We get a commutative diagram

: |

U(BXpF) U(B&pA) ———0,

and the result follows by the Five Lemma.

(iii) Consider the short exact sequence 0 - K — F — A — 0 with F' free
and finitely generated, and K finitely generated. We get a commutative
diagram

= U(B) @y U(K) =U(B) @y U(F) = U(B) ®un) U(A) =0

i I l

> U(B&)K) U(B&yF) U(Bé&pA) — 0,

and the result follows by the Five Lemma.
O

We will write the standard Hom-functor of abstract modules as
homU(A)(—, —): Mod(U(A))? x Mod(U(A)) — Mod(U(R)).
There is a canonical natural transformation

Hom{™") (=, =) = homy () (U(=), U(-))
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with each
Hom ") (4, B) = homy (U (A), U(B))

given by the inclusion of the group of continuous homomorphisms into the group
of abstract homomorphisms.

Lemma 4.1.2. Suppose A, B € P(A). If A is finitely generated, the canonical
map

Hom{"")(4, B) = homy ) (U(A), U(B))

is an tsomorphism.

Proof. See [33, Lemma 7.2.2]. O

4.2 Direct Systems of Profinite Modules

Recall from Section that we can think of direct systems in a category £ as
functors I — & for certain small categories I. In the terminology of Section [1.2]
given a category £ and a small category I, we can define the functor category &7
as the category of functors I — £ and natural transformations between them.
We can also define, for a functor F : £ — F, the exponent functor F! : &1 — FT:
given f € &1, set FI(f)(i) = F(f(i)), and similarly for morphisms. In this
chapter we will be interested in the functor category P(A)! when I is a directed
poset. It is easy to check that, given directed posets I and J, the poset I x J
defined by (i,7) > (¢/,j') & i > i’ and j > 5’ is directed too.
In particular we will need the functor

UM P(A) — Mod(U(A))!

which forgets the topology on each module in a directed system in P(A)!. Now
U is exact, so U is also exact, by Lemma We will also need the direct
limit functor limp which sends a directed system of (abstract) U(A)-modules
to their colimit in the category of U(A)-modules. It is well-known that, for a
directed poset I, lim is an exact additive functor Mod(U(A))! — Mod(U(A)).
So we can compose these two exact functors; it follows that their composition

@U’ : P(A)! — Mod(U(A)),

which forgets the topology on a direct system of modules and then takes its
direct limit, is exact.

By Proposition ii), we have a long exact sequence in each variable of
the exponent functors

Tor ™7+ P(A?)" x P(A)” — P(R)"™,

for any posets I and J. By Proposition i), we have a long exact sequence
in each variable of

Exty"™7: P(A)! x P(A)! — Mod(U(R))™.

When J consists of a single element we may write Tor™’ and Extj‘\’l; similarly
in the other variable.

We can now start proving some results. For our main result of the section, we
need this preliminary lemma, whose proof is an easy adaptation of [28, Lemma
2].
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Lemma 4.2.1. For every profinite module B € P(A°P), there is a direct system
{B%} of finitely presented modules in P(A°P) with a collection of continuous
compatible maps B* — B such that the induced map

limU(B') — U(B)
is an isomorphism.

Proof. Let F be the free profinite right A-module with basis B. By the universal
property of free modules, the identity map B — B extends to a canonical
continuous homomorphism of profinite modules F' — B. Consider the set of all
pairs (Fg, V) where S is a finite subset of B, Fj is the free profinite submodule
of F generated by S and V is a finitely generated profinite submodule of F' such
that the composite

Vs Fs—B

is the zero map. Define a partial order on this set by
(Fs,V) < (FT,W) S SCTandV CW.

This is clearly directed, so we get a direct system of finitely presented profinite
modules Fis/V with the canonical continuous module homomorphisms between
them, and canonical compatible continuous module homomorphisms Fg/V —
B. Forgetting the topology by applying U, we get a direct system of abstract
modules with a compatible collection of module homomorphisms

fs)v : U(Fs/V) — U(B),
and hence a module homomorphism

[ limU(Fs/V) — U(B).
We claim f is an isomorphism. Given b € B, b is in the image of

froy0 2 U(Fy) — U(B),

and hence it is in the image of f. So f is surjective. Given x in the kernel of
f, take a representative 2’ of x in one of the U(Fs/V), so fsv(z') =0, and a
representative z’ of 2’ in U(Fs). Now suppose V is generated by x1,...,x,.
Let V' be the profinite submodule of Fig generated by z1,...,x,,z", so that V'
is finitely generated. Note that the composite

V/;)F5—>B

is the zero map, and that (Fg, V) < (Fs,V’). Finally, note that the image of «’
in Fis/V’ is 0, and hence the image of z’ in ligU(Fs/V) is 0, s0 x = 0. So f is
injective. O

Note that this result is weaker than saying that B can be written as a direct
limit of finitely presented profinite modules; indeed, taking the direct limit in
T(A°P) of the system of profinite modules described above will not in general
give a profinite module. This will be a recurring theme throughout the chapter:
that we are required to consider certain direct systems of profinite modules
whose direct limits as topological modules have underlying abstract modules
that are isomorphic, but may not have the same topology. It is in this way that
the following theorem is the profinite analogue of [I, Theorem 1.1.3].
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Theorem 4.2.2. Suppose A € P(A). The following are equivalent:
(i) A€ P(A),.

(ii) If I is a directed poset, and B,C € P(A°P)!, with a morphism f : B — C
such that
lig U (f) : iy U'(B) — lim U'(C)
s an isomorphism, then the induced maps
ling U Tory,” (f) :lim U’ Tory:" (B, A)

— lim U' Tor;; ! (C, A)
are isomorphisms for m < n and an epimorphism for m = n.

(iii) For all products [[ A of copies of A, (ii) holds when C' has as each of its
components || A, with identity maps between them, for some B with each
component finitely presented.

(iv) If I is a directed poset, and B,C € P(A)!, with a morphism f : B — C
such that
lig U (f) : lim U'(B) — lim U'(C)
18 an tsomorphism, then the induced maps
lim Exty" (f) : lim Ext}"' (4, B)
— lim Exty"' (4, C)

are isomorphisms for m < n and a monomorphism for m = n.

(v) (iv) holds when C has 0 as each of its components, for some B with each
component finitely presented.

Proof. (i) = (ii): Take a projective resolution P, of A with P,... P, finitely
generated. Then for each i € I we get a diagram
d5

& , .
< —=U(B") @y U(P1) U(B*) @y U(Po) 0
R Yo
o |
= U(CY) @y U(P) = U(C*) @uay U(PRy) =0
L G L X
B U(BiGAR) o U(B'GrRy) 0
\ L LA L
= U(C'&rPy) = U(Ci@rPy) —0

where all the squares commute. By Lemma ab,...,al By, ..., B are
isomorphisms. Now apply hg Since ®pr(x) commutes with direct limits, we
have a commutative diagram
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iy iy 4 ,
== (lim U(B")) @ua) U(Pr) (lig U(B")) ®u () U(Fo) 0
ling 7} lim g
e | e e |
ling e} . ; ling € . ;
(lim U (C")) @u(a) U(P1) (lig U(C)) ®ua) U(Po) =0
_ J L2 I J tirg 5
ling dff i lirg d . o
hglU(B aPy) hﬂU(B &aPy) 0
1i E/lj' . lim el .
= lig U(C*@0 P,) =% liny U(C*60 Py) —— 0.

Then as before we have that @ad, .. lglan, gﬁé, .. glﬁl are isomor-
phisms. By hypothesis li lglU(Bl) = h_n)lU(C”), so that hg’yo,...,lg*yn are
isomorphisms. Hence l_n>r160, .. 13(5 are, and the result follows after taking
homology.

(if) = (iii) trivial.

(iii) = (i): Induction on n. First suppose n = 0: we want to show A € P(A)g.
Consider the case where each C? is a direct product of copies of A indexed by
X, [Ix A, for some set X such that there is an injection ¢ : A — X. Note that
we could just use the set A itself here, but in Lemma [.2.3] below we will make
use of the fact that we only need (iii) to hold for some X with an injection

: A — X to deduce (i), rather than all X, as claimed in the statement of the
theorem Now B € P(A°P), so by (i) = (i ) of Lemmam

lgUI(B@?AA) lim(U'(B) ©{;(a) U(A))
limy (U 1(B)) @uw) U(A)
=U( HA Qu(a) U(A),
X

where ®/I\ and ®{](A) are the exponent functors of ®, and ®u(a), Tespectively.
By hypothesis,

. ~ T
limg U7 (&) :lim U’ (B&LA) = HA ®ua) U(A)

—lim U (Cé, A) = HA®AA u(]4
X
is an epimorphism, so there is a

cE U(H A) Qu(a) U(A)
X

such that "

limg U7 (/& -)(c)
is the ‘diagonal’ element of U(][y A) whose ¢(a)th component is a, for each
a € A. Now c has the form

for some AY € A and ax € A, so
. I ~ T
liy U (/84— ()

71



has ¢(a)th component
Z )\Z(a)ak =a.
k=1

So a1,...,a, generate A.
For n > 0, suppose (iii) = (i) holds for n — 1. We get A finitely generated
as before, and an exact sequence

0-K—>F—>A—=0,

with F' free and finitely generated. Then, using our long exact sequence in the
second variable, we get the diagram

-+ —=lim U’ Tory!(B, F) —= lim U’ Tor) (B, A) — lim U’ Tory !, (B, K)

5 i |

- —— U Tor(J]A, F) U Tor®([TA, A) —— U Tor®_ ([]A, K)

— lim U Tor,"!, (B, F) — lim U” Tory !, (B, A) ——— - -

)

—— U Tor?_,(TTA. F) — U Tor}_, (TTA, A)

whose squares commute; it follows by the five lemma that the map

lim U Tory" (B, K) — U Torp, (] [ A, K)
is an isomorphism for m < n — 1, and an epimorphism for m = n — 1, for all
direct products of copies of A. So by hypothesis K is of type FP,_1, so A is of
type FP,,.

(i) = (iv): Take a projective resolution P, of each A with Py, ... P, finitely
generated. Then for each i € I we get a diagram

dj . dg, .
0 > Homy (P, BY) 2 Homy (P, BY)
i 76
aj ag
0 ° Homy (P, C?) “ Hom, (P, C?)
J o J e

A ; dgy )

0 — homy(a)(U(H), U(B")) homy (1) (U(P1), U(BY))
\ J 5 l
0 > homy (x) (U(P), U(C")) - homy ) (U(Py), U(C7)) —

where all the squares commute. By Lemma ab,...,al By, ..., B are
isomorphisms. Now apply lim. Since homga)y commutes with direct limits in
the second argument when the first argument is finitely generated and projective
(by [, Proposition 1.2]), we have a commutative diagram
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ting 4} tig
00— ling()mA(PD. BY) lig}ﬁ()mA(Pl,B’)
limg o lim )
iyt | : : i | . 1

0 EILIHOIHA(PO‘ (o) lir_)nHomA(Pl,C )

ot ELI iy

iy ; iy o - ;
0 == lig homy(x) (U (Po), U(B')) lim homy; () (U(F1), U(B'))

—

0 lim ey lig ef’

lighomU(A)(U(PU).U(C’)) .
By hypothesis liﬂU(Bi) = @U(Ci% SO liﬂag, e ,liﬂozil7 li_n;ﬁé, e ,liglﬁ;
and lim 43, . . . ,1'%52 are all isomorphisms. It follows that lig'yé, ey hgnvfl are,
and the result follows after taking cohomology.

(iv) = (v) trivial.

(v) = (i): Induction on n. First suppose n = 0: we want to show A € P(A)g.
Consider the case where B is the direct system {A/A’}, where A’ ranges over the
finitely generated submodules of A, with the natural projection maps between
them. We claim that liglA/A’ = 0. For this, we need to show that for all z € A,

there is some A’ such that the image of x under the projection A = A/A’ is 0.
So take A’ to be the submodule of A generated by x, and we are done. Hence

ling homy (p) (U (Py), U(C?)) — -

@ExtR(A,A/A') = ligHomA(A, AJA") = 0;
in particular, there is some A’ for which the projection
AL A/A

is 0. So A = A’ is finitely generated.
For n > 0, suppose (v) = (i) holds for n — 1. We get A finitely generated as
before, and an exact sequence

0-K—F—>A—=0,

with F' free and finitely generated. Then, using our long exact sequence in the
first variable, it follows that

lim Ext}' (K, BY) = 0
for m < n — 1, whenever li_n;Bi = 0. So by hypothesis K is of type FP,,_1, so
A is of type FP,,. O

In fact the proof shows slightly more. Given A € P(A),_1, n > 0, pick an
exact sequence
0-M-—->P,1—--—>FP—>A-0

with FPy,..., P,_1 finitely generated and projective, and let X be a set such
that there is an injection ¢ : M — X.

Lemma 4.2.3. Let I be a directed poset, let C € P(A°P)! have [y A for all
its components with identity maps between them, let B € P(A°P)] such that

limU'(B) - u([m
X

73



is an isomorphism, with B — C' given by the canonical map on each component.
Then A € P(A), if and only if

lim Ut Torﬁ;[l(B, A) — UTorfL\_l(H AL A)
X

is an isomorphism and

li_n}UI Tor®!(B, A) — UTorQ(H A A)
X

is an epimorphism.
Corollary 4.2.4. Suppose A € P(A). Then

A is of type FP1 & U(C) @y U(A) 2 U(C&pA)
for all C' € P(A°P).

Proof. =: Lemma <: Let C be any product of copies of A, []A, which
is projective, so

Torp, (J[A, A) =0

for m > 1. Hence for any direct system B of modules in P(A°?) and any map

B—C= (H Aier
such that
@UI(B) - @UI(C)

is an isomorphism,

lim U” Tor;,, (B, A) = lim U” Tory, (C, A)
must be an epimorphism. Then our hypothesis gives that

lim U” Tory (B, A) — lim U” Torg (C, A)
is an isomorphism, so A is of type FP; by (iii) = (i) of the theorem. O

Remark 4.2.5. (a) Ribes-Zalesskii claim in [23, Proposition 5.5.3] that A being
finitely generated is enough for

U(B) @y U(A) = U(B&yA)

to be an isomorphism for all B. (Their notation is slightly different.) If
this were the case, then by Corollary every finitely generated A would
be of type FP1, and hence by an inductive argument would be of type
FP. (see Lemma below). In other words A would be noetherian, in
the sense of [31]], for all profinite A. But this isn’t true: we will see in
Remark @ a) that for a group G in certain classes of profinite groups,
including prosoluble groups, if G is infinitely generated then 7 is of type
FPy but not FP; considered as a Z[G]]—module with trivial G-action, giving
a contradiction.
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(b) A similar claim to the one in (a) is made by Brumer in [5, Lemma 2.1(ii)],
where ‘profinite’ is replaced by ‘pseudocompact’. Since profinite rings and
modules are pseudocompact, the argument of (a) shows that Brumer’s claim
fails too.

Corollary 4.2.6. If 1 <n < oo, the following are equivalent for A € P(A):
(i) A€ P(A),.

(ii) If I is a directed poset, B,C € P(A°P)!, with a morphism f : B — C such
that
limy U () : limg U (B) — lim U (C)
is an isomorphism, and each component of C is a product of copies of A
with identity maps between them, then

lig U'(B&, A) — U([ Aé@r4) = U([] 4)
s an isomorphism and
lim U Tory; " (B, A) = 0
for1<m<n-—1.

(ii)) A € P(A)y and
lim U Tory; " (B, A) = 0
for1<m<n-—1.
Proof. Use (i) < (iii) from Theorem [£.2.2] Then (iii) from the theorem < (ii)

because
UTorfn(H A A) =0,

for all m > 0, and (ii) < (iii) by Corollary O

As in Lemma m suppose we have A € P(A),_1, n > 0, pick an exact
sequence
0—-M—>P, 1—--—>P—>A—0

with Py, ..., P,_1 finitely generated and projective, and let X be a set such that
there is an injection ¢ : M — X. Let I be a directed poset, let C € P(A°?)! have
[Ty A for all its components with identity maps between them, let B € P(A°P){
such that

lim U"(B) - U(] [ A)
X
is an isomorphism, with B — C given by the canonical map on each component.

Corollary 4.2.7. Assume in addition thatn > 1. Then A € P(A),, if and only
if
lim U Tory!, (B, A) = U Tory_y ([ [ A, 4)
X

is an isomorphism. Forn > 2, A € P(A), if and only if

lim Ut Torﬁ’_Il(B7 A)=0.
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Proof. U Tor(T]x A, A) =0, for all n > 0. O
Now analogues to other results in [I, Chapter 1.1] follow directly from this.
Corollary 4.2.8. Suppose A’ — A — A" is an exact sequence in P(A). Then:
(i) If A" € P(A)p—1 and A € P(A),, then A” € P(A),,.
(i) If A€ P(A)p—1 and A" € P(A),, then A" is of type FP,,_;.
(iii) If A" and A" are € P(A), then so is A.

Proof. This follows immediately from the long exact sequences in Torf’l . O
Lemma 4.2.9. Let A € P(A) be of type FP,,, n < 0o, and let

Po1— - -—>P—>P—A—0
be a partial projective resolution with Py, ..., P,_1 finitely generated. Then the

kernel ker(P,_1 — P,_2) is finitely generated, so one can extend the resolution

to
P,—-P,1—--—P—>PFP—A—=0,

with P, finitely generated as well.
Proof. See [Il Proposition 1.5]. O
Corollary 4.2.10. Suppose A € P(A). The following are equivalent:

(i) A€ P(A).

(ii) If I is a directed poset, B,C € P(A°P)!, with a morphism f : B — C such
that
lig U (f) : lim U'(B) — lim U'(C)
s an isomorphism, and each component of C is a product of copies of A
with identity maps between them, then

lig U7 (B&, A) — U(J[ A@r4) = U([] 4)
18 an isomorphism and
lim U Tory,” (B, A) = 0
for allm > 1.
(11i) A€ P(A); and
lim U Tory,” (B, A) = 0
for allm > 1.
(iv) If I is a directed poset, and B € P(A)! such that ligUI(B) =0, then
lim U' Exty" (4, B) = 0
for all m.

Proof. (i) = (ii) = (iii) follows immediately from Corollary for (iii) =
(i), Corollary shows that A € P(A),, for all n < oo, and then Lemma
allows us to construct the required projective resolution of A. (i) = (iv)

follows from Theorem which also shows that (iv) = A € P(A),, for all
n < 0o, and then Lemma tells us that this implies (i). O
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4.3 Group Homology and Cohomology over Di-
rect Systems

Let R be a commutative profinite ring and G a profinite group. Then for I a
small category, A € P(R[G]°P)!, B € P(R[G])*, we define the homology groups
of G over R with coefficients in A by

HE (G, A) = TorFIGHL (A, R),
and the cohomology groups with coefficients in B by

Hy' (G, B) = Extyio (R, B),

where R is a left R[G]-module via the trivial G-action.

If R is of type FP,, as an R[G]-module, we say G is of type FP,, over R.
Note that R is finitely generated as an R[G]-module, so all groups are of type
FPy over all R. Note also that since R[{e}] = R, R is free as an R[{e}]-module,
so the trivial group is of type FP .

Now Theorem [£:2.2] and Corollary translate to:

Proposition 4.3.1. Let I be a directed poset. The following are equivalent for
n>1:

(i) G is of type FP,, over R.

(ii) Whenever we have B,C € P(R[G]°P)!, with a morphism f : B — C such
that

lig U (f) : iy U (B) — limg U (C)
s an isomorphism, then
lig U H,'(G, B) = lim U H (G, C)
are isomorphisms for m < n and an epimorphism for m = n.

(i1i) G is of type FP1, and for all products [[ A of copies of R[G], when C has
as each of its components [ | A, with identity maps between them, for some
B with each component finitely presented,

thIHﬁ’I(G,B) =0
foralll<m<n-—1.

(iv) Whenever we have B,C € P(R[G])!, with a morphism f : B — C such
that

lig U (f) : lim U'(B) — lim U'(C)
s an isomorphism, then

lim {3 (G, B) — lim H"'(G, )

are isomorphisms for m < n and a monomorphism for m = n.
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(v) When C has 0 as each of its components, for some B with each component
finitely presented,
liy H"' (G, B) =0

form <n.

Similar results hold for n = oo, by Lemma
Corollary [£:2.7] translates to:

Lemma 4.3.2. Suppose G is of type FP,_1, n > 1, and we have an ezxact
sequence
0O—-M-—-P,1—--—FP—=+R—=0

of profinite left R|G]-modules with Py, ..., P,_1 finitely generated and projec-
tive. Let I be a directed poset, let C € P(R[G]°P)! have [[x R[G] for all its
components with identity maps between them, for a set X such that there is an
injection 1 : M — X, let B € P(R[G]°P){ such that

lim U'(B) — U(] [ RIG])
X

is an isomorphism, with B — C given by the canonical map on each component.
Then G is of type FP,, if and only if

lim U7 H (G, B) = UHE (G, ]| RIG)
X

is an tsomorphism.
Forn > 2, G is of type FP,, if and only if

lim U H, (G, B) = 0.

Lemma 4.3.3. Suppose H is an open subgroup of G. Then H is of type FP,
over R, n < oo, if and only if G is. In particular, if G is finite, it is of type
FP., over R.

Proof. H open = H is of finite index in G. It follows from [23] Proposition 5.7.1]
that R[G] is free and finitely generated as an R[H]-module, and hence that a
finitely generated projective R[G]-module is also a finitely generated projective
R[H]-module (because projective modules are summands of free ones). So an
R[G]-projective resolution of R, finitely generated up to the nth step, shows
that H is of type FP,,.

For the converse, suppose H is of type FP,,, and suppose we have a finitely
generated partial R[G]-projective resolution

P,—---—>FP—>R—0, (%)

for kK < n. Then since (x) is also a finitely generated partial R[H]-projective
resolution, ker(P, — Py_1) is finitely generated as an R[H]-module, by Lemma
[4.2.9] So it is finitely generated as an R[G]-module too. So we can extend the
R[G]-projective resolution to

Poy1r =P — = F—-R—=0,

with Pyyq finitely generated. Iterate this argument to get that G is of type
FP,. O
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We now observe that if a group G is of type FP,, over 7, it is of type FP,,
over all profinite R (see [23] Lemma 6.3.5]). Indeed, given a partial projective
resolution

Pn—>Pn_1—>-~-—>Po—>Z—>O
of Z as a Z[[G]]—module with each P finitely generated, apply —®;R: this is
exact because the resolution is Z-split. Trivially Z@ZR =~ R. Now Z[[G]] ®sR =
R[G] by considering inverse limits of finite quotients, and it follows by additivity
that each Pk®ZR is a finitely generated projective R[G]-module, as required.

For a profinite group G, we write d(G) for the minimal cardinality of a set
of generators of G. For a profinite Z[G]-module A, dZ[[G]](A) is the minimal
cardinality of a set of generators of A as a Z[[G]]—module. Similarly for ab-
stract groups — except that we count abstract generators instead of topological
generators.

We define the augmentation ideal I,[G] to be the kernel of the evaluation
map

e:Z[G] = Z,g — 1,
and Iz[G] similarly for abstract groups. In the abstract case, d(G) is finite if
and only if dyq(Iz[G]) is, and more generally groups are of type FP; over any
ring if and only if they are finitely generated, by [I, Proposition 2.1]. Similarly
pro-p groups are of type FP; over Z, if and only if they are finitely generated,
by [23, Theorem 7.8.1] and [3I, Proposition 4.2.3]. The following proposition
shows this is no longer the case for profinite groups.

Proposition 4.3.4. Let G be a profinite group. Then the following are equiv-
alent.

(i) G is finitely generated.
(i) There exists some d such that for all open normal subgroups K of G,
d(G/K) < dgjc/K)(Iz[G/K]) + d,
and G is of type FPy over 7.
Proof. We start by noting;:
(a) d(G) =supg d(G/K) by [23] Lemma 2.5.3];
(b) da1cy (I3[G]) = supy dzja k) (Iz[G/K]) by [10, Theorem 2.3].
(i) = (ii): For a finitely generated abstract group G,
d(G) > dzje(I[G))- (%)

Indeed, if G is generated by 1, ...z, then one can check that Iz[G] is gen-
erated as a Z[G]-module by 1 — 1,...,2; — 1. Write G as the inverse limit of
{G/K}, where K ranges over the open normal subgroups of G. Then applying
(*), for each K

d(G/K) = dzjc/x)(Iz[G/K]);

hence

d(G) = sup d(G/K) = sup dzjc k) Uz[G/K]) = dg1qp(1z[G]),
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and hence G is of type FP; over Z. Now set d = d(G): for each K,
d(G/K) < d < dgje/x)(Iz[G/K]) + d.
(ii) = (i): First note that by Lemma since G is of type FP1, dy5 (15[ G])
is finite. By (a) and (b),
dG) < dyyey(I[G]) + 4,
and the result follows. O

Remark 4.3.5. (a) When, for example, G is prosoluble or 2-generated, it is
known that the condition

d(G/K) < dgja/k)(Iz[G/K]) +d

for all open normal K holds with d = 0 — see [I4], Proposition 6.2, Theorem
6.9]. Since pro-p groups are pronilpotent, this holds for all pro-p groups.
By the Feit-Thompson theorem, it holds for all profinite groups of order
coprime to 2.

(b) There are profinite groups G for which the difference between d(G/K) and
dzic/k)(Iz[G/K]) is unbounded as K varies. The existence of a group of

type FPy over Z that is not finitely generated is shown in [I0, Example 2.6].

(c) Let 7 be a set of primes. In fact the proof of [10, Theorem 2.3] that
da1c)z[G1) = sup dzie 1 (I2[G/ K]),

and hence the proof of Proposition [1.3.4] go through unchanged if G is a
pro-m group and we replace 7. with Zs, or more particularly if G is pro-p
and we use Z,. Thus, applying (a), we recover in a new way the fact that
pro-p groups are finitely generated if and only if they are of type FP; over
Z

D+

Corollary 4.3.6. Suppose G is prosoluble or 2-generated profinite. Then G is
of type FP o over Z if and only if it is finitely generated and whenever B,C' €
P(Z][G]°P)!, with a morphism f : B — C such that

@Uf(f) : @U’(B) - ligUI(C)

is an isomorphism, and each component of C is a product of copies of Z[[G]}
with identity maps between them,

lim U'H" (G, B) = 0
foralln > 1.

Proof. Proposition and Proposition [£.3:4] O

We have, for H. R ’I, a Lyndon-Hochschild-Serre spectral sequence for profinite
groups.
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Theorem 4.3.7. Let G be a profinite group, K a closed normal subgroup and
suppose B € P(R[G]°P)!. Then there exists a spectral sequence (EY ) with the
property that

E7, = HY(G/K HY (K, B))

and
R,I
E},= H,7,(G,B).
Proof. [23, Theorem 7.2.4] and Proposition [1.2.5] O

Theorem 4.3.8. Let G be a profinite group and K a closed normal subgroup.
Suppose K is of type FP,, over R, m < oco. Suppose n < oo, and let s =
min{m,n}.

(i) If G is of type FP,, over R then G/K is of type FP4 over R.
(ii) If G/K is of type FP,, over R then G is of type FP4 over R.

Proof. For simplicity we prove the case m = co. The proof for m finite is similar.
Since K is of type FP,, by Proposition we have that, whenever B, C €
P(R[G]°P)!, with a morphism f : B — C such that

lig U7 (f) : lim U (B) — liy U (C)
is an isomorphism,
lig U'HY (K, B) — lim UTH (K, C)

is an isomorphism for all s; hence, when the components of C' are products of
copies of R[G] with identity maps between them,

ling UTH (K, B) = iy U H (K, [T RIGT) = U] ] #:(5, RIGD)

is an isomorphism for all s; R[G] is a free R[K]-module by [23], Corollary 5.7.2],
so this is 0 for s > 1, and for s = 0 it gives

limg U' (B& g1 B) = U([] BIG1@rp)R) = U([] RIG/K1)

by [23}, Proposition 5.8.1]. So the spectral sequence from Theorem collapses
to give an isomorphism

~ 1
HﬁJ(G/KvB@R[KﬂR) = Hﬁ’I(G7B) (*)

By Lemma [{.2.9] it is enough to prove the theorem for n < oo. We use
induction on n. Note that G and G/K are always both of type FPy, so we may
assume the theorem holds for n — 1. Suppose G and G/K are of type FP,,_1,
and that we have exact sequences

O—-M—-P,1—- =P —>R—=>0
of profinite left R[G]-modules with Py, ..., P,_; finitely generated and projec-

tive, and
0—-M =P _,—--—=P —-R—0
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of profinite left R[G/K]-modules with Pj,..., P;_; finitely generated and pro-
jective. Choose a set X such that there are injections ¢+ : M — X and
'+ M’ — X. Let I be a directed poset, let C € P(R[G]°P)! have []y R[G] for
all its components with identity maps between them, let B € P(R[G]°?)! such
that

lim U (B) — U(] [ RIGY)
X

is an isomorphism, with B — C given by the canonical map on each component.
Finally, note that

~T o
B&pix R € P(R[G/K])1 :
for each B?, there is an exact sequence
Fi - Fy— B' =0

with Fy and Fy free and finitely generated R[G]-modules, so by the right ex-
actness of —®;[[ KR there is an exact sequence

~ 1 ~ 1 Z‘AI
F1®R[[K]]R — FO®R[[K]]R — B ®R[[K]]R —0

with FO®5%[[K]]R and Fl®§%[[K]]R free and finitely generated R[G/K]-modules
by [23], Proposition 5.8.1]. Therefore G is of type FP,, if and only if

lim U7 H2 (G, B) — UHE (G, ]| RIG)
X

is an isomorphism (by Lemma [4.3.2)) if and only if

ling U7 H™, (G /K, By R) — UH (G/K, ] RIG/K])
X

is an isomorphism (by (x)) if and only if G/K is of type FP,, (by Lemma
1.3.9). O

Let C be a non-empty class of finite groups. Being of type FP,, over R as a
pro-C group is exactly the same as being of type FP,, over R as a profinite group,
so working in the pro-C universe instead of the profinite one gives nothing new.
On the other hand, amalgamated free pro-C products of pro-C groups are not the
same as amalgamated free profinite products of pro-C groups, and pro-C HNN-
extensions of pro-C groups are not the same as profinite HNN-extensions of pro-C
groups — essentially because, in the pro-C case, we take a pro-C completion of
the abstract amalgamated free product or abstract HNN-extension, rather than
taking a profinite completion of them. Thus, by working over a class C, we can
achieve more general results.

In the abstract case, Bieri uses his analogous results to give conditions on
the FP-type of amalgamated free products and HNN-extensions of groups using
the Mayer-Vietoris sequence on their homology. His approach does not entirely
translate to the pro-C setting, but we obtain some partial results.

See [23], 9.2] for the definition of amalgamated free products in the pro-C
case, and [23], 9.4] for HNN-extensions. We say that an amalgamated free pro-C
product G = G llg G5 is proper if the canonical homomorphisms G; — G and
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G2 — G are monomorphisms. Similarly, we say that a pro-C HNN-extension
G = HNN(H, A, f) is proper if the canonical homomorphism H — G is a
monomorphism.

Suppose, for the rest of the section, that C is closed under taking subgroups,
quotients and extensions. For example, C could be all finite groups, or all finite
p-groups — or, for example, all finite soluble 7-groups, where 7 is a set of primes.
Suppose R is a pro-C ring.

Proposition 4.3.9. Let G = G Iy Gy be a proper amalgamated free pro-C
product of pro-C groups. Suppose B is a profinite right R[G]-module. Then
there is a long exact sequence of profinite R-modules

- — HE (G,B) — H(H,B) — HFG1,B) ® H (G, B)
— HX¥G,B) - - — HI(G,B) — 0,

which is natural in B.

Proof. See [23], Proposition 9.2.13] for the long exact sequence. Naturality fol-
lows by examining the maps involved. O

Proposition 4.3.10. Let G = G1 Uy G2 be a proper amalgamated free pro-C
product of pro-C groups. Suppose B € P(R[G]°P)!. Then there is a long evact
sequence in P(R)!
= H5(G,B) — HiP (H,B) — HY (G, B) © H" (G, B)
— HF(G,B) = --- = H"(G,B) — 0,

which is natural in B.

Proof. This follows immediately from the naturality of the long exact sequence

in Proposition O

We can now give a result analogous to the first part of [I, Proposition 2.13
(1)

Proposition 4.3.11. Let G = G1 Uy G2 be a proper amalgamated free pro-C
product of pro-C groups. If G1 and G2 are of type FP,, over R and H is of type
FP,_1 over R then G is of type FP,, over R.

Proof. Take C' as in Proposition to have as each component a product of
copies of R[G], with identity maps between the components. Apply Proposition
to the long exact sequence in Proposition Then the Five Lemma
gives the result, by Proposition [£.31] O

See |23 Chapter 3.3] for the construction and properties of free pro-C groups.

Corollary 4.3.12. Finitely generated free pro-C groups are of type FPo, over
all pro-C rings R.

Proof. Unamalgamated free pro-C products are always proper by [23] Corollary
9.1.4]. O
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For proper profinite HNN-extensions of profinite groups, we also have a
Mayer-Vietoris sequence which is natural in the second variable — see [23], Propo-
sition 9.4.2]. It immediately follows in the same way as for Proposition
that we get a long exact sequence over a functor category.

Proposition 4.3.13. Let G = HNN(H, A, f) be a proper pro-C HNN-extension
of pro-C groups. Suppose B € P(R[G]°P)!. Then there is a long evact sequence
in P(R)!

o — HY (G, B) —» HE(A, B) — HM (H, B)
— HE(G,B) - --- = H" (G, B) = 0,

which is natural in B.

From this, we can get in exactly the same way as for free products with
amalgamation a result for HNN-extensions, corresponding to the first part of
[1, Proposition 2.13 (2)].

Proposition 4.3.14. Let G = HNN(H, A, f) be a proper pro-C HNN-extension
of pro-C groups. If H is of type FP,, over R and A is of type FP,,_1 over R
then G is of type FP,, over R.

4.4 Applications

Example 4.4.1. We show that torsion-free procyclic groups are of type FP
over R. See [23, Chapter 2.7] for the results on procyclic groups that will be
needed in this paper. Any procyclic group G is finitely generated, so of type
FP; by Proposition If G is torsion-free, its Sylow p-subgroups are all
either 0 or isomorphic to Z,, so (assuming G # 1) it is well-known that G has
cohomological dimension 1 — see [23, Theorem 7.3.1, Theorem 7.7.4]. Consider
the short exact sequence

0= kere » R[G] & R — 0,

where ¢ is the evaluation map defined earlier. The kernel ker € is finitely gener-
ated by Lemma [£.:2.9] We claim that it is projective — and hence that our exact
sequence is a finitely generated projective resolution of R, showing G is of type
FPo. To see this, let A be any profinite right R[G]-module, and consider the
long exact sequence

R Tor?[[G]] (A,R) — Toré%[[G]](A, kere)
— TorOR[[G]] (A, R[G]) — Toré?’[[G]](A, R) — 0.

Since R[G] is free as an R[G]-module, we get
TorPI€l (4, R[G]) =0
for all n > 1, and so

TorFIC) (A kere) = Torg_[ﬁ]] (A, R)
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for all n > 1. Now G has cohomological dimension 1, so
Torfl9 (A, R) = HE, (G, 4) =0

for n > 1, so kere is projective.

We can now use this example to construct some more groups of type FP .

It is known in the abstract case that polycyclic groups are of type FP, over
Z ([1, Examples 2.6]). In the profinite case, it has not been known whether
poly-procyclic groups are of type FP,, over Z. A result was known for pro-p
groups: poly-(pro-p-cyclic) groups are shown to be of type FP, over Z, in [31}
Corollary 4.2.5]. This proof uses that, for a pro-p group G, H%Lp(G, A) is finite
for all finite A € D(Z,[G]) if and only if G is of type FP over Z,. Indeed,
one might expect a similar result to be true for profinite G which only have
finitely many primes in their order, but an obstruction to using this method for
general profinite groups is that there are infinitely many primes, so one cannot
build up to these groups from pro-p ones using the spectral sequence finitely
many times. Similarly, although we showed directly that torsion-free procyclic
groups are of type FP, over R, there are procyclic groups which are not even
virtually torsion-free, in contrast to the pro-p case, as for example the group
Hp prime Z/pZ

We now define a class of profinite groups: the elementary amenable profinite
groups. The definition is entirely analogous to the hereditary definition of ele-
mentary amenable abstract groups given in [I5]. Let Zp be the class containing
only the trivial group, and let 27 be the class of profinite groups which are
(finitely generated abelian)-by-finite. Now define 2, to be the class of groups
G which have a normal subgroup K such that G/K € 27 and every finitely
generated subgroup of K is in %2, for a a successor ordinal. Finally, for «
a limit define 2, = Ug., Zs. Then 2" = |J, Za is the class of elementary
amenable profinite groups. For G € 2" we define the class of G to be the least
a with G € Z,,.

Note that soluble profinite groups are clearly elementary amenable.

A profinite group G is said to have finite rank if there is some r such that
every subgroup H of G is generated by r elements.

Proposition 4.4.2. Suppose G is an elementary amenable profinite group of
finite rank. Then G is of type FPo, over any profinite ring R.

Proof. By [23, Theorem 2.7.2], every procyclic group is a quotient of Z by
a torsion-free procyclic group; 7 and torsion-free procyclic groups are of type
FP by Example[4.4.1] Therefore procyclic groups are of type FP, by Theorem
and finitely generated abelian groups are a finite direct sum of procyclic
groups by [33} Proposition 8.2.1(iii)], so we get that finitely generated abelian
groups are of type FP, by applying Theorem [£.3.8] finitely many times.

Now use induction on the class of G. If G € 27, take a finite index abelian
H < G. We have shown H is of type FP,, so G is too by Lemma [4.3.3] The
case where G has class « is trivial for « a limit, so suppose « is a successor.
Choose some K <1G such that every finitely generated subgroup of K isin 2, _1
and G/K is in Z7. Since G is of finite rank, K is finitely generated, so it is in
Zwo—1. By the inductive hypothesis we get that K is of type FP,, and G/K is
too so G is by Theorem [4.3.8 O
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We spend the rest of Section [4.4] constructing pro-C groups of type FP,, but
not of type FP, 1 over Zs for every n < oo, for C closed under subgroups,
quotients and extensions, as before. King in [I7, Theorem F] gives pro-p groups
of type FP,, but not of type FP,; over Z,, but as far as we know the case
with Zs has not been done before for any other class C. Our construction is
analogous to [I, Proposition 2.14].

Given a profinite space X, we can define the free pro-C group on X, Fe(X),
together with a canonical continuous map ¢ : X — F¢(X), by the following
universal property: for any pro-C group G and continuous ¢ : X — G, there is
a unique continuous homomorphism ¢ : F¢(X) — G such that ¢ = ¢u. For a
class C closed under subgroups, quotients and extensions, F¢(X) exists for all
X by [23] Proposition 3.3.2].

Fix n > 0. Let (xg, yx) be the free pro-C group on the two generators xy, yx,
for 1 < k < n, and write D,, for their direct product (Dq is the empty product,
i.e. the trivial group). Let F7, be the free pro-C group on generators {a; : | €
Zg}, given the usual pro-C topology. We define a continuous left D,-action on
Fy, in the following way. For each k, we have a continuous homomorphism
(g, yp) — Zp defined by x,yr — 1. Now this gives a continuous D, — Z’C?.
Composing this with n-fold addition

Z’Cf—>Zé,(a1,...,an) —ar+ -+ an
gives a continuous homomorphism
f : D, — Z(f-
Now we can define a continuous action of D, on Zs by

Dy x Zg 2% 75 x Zs &5 7.
Finally, by [23, Exercise 5.6.2(d)], this action extends uniquely to a continuous
action on FZC..

Now we can form the semi-direct product A, = Fyz, x Dy, and by 23,
Exercise 5.6.2(b),(c)] it is a pro-C group. We record here the universal property
of semi-direct products of pro-C groups; it is a direct translation of the universal
property of semi-direct products of abstract groups from [3, I11.2.10, Proposition
27 (2)], which we will need later.

Lemma 4.4.3. Suppose we have pro-C groups N, H and K, with continuous
homomorphisms o : H — Aut(N) (with the compact-open topology), f: N - K
and g : H — K such that, for allz € N andy € H,

9W) f(@)g(y™") = flo(y)(x)).
Then there is a unique continuous homomorphism
h:NxH—K

such that
f=ho(N—=NxH)

and
g=ho(H— N xH).
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Proof. By [3, II1.2.10, Proposition 27 (2)] we know there is a unique homomor-
phism h : N x H — K satisfying these conditions, except that we need to check
h is continuous. The proof in [3] constructs h as the map (x,y) — f(x)g(y);
this is the composite of the continuous maps (of spaces)

NxH—->KxK-—K,
where the second map is just multiplication in K. O

We need two more results about the A,, before we can prove the main propo-
sition. Let (x,) be the free pro-C group generated by z,,.

Lemma 4.4.4. For each n > 0, Fz, X () 1is the free pro-C group on two
generators.

Proof. We will show that this group satisfies the requisite universal property.
We claim that it is generated by ag and z,,. Clearly allowing z,, (and z, ') to
act on ag gives aj, for each [ € Z. Now {a; : [ € Zs} (abstractly) generates a
dense subgroup H of Fy; {a; : | € Z} is dense in {a; : | € Zg}, so it (abstractly)
generates a dense subgroup K of H; by transitivity of denseness, K is dense in
Fz,, so {a; : | € Z} topologically generates [z, .

It remains to show that given a pro-C K and a map

fAag,zn} = K
there is a continuous homomorphism
g:Fg, x(zn) = K

such that f = gi, where ¢ is the inclusion {ag,zn} — Fz, X (z,). Observe, as
in [23] p.91], that by the universal property of inverse limits it suffices to check
the existence of g when K is finite.
To construct g, we first note that f|, extends uniquely to a continuous
homomorphism
g (zn) = K.

Now we define a continuous map of sets
f/:{alZZEZé}—)K

by

flar) = g'(L- ) flao)g' (- xn) 7Y,
where we write -, for the image of I under the obvious isomorphism Z;s = (x,);
/' extends uniquely to a continuous homomorphism

g’ Fp, — K.

Finally, by the universal property of semi-direct products, Lemma [4.4.3] we
will have the existence of a continuous homomorphism g satisfying the required
property as long as

9 W)g"(x)g (v)~' = ¢"(o(y)(x)),

for all x € Fy, and y € (z,,), where o is the continuous homomorphism (z,) —
Aut(Fz,). This is clear by construction. O
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By Corollary [4.3.12) Fz, x (x,) is now of type FP over Zg; hence, by
Theorem |4.3.8

An—l X <.’13n> = (Fzé X <.’I,‘n>) X Dn—l

is too.
The next lemma is entirely analogous to [I, Proposition 2.15].

Lemma 4.4.5. If a pro-C group G is of type FP, over Zs then Hff (G,Zs) is
a finitely generated profinite abelian group for 0 < m < n.
Proof. Take a projective resolution P, of Zs as a Zgs[G]-module with trivial

G-action, with Py, ..., P, finitely generated. Then H,FZé(G, Z¢) is the homology
of the complex Zé®Za 1G] Px, for which

Z¢Sz 101 P0; - - - L@z, 161 Pa
are finitely generated Z;-modules. Now Z; is procyclic, hence a principal ideal

domain, which implies by standard arguments that Z; is noetherian in the sense

that submodules of finitely generated Z-modules are finitely generated, and the
result follows: finitely generated pro-C abelian groups are exactly the finitely
generated pro-C Zs-modules. O

Proposition 4.4.6. (i) A, is of type FP,, over Zs.
(11) Ay is not of type FP, 1 over Zg.

Proof. (i) n =0 is trivial. Next, we observe that A,, can be thought of as the
pro-C HNN-extension of A,,_1 % (z,) with associated subgroup A4,,_; and
stable letter y,,, since the universal properties are the same in this case. It
is clear that this extension is proper.

We can now use induction: assume A,,_; is of type FP,_1 over Zs (which
we already have for n = 0). Then A,_; x (x,) is of type FP, so the
result follows from Proposition

(ii) By Lemma , it is enough to show that, for each n, Hff_l(An,Zé) is
not finitely generated. We prove this by induction once more. Exactly as
in [23, Lemma 6.8.6],

ZA P
Hy¢ (Ao, Zs) = Fz,/[Fz,, Fz,],

i.e. the pro-C free abelian group on the space Zg, not finitely generated.
As before, A, is the pro-C HNN-extension of A, 1 x (x,) with associ-
ated subgroup A,_; and stable letter y,, and we get the Mayer-Vietoris
sequence

oo HS (Anct % (20), Zg) = HiyS(Any Zg) = Hu® (An—1,Z¢)
= Hy'® (An1 % (), Zg) = -+

By Lemmam Hfil(An,l X (), Zs) and HE¢ (Ao x (xn),Zs) are

finitely generated; by hypothesis H%é (Ay—1,Z) is not finitely generated.

Hence Hfil(Am Z¢) is not finitely generated, as required.
O
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Chapter 5

Profinite Groups of Type
FP~o

5.1 Signed Permutation Modules

Suppose G is a profinite group. Write G-Top for the category of topological
G-spaces and G-Pro for the category of profinite G-spaces. We write elements
of G-Pro as (X, «), where X is the underlying space and o : G x X — X is the
action; where this is clear we may just write X. Now pick X € G-Pro. Then the
action of G on X induces an action of R[G] on R[X], by the universal property
of group rings, making R[X] an R[G]-module. We call modules with this form
permutation modules, and we call the orbits and stabilisers of G acting on X
the orbits and stabilisers of R[X]. Permutation modules satisfy the following
universal property: given an R[G] permutation module R[X], any continuous
G-map from X to a profinite R[G]-module M factors as X — R[X] — M
for a unique continuous R[G]-homomorphism R[X] — M, where X — R[X]
is the canonical G-map. This can be seen by first restricting R[X] and M
to P(R), making R[X] a free R-module, and then noting that continuous R-
homomorphisms R[X] — M are continuous R[G]-homomorphisms if and only
if they are compatible with the G-action. For later, we note that this universal
property can be expressed by the formula in the following lemma.

Lemma 5.1.1. Write Cq(X, M) for the set of continuous G-maps X — M.
Make C(X, M) into a U(R)-module by the map r- f = rf; in other words, (r-
@) =7-(f(x)). Then (as U(R)-modules) Hompgey(R[X], M) = Cq(X, M).

Proof. That Hom gy (R[X], M) and Cq (X, M) are isomorphic as sets is simply
a restatement of the universal property. That they have the same U(R)-module
structure is clear from the definition of multiplication by 7. O

Signed permutation modules are R[G]-modules which as R-modules are free
with basis X, and whose G-action comes from a continuous action of G on
X U—-X C R[X] such that g- —z = —(g-z) for all g € G,z € X U—X; the
terminology appears in [30, Definition 5.1], though in fact the definitions are
slightly different: both this definition and that of [30] are attempts to deal with
the ‘twist’ by a sign that appears in the tensor-induced complexes of [25] 7.3].
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The reason for the change is that our definition seems to be needed for Lemma
ET4

In the same way as for permutation modules, one can see that signed permu-
tation modules satisfy the property that any continuous G-map f from X U—X
to an R[G]-module M such that f(—xz) = —f(x) for all z extends uniquely to
a continuous R[G]-homomorphism R[X] — M.

For this paragraph, assume char R # 2. Now suppose P is a signed permu-
tation module of the form R[X]. Write X for the quotient G-space of X LI —X
given by x ~ —z, and ~ for the map X LI —X — X. Then we make the conven-
tion that when we talk about the G-stabilisers of P, we will always mean the
G-stabilisers of X, and the G-orbits of P will always mean the preimages in X
of the G-orbits of X.

If on the other hand char R = 2, signed permutation modules are just per-
mutation modules. So here the G-stabilisers of R[X] will be the G-stabilisers
of X and the G-orbits will be the G-orbits of X. We also define, for char R = 2,
X = X and ~= idy. We use the notation that G acts on X U —X to cover
both cases.

We now need to establish some basic properties of signed permutation mod-
ules. The following lemma is an adaptation of [23] Lemma 5.6.4(a)].

Lemma 5.1.2. Suppose R[X] is a signed permutation module. Then XU—X =
@(Xi U—X;), where the X; U—X; are finite quotients of X U—X as G-spaces
such that the map X U—-X — X; U —X; sends X to X; and —X to —X;. Thus

RIX]= lm RX]= lm R[X],
P(R[G]) P(R[G])

where the R; are the finite quotients of R. We say that such quotients R;[X;]
of R[X] preserve the algebraic structure.

Proof. If char R = 2, we are done. Assume char R # 2.
Consider the set S of clopen equivalence relations R on X U —X such that,
considered as a subset of (X U—-X) x (X U—-X),

RC(XxX)U(—X x —X)
and
($7y) ER < (71,7 7y> €R.

In other words, an equivalence relation R € S is one which does not identify
anything in X with anything in — X and identifies two elements in — X whenever
it identifies the corresponding two elements of X; then R € S if and only if
(X U—=X)/R has the form X; U —X; for some finite quotient X; of X (as
profinite spaces, not profinite G-spaces). Since X = @ Pro X,

XU-X=lmX;U-X; = lim (XU-X)/R.
Pro Pro,S

We want to show that for every R € S there is some R’ C R which is G-
invariant: then it follows that

XU-X = lim (XU-X)/R
G-Pro,{ReS:R is G-invariant}
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by [23| Lemma 1.1.9], because {R € S : R is G-invariant} is cofinal in S, and
all these quotients are quotients as G-spaces.
So suppose R € S and define R’ = ngeG gR, where

IR ={(gz,9y) € (X U-X)x (XU-X): (z,y) € R}

Now we see in exactly the same way as the proof of [23, Lemma 5.6.4(a)] that
R’ is clopen; clearly R’ is G-invariant, and R’ € S because

RCRC(XxX)U (=X x —X)
and

(7,y) € R' & (v,y) € gR, Vg

(97 2,97 y) € R,y
(—g~'z,—g7'y) € R,Vyg
(—z,—y) € gR, Vg
(—z,—y) e R.

It follows that R[X] = lim , (RICD) R;[X;] because every continuous G-map
f from X U—X to a finite R[G]-module M such that f(—z) = —f(x) for all x
factors through some quotient G-space X; U —X;, and clearly the induced map
f X, U=X; —» M satisfies f'(—x) = —f'(x), so every morphism R[X] — M
factors through some R[X;] by the universal property of signed permutation
modules, and hence through some R;[X;]. O

Lemma 5.1.3. Suppose R[X] is a signed R[G] permutation module, and that
G acts freely on X. Then R[X] is free.

Proof. 1f char R = 2, we are done. Assume char R # 2.

As profinite G-spaces, X = G'xY for some Y on which G acts trivially by [23]
Corollary 5.6.6]; take the preimage Y of Y in X. Then we want to show R[X] is
afree R[G]-module with basis Y. Now G acts freely on GxY, so by the universal
property of free R-modules it is enough to show that XU—X = GxYU—(GxY)
as topological spaces. The inclusion ¥ — X U —X gives a continuous map

GXY—->Gx(XU-X)>XU-X

and similarly for —(G xY), after multiplying by —1. Hence we get a continuous
map G XY U—(G xY)— X U—X which is bijective by the choice of Y, so the
two are homeomorphic because they are compact and Hausdorff. O]

Permutation modules behave nicely with respect to induction of modules;
we want to show the same is true of signed permutation modules.

We first recall the definition of induction: on H-spaces, for H < G, we
define Indg by the universal property that, given X € H-Pro, X’ € G-Pro and
a continuous map f : X — X’ as H-spaces, f factors uniquely through a map
f':Ind% X — X' of G-spaces. Clearly Ind$ X is unique up to isomorphism. In
addition this property makes Indg a functor in the obvious way. Analogously,
given A € P(R[H]), B € P(R[G]), Ind is defined by the universal property
that a morphism f : A — B in P(R[H]) factors uniquely through f” : Indg A—
B in P(R[G]).
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Recall also that, given H < G, it is possible to choose a closed left transversal
T of H by [33, Proposition 1.3.2]. In other words, T is a closed subset of G
containing exactly one element of each left coset of H in G. By [33], Proposition
1.3.4] we then have a homeomorphism G =2 T x H as spaces.

Lemma 5.1.4. Let H < G, and suppose R[X] € P(R[H]) is a signed permu-
tation module. Then Ind$; R[X] is a signed permutation module in P(R[G]).

Proof. Assume char R # 2; otherwise we are done.

We know that X U —X € H-Pro, and any composite map f: X U—-X —
R[X] — M for M € P(R[G]) satisfies f(—x) = —f(z) for all z € X.

Now Ind% (X U—X) can be constructed in the following way: choose a closed
left transversal T of H in G and take the space T x (X U—X) with the product
topology. Every element of G can be written uniquely in the form th with
teT,he H. Sogiven g € G,t € T, write gt in the form t'h, t' € T,h € H and
define g- (t,z) = (', h-x). This gives an abstract group action on T x (X U—X)
because, if got = t'hy and git’ = t"hy, for g1,90 € G,t,t',t" € T,hy,hs € H,
g1g2t = t"h1hs and hence

g1-(g2-(t,2)) = g1-(t',ha-x) = (¢, hy-(ho-2)) = (t", (hiha)-2) = (9192) - (t, 2);

to see the action is continuous, note that we can write the action as the following
composite of continuous maps:

GxTx(XU-X)2 G x (XU-X)
24 H x (X U—X)

id Xa

X T X (X U—X).

Here m is multiplication in G, 8 is the homeomorphism G — T x H, and «
is the H-action on X U —X. We claim that the space T' x (X U —X), with
this G-action, satisfies the universal property to be Indg (X U—-X), where the
canonical map X U—X — Ind% (X U—X) is given by 2 — (1, z). Indeed, given
M € P(R[G]) and a continuous map

f:XU-X M
of H-spaces such that f(—z) = — f(z) for all z € X, define
T x (XU—=X)— M, f :(t,z)—t- f(z):
this is a G-map because, for gt =t'h, g € G,t,t' €e T,h € H,
fllg- )= f(th-a)=t" f(h-z)=(t'h) - f(z) =g (t f(x))
The uniqueness of this choice of map is clear. Moreover, we have
fit,—z) =t f(—a) =t - (=f(2)) = —(t- f(z)) = = f'(t,2),

and hence by the universal property of signed permutation modules f’ extends
uniquely to a morphism R[T x X]| — M, where R[T x X] is the signed permu-
tation module with the G-action on T' x X U —(T x X) given by the G-action
on T x (X U—X). By the universal property of induced modules this R[T x X]
is Ind% R[X]. O
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If R[X] is a signed R[G] permutation module with X = G/H as G-spaces,
we may write R[X] = R[G/H; o], where o is the G-action on X U —X, with
the understanding that G acts on G/HU—G/H, for each g € G,tH € G/H, by
either o(g,tH) = gtH or o(g,tH) = —gtH (and similarly for —tH € —G/H).
When there is no ambiguity we may simply write R[G/H] for this. In particular,
each element of H acts on the cosets 1H U —1H by multiplication by +1, giving
a continuous homomorphism e : H — {1}, which we will refer to as the twist
homomorphism of R[G/H;0o].

Lemma 5.1.5. Write R’ for a copy of R on which H acts by h-r = e(h)r.
Then we have Ind$ R’ = R[G/H; ).

Proof. Assume char R # 2; otherwise we are done.
By Lemma we have that Ind§ R’ = R[Ind$ {+1}]. We will show that,
as G-spaces,
Ind% ({£1},¢) = (G/H U —-G/H,0).

Now by the choice of € we have a continuous map
f:{xl} - G/ HU-G/H,+1 — +1H

of H-spaces satisfying f(—z) = — f(z), and the proof of Lemma [5.1.4 gives us a
continuous map f : Ind%{£1} — G/HU—G/H of G-spaces extending this, such
that f'(—z) = —f'(z). Explicitly, choosing a closed left transversal T of H as
before, IndG{+1} = TU —T, and f'(t) = o(t,1H) for t € T, f'(t) = o(t,—1H)
for t € —=T. Now f’ is bijective because every element of G/H U —G/H can be
written uniquely in the form o(¢,1H) or o(t, —1H) for some ¢t € T. Therefore
f’ is a homeomorphism, and we are done. O

Finally, we justify our introduction of signed permutation modules, instead
of permutation modules. As stated at the beginning of the section, they are an
attempt to deal with the tensor-induced complexes of [25], 7.3]. We sketch the
construction of these complexes.

To fix notation, we start by defining wreath products. Given G € PGrp, let
G" be the direct product in PGrp of n copies of G. Let S,, be the symmetric
group on n letters, acting on the right. Then the wreath product of G by
Sy, written G S,,, is the semidirect product of G™ and S,,, where S,, acts by
permuting the copies of G. More explicitly, we can write G S,, as G" x S, as
a space, with group operation

(hiy. ooy hn,m) - (B, bl 7' = (hahy ., ... hphl, '),
Since the action of S, on G™ is continuous, this makes G 1 .S, a topological
group, which is then profinite because it is compact, Hausdorff and totally
disconnected.

Suppose G € PGrp. Let P, be a non-negative complex of profinite R[G]-
modules. Then one can take the n-fold tensor power of P, P§”7 over R by
defining

P = EB P, QR ®RrP;,,
it =k
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with the differential maps coming from repeated use of the sign trick in [32]
1.2.5]: this gives a non-negative complex of profinite R-modules. Moreover, by
[25] 7.3], it can be made into a complex of R[G1S,,]-modules by the G1.S,,-action

(h17 EER) hna W) : (ql® to ®qn) = (71)11 : hlqlﬂ® te ®thnﬂ-

where the ¢; € P, are homogeneous elements and v is the integer

v=>_  deg(gir)deg(gjx).

1<jim>gm
We can now generalise [25], 7.4] slightly — the proof is largely the same.

Proposition 5.1.6. Suppose
-+ = R[X1] = R[Xo] — 0

is an exact sequence in P(R[G]) of signed permutation modules, and write P,

for this chain complex. Then P?" is an exact sequence of signed permutation
modules in P(R[G 1 S,]).

Proof. Assume char R # 2; the proof for char R = 2 is similar.

First note that each module in P, is free as an R-module, so, for each i,
R[[Xi]]é@ Rr— is an exact functor on R-modules, and hence P®" is exact by n — 1
applications of [32] Lemma 2.7.3]. Now as R-modules one has

P = @  RIXuJor--©rRIX,]=R[ || Xix-xX,]
i14tin=k i1+ i =k
by [23], Exercise 5.5.5(a)], so we simply need to show that
|_| XiIX---XXi"U—( |_| Xilx"'XXin)
i1 etin=k i1 tin =k

is a G .S,-subspace of R[[|_|i1+__4+in:k Xy x - xX; ] If 2@+ &z, is an
element of this subspace, so that x; € X;, U—X;, for each j, we have

(h17 ey hna ﬂ-) : (x1® tee ®l’n) = (71)1/ : h’lxlﬂ'® Tt ®hnzn7r7
and then i1, + -+ 4+ iyr =11 + - - - i, = k. Moreover, for each j we have

Tjn € Xijﬂ U _Xijﬂ = hj.%‘jﬂ— S Xijw U-X

TS

as required. O

5.2 A Hierarchy of Profinite Groups

We define classes of groups and closure operations on them as in [I9], except that
all our groups are required to be profinite and all maps continuous. Thus, for
example, all our subgroups will be assumed to be closed unless stated otherwise.
As there, for a class of profinite groups X, we let sX be the class of closed
subgroups of groups in X, and LX be those profinite groups G such that every
finite subset of G is contained in some subgroup H < G with H € X. We also
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define a more general version L’ of L: L'X is the class of profinite groups G which
have a direct system of subgroups {G;}, ordered by inclusion, whose union is
dense in G, such that G; € X for every i. Given two classes X and %), we write
X9 for extensions of a group in X by a group in ).

Lastly, we define HgX to be the profinite groups G for which there is an
exact sequence 0 — P, — -+ — Py — R — 0 of R[G]-modules, where, for each
i, P; is a signed permutation module, all of whose stabilisers are in X. We will
refer to this as a finite length signed permutation resolution of G.

Note that Hpr is not a closure operation. Instead, we use it to define
inductively the class of groups (Hpg)o,X for each ordinal a: (Hg)oX = X,
(Hp)aX = Hp((HR)a—1X) for a a successor, and (Hg)aX = Uz, (HR)pX for
a limit. Finally, we write HrX = |J,(Hg)oX. It is easy to check that Hg is a
closure operation.

Similarly we can define (LHR)oX = X and (L'HR)pX = X, then (LHR)X =
LHR((LHR)a—1%) and (L'HR)oX = L'HR((L'HR)q—1%) for a a successor, and
finally (LHR)oX = Us.,(LHR)sX and (L'HRr)aX = Uz ,(L'HR)sX for a a

limit. Then let CHEX = |, (LHR)oX and THX = |J, (L'Hg)oX: this gives
two more closure operations with HpX < LHRpX < L'LHRX < L'HRX for all X.
The final inequality holds because L'CHr¥ < L'L’'HrX and

L (LHR)oX < UH(LHR)oX = (L'HR) 011X, Va = L/L/'I-{\Rff = L/’I;%x.

Remark 5.2.1. In the abstract case, [19, 2.2] shows that any countable LHgX-
group is actually in HrX, greatly diminishing the importance of L, inasfar as
the hierarchy is used to study finitely generated groups. The same argument
does not work for profinite groups.

From now on, § will mean the class of finite groups, and J the class of the
trivial group.

Proposition 5.2.2. Let X be a class of profinite groups.
(i) sHrX < HpsX.

(i) (HpsX)F < Hps(XF).

(iii) (ARS)(HRS) = HRS.

Proof. (i) Use induction on . We will show that s(Hg)aX < (Hp),sX for
each a. The case when « is 0 or a limit ordinal is trivial. Suppose G €
S(HRr)a+1X and pick H € (Hp)a+1X with G < H. Take a finite length
signed permutation resolution of H with stabilisers in (Hg),X. Restricting
this resolution to G gives a finite length signed permutation resolution
whose stabilisers are subgroups of the stabilisers in the original resolution
of H, so the stabilisers are in s(Hg)oX < (Hp),SX, where the inequality
holds by our inductive hypothesis, and hence G € (Hg)qa+18X.

(ii) Use induction on a. We will show that ((HRr).S5X)§ < (Hg)oS(XF) for
each a. The case when « is 0 or a limit ordinal is trivial. So suppose
G € ((BHR)a+15%)F, and suppose Hopen G, H € (HR)a+15X. Take a finite
length signed permutation resolution of H with stabilisers in (Hg),SX.
Then we get a finite length signed permutation resolution of H ! S|q,m|
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(iii)

by Proposition @ Moreover, G embeds in H ¢ S|/ by [25} 7.1], so
by restriction this is also a finite length signed permutation resolution of
G. Finally, it is clear from the construction that the stabilisers under the
G-action are all finite extensions of subgroups of stabilisers in the original
resolution of H, which are in (Hg),5X by (i) and our inductive hypothesis.
Therefore this tensor-induced complex shows that G € (HR)a+15X3.

Use induction on a. We will show that (HgF)((HR)aS) < HrF for each
a. The other inequality is clear. The case when « is a limit ordinal is
trivial; the case a = 0 holds by (ii). Suppose G € (HrF)((HR)a+138) and
pick H < G such that H € Az and G/H € (Hg)a+15. Take a finite
length signed permutation resolution of G/H with stabilisers in (Hg),§.
Restricting this resolution to G gives a finite length signed permutation
resolution whose stabilisers are extensions of H by stabilisers in the original
resolution of G/H, so the stabilisers are in (AzF)((HR)aT) < HrJ, where
the inequality holds by our inductive hypothesis, and hence G € HgF.

O

Proposition 5.2.3. Let X be a class of profinite groups.

(i) sStHRX < LHpsX.

(i) (LHRSX)§ < LHRS(XF).
(iii) (LHRS)(LHRF) = LHRS.

Proof. (i) Use induction on . We will show sHi(LHR),X < Hi(LHR),SX

and hence that S(LHR)a+1X < (LHR)qa+18X for each . The case when
a is 0 or a limit ordinal is trivial. Suppose first that G1 € SHr(LHR)aX
and pick Hy € Hi(LHR),X with G; < H;. Take a finite length signed
permutation resolution of H; with stabilisers in (LHg),X. Restricting this
resolution to G; gives a finite length signed permutation resolution whose
stabilisers are subgroups of the stabilisers in the original resolution of Hi,
so the stabilisers are in s(LHR),X < (LHR)nSX, where the inequality
holds by our inductive hypothesis, and hence G; € Hr(LHR),SX. Suppose
next that G, € S(LHR)QJA% and piCk H; € (LHR)aJrl% with Go < Hs.
Every finitely generated subgroup of Hs is contained in some K < Hj
with K € Hir(LHR).X, so every finitely generated subgroup of Hs is in
Hp(LHR),SX by our inductive hypothesis. In particular this is true for
the finitely generated subgroups of Ga, and hence G2 € (LHR),4+15%.

Use induction on . The case when « is 0 or a limit ordinal is trivial. We
will show that ((LHR)aSX)T < (LHR)aS(XF) for each o. So suppose G €
((LHR)a+15%)F, and suppose H gpen G, H € (LHR)q+15X. It suffices to
prove that every finitely generated subgroup of G belongs to Hr(LHR),SX,
and so we may assume that G is finitely generated. This implies H
is finitely generated, by [23] Proposition 2.5.5], so H € Hr(LHR).SX.
Take a finite length signed permutation resolution of H with stabilisers in
(LHR),SX. Then we get a finite length signed permutation resolution of
H1S\¢ | by Proposition Moreover, G embeds in HS|¢,q| by [25,
7.1], so by restriction this is also a finite length signed permutation reso-
lution of G. Finally, it is clear from the construction that the stabilisers
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under the G-action are all finite extensions of subgroups of stabilisers in
the signed permutation resolution of H, which are in (LHg),8X by (i) and
our inductive hypothesis. Therefore this tensor-induced complex shows
that G € Hr(LHR),SX.

(iii) Use induction on a. We will show that (LHRF)((LHR).S) < LHRS for
each . The other inequality is clear. The case when « is a limit ordinal
is trivial; the case a = 0 holds by (ii). Suppose G € (LHRF)((LHR)a+1F)
and pick H <G such that H € LHF and G/H € (LHR)o 1135 It suffices to
prove that every finitely generated subgroup of G belongs to LHrS, and so
we may assume that G is finitely generated. This implies G/H is finitely
generated, so G/H € Hr(LHR)o3§. Take a finite length signed permutation
resolution of G/H with stabilisers in (LHR),§. Restricting this resolution
to G gives a finite length signed permutation resolution whose stabilisers
are extensions of H by stabilisers in the original resolution of G/H, so the
stabilisers are in (LHRF)((LHR)oS) < LHRS, where the inequality holds

by our inductive hypothesis, and hence G € LHRZF.
O

Remark 5.2.4. The reason we sometimes use L rather than 1’ is that L is closed
under extensions; if one could show the same was true for L’ then one could con-
struct a class containing all elementary amenable groups (see below) for which
the main result would hold. However, we can still recover ‘most’ elementary

e —_—
amenable groups using a combination of LHr§ and L'HRS.

We can also compare the classes produced by using different base rings.

Lemma 5.2.5. Suppose S is a commutative profinite R-algebra. Then HrX <
HgX, LHRX < LHgX and L'HRX < L’'HgX.

Proof. Clearly X < 9 = LX < 1) and L'X < 1), so we just need to show
X <9 = HrX < HgY: then it will follow by induction that for each «
that (Hr)aX < (Hs)oX, (LHR)oX < (LHg)oX and (L'Hp)oX < (L'Hg)oX, as
required. Given G € HgX and a finite length signed permutation resolution

0—-P,—-P,1—--—>PFP—>R—-0 (%)

with stabilisers in X, note that, since every module in the sequence is R-free,
the sequence is R-split, so the sequence

0— S®rP, = S®pP,_1 — -+ = SQrPy — SOrRR=S — 0  (*x)

is exact — here each module is made into an S[G]-module by taking the S-action
on S and the G-action on P;.

Now, for a signed R[G] permutation module R[X], S®rR[X] = S[X] as
S-modules by [33 Proposition 7.7.8], and then clearly the G-action makes this
into a signed S[G] permutation module. So, applying this to (**), we have a
finite length signed permutation resolution of S as an S[G]-module, and the
stabilisers are all in X because the stabilisers in (*) are, so we are done. O

The next lemma gives a profinite analogue of the Eilenberg swindle; it is very
similar to [33], Exercise 11.7.3(a)], though using a slightly different definition of
free modules. Recall that projective modules are summands of free ones.
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Lemma 5.2.6. Suppose P € P(A) is projective, where A is a profinite R-
algebra. Then there is a free F € P(A) such that P ® F is free.

Proof. Take Q € P(A) projective such that P @ @ is free on some space X.
Take F' to be a countably infinite coproduct of copies of Q @ P in P(A): by the
universal properties of coproducts and free modules, F is free on (the profinite
completion of) a countably infinite disjoint union of copies of X. So is

POPF=PpoQoePoQd- -,
for the same reason. O

Note that, in the same way, for a summand P of a signed permutation
module in P(R[G]) there is a signed permutation module F' such that P& F is
a signed permutation module. It is this trick that allows us to define Hr using
finite length resolutions of signed permutation modules, rather than resolutions
of summands of signed permutation modules, without losing anything: we can
always replace a resolution of the latter kind with one of the former. In particular
we get the following corollary.

We define the cohomological dimension of a profinite group G over R, cdgr G,
to be pdgygy R, the minimal length of a projective resolution of R in R[G],
where R has trivial G-action.

Corollary 5.2.7. Groups of finite cohomological dimension over R are in HRJ.

Proof. Put A = R[G]. Given a finite length projective resolution of R,
0—-+PFP,—-P,1— =P —>R—0,

we can assume Fy,..., P,_1 are free. Indeed, one can see this inductively: if
Py,...,P,_y are free, i < n — 1, take some @) such that P; & @ is free, and
replace P;, P;11 with P; & Q, P11 & Q, with the map between them given by
(Piy1 — P;) @idg. Then take a free module F' such that P, & F' is free:

0P, ®F—>P, 1®F 5P, 25— =P —>R—0
gives the required resolution. O
Let 7 be a finite set of primes.
Proposition 5.2.8. Elementary amenable pro-m groups are in Iﬁl\z&

Proof. We use induction on the elementary amenable class «; the case a = 0 is
trivial. The case of limit ordinals is also trivial. So suppose « is a successor,
and suppose 2,_1 < LH;§. Then L2, 1 < LLH,§ < LH;LH;§ = LH,J.
Suppose G € %, and take a normal subgroup Gy € LZ,_; such that G/G; is
in Z7. Now G/G is virtually torsion-free finitely generated abelian, so it has
a finite index subgroup which is torsion-free abelian and hence this subgroup
has finite cohomological dimension by [33, Proposition 8.2.1, Theorem 11.6.9].
Therefore by Corollary it is in H;J < B,F, and hence G//G is in H;F too

by Proposition ii). Therefore G € LH;F by Proposition iii). O

Now we note that many elementary amenable profinite groups are prosoluble:
these include soluble profinite groups, and by the Feit-Thompson theorem they
include all elementary amenable pro-2’ groups, where 2’ is the set of all primes
but 2.
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Corollary 5.2.9. Elementary amenable prosoluble groups are in LTEZS,

Proof. We show that these groups are in L’ L/H\Z{g’. By [23, Proposition 2.3.9],
prosoluble groups G have a Sylow basis; that is, a choice {.S,, : p prime} of one
Sylow subgroup for each p such that 5,5, = 5,5, for each p,q. Therefore,
writing p,, for the nth prime, we have a subgroup G,, = S,, - --Sp, for each n,
and hence a direct system {G,,} of subgroups of G whose union is dense in G.
By Proposition each G, is in L/H\ZS, so we are done. O

Note that in fact this shows that, for any prosoluble group G — and hence
any profinite group of odd order — if each G,, is in some ]‘_71—33%7 in the same
notation as above, then G is too.

Profinite groups acting on profinite trees with well-behaved stabilisers give
further examples of groups in our class, in the spirit of [T9, 2.2(iii)], though the
profinite case seems to be rather harder to control here than the abstract one.
See [23] Chapter 9.2] for the definitions of (proper) pro-C free products with
amalgamation.

Lemma 5.2.10. Suppose G1,G2, H are pro-C groups, where C is a class of
finite groups closed under taking subgroups, quotients and extensions. Suppose
we have G1,Ga, H € LHRX (or L/’il\Rf) Write G1 xg Go for the free pro-C
product of Gy and G4 with amalgamation by H, and suppose it is proper. Then
Gixpg Gy € L/I-ﬁ%x (07" L/’}ng)

Proof. We get a finite length permutation resolution from [I3], Theorem 2.1]. O

We finish this section by listing, for convenience, some groups in L/’H\ZS'.
e Finite groups (with the discrete topology) are in §.

e Profinite groups of finite virtual cohomological dimension over 7 are in

H;5, by Corollary and Proposition ii). Hence:

e I'ree profinite groups are in Hy§.

e Soluble profinite groups are in (L'Hy),§, by Corollary [5.2.9

e Elementary amenable pro-p groups are in L/’H\Zg for all p, by Proposition
and elementary amenable profinite groups of odd order are too, by

Corollary

Finally, for G a compact p-adic analytic group, G is a virtual Poincaré duality
group at the prime p by [3I, Theorem 5.1.9], and hence by definition G has finite
virtual cohomological dimension over Z,, and so G € Hz,§. In particular this
includes Z,-linear groups by [33], Proposition 8.5.1].

5.3 Type L Systems

To be able to use the hierarchy of groups defined in the last section, we want to
relate the construction of a group within the hierarchy to its cohomology, and
so gain results about the structure of the group, analogously to [I9]. Specifi-
cally, this section will deal with the interaction of cohomology and the closure
operation L, and the next one with the interaction of cohomology and Hpg.

99



For the rest of the chapter, we will be studying profinite groups of type
FP, so unless stated otherwise we will write Homy (—, —) for HomE\PO’P) (=, -),
Ext} (=, —) for Ext{"")"(— —) and H}(G, ) for H =G, -).

We call a direct system {A’:4 € I} of A-modules a Type L system if there
is some iy € I such that the maps f? : A% — A’ for each i > iy are all
epimorphisms. Then, considering {A?} as a direct system in T'(A),

Ulim A) = lim  U(A") = U(A"°)/ | ker(Uf)
T(A) Mod(U(A)) i>io

by [32, Lemma 2.6.14] and the remark after Proposition We can see from
this, and from the proof of Proposition that lim, ) A* has as its underly-
ing module U(A')/ Uisi, ker(U fi%), with the strongest topology making each
map
fro A= UAR)/ | ker(U )
i>ig

continuous, such that U(Ai(’)/UiZiU
module. But the quotient topology induced by the map f* satisfies these con-
ditions: it makes U(A™)/U,s, ker(U f*?*) into a topological A-module by [3]
I11.6.6]; it makes f continuous; it makes each f, i > iy continuous because,
given an open set U in A% /] ker(f"?),

(f)HO) = (f) 7 (HTHO)

is open in A% and A’ has the quotient topology coming from fi? (because all
the modules are compact and Hausdorff), and by the definition of the quotient
topology this means that (f*)~1(U) is open in A?, as required. Hence

ker(U fi°%) is made into a topological A-

i>ig

li(_r[r\} At = A ] ker(f77)

S

i>ig

as topological modules. Note that this quotient is compact, as the continuous
image of A,
Recall from Proposition that we know lim , @

pletion of ligT ) A", Hence there is a canonical homomorphism

Al is the profinite com-

o : hg Al — hg At
T(A) P(A)
Since @P(A) A is Hausdorff, ker(¢) = ¢~1(0) is closed in MT(A) A in partic-
ular, ker(¢) contains the closure of {0} in lim, ) A*. Hence ¢ factors (uniquely)
as .
limg A” = A%/ | ] ker(F07) £ A% /| kex(fior) — limg A'.
T(A) (240 1210 P(A)

Now A" /{J;~;, ker(f®?) is a quotient of a profinite A-module by a closed sub-
module, so it is profinite; hence, by the universal property of profinite comple-

tions, v factors uniquely through ¢. It follows that

lim A" = A/ ] ker(fio?).

P(A) i>ig
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Given A € P(A), we can think of A as an object of P(R) by restriction. This
functor is representable in the sense that it is given by Homy (A, —) : P(A) —
P(R).

Lemma 5.3.1. Direct limits of Type L systems commute with restriction. Ez-
plicitly, let {A'} be a Type L system in P(A). Then

hﬂ HomA(A,Ai) = I‘IOIIIA(A7 hgn AZ)
P(R) P(A)

Proof. By our construction of direct limits in P(A), both sides are just the
restriction to P(R) of A%/ Uis, ker(f??), given the quotient topology. O

It follows by additivity that

lim Hom, (P, A®) = Hom, (P, lim A
P(R) P(A)

for all finitely generated projective P € P(A).

Proposition 5.3.2. Suppose M € P(A) is of type FP, and let { A*} be a Type
L system in P(A). Then for each n we have an epimorphism

ling Ext} (M, A") = Ext} (M, lim A).
P(R) P(A)

Proof. We show this in two stages. Take a projective resolution

SN NI (N RN
of M with each P, finitely generated. We will show first that

H"(lim Hom, (Py, A%)) = Ext} (M, lim A’).
P(R) P(A)

To see this, consider the commutative diagram

0 lignp(R)I_IOIHA(P(%féli)Hli_I>nP(R):['IOIIIA(Ph}U’)H...

l l

0 —— Hom, (Py, limy, | A") —— Hom (Py,lim, | AT) —> - -

in P(R). The homology of the top row is

H"(lim Hom, (P, A")),
P(R)
the homology of the bottom row is Ext; (M, h_H}l P(A) A?), and the previous lemma
shows that the vertical maps are all isomorphisms.
The second stage is to give epimorphisms

limg Ext} (M, A — H™( ling Hom, (P,, AY)).
P(R) P(R)
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Recall that hgl P(R) S right-exact, so that we get an exact sequence

lim ker(Hom (f,,, AY)) — lim Homy, (P, A")
P(R) P(R)

~ lim Hom (P, 41, A,
P(R)

and hence an epimorphism

lim ker(Hom (f,,, A")) — ker( lim Homy (f,,, A%)).
P(R) P(R)

Now consider the commutative diagram

lim ,  Homa (P, A') ——lim , ) ker(Homy (fn, A))

: |

ling , Hom, (P, 1, A") —— ker(h—n}P(R) Hom (fn, A%))

0

lim , ) ExtA (M, A)

|

H"(ligp(R) Hom, (P,, A%)) ——=0

whose top row is exact because hg PR is right-exact, and whose bottom row
is exact by definition of homology. It follows by the Five Lemma that

lig Ext} (M, A’) — H"(lim Hom, (P;, A%))
P(R) P(R)

is an epimorphism, as required. O
The next lemma will allow us to make new Type L systems from old ones.

Lemma 5.3.3. Suppose G € PGrp. Suppose M € P(R[G]) is projective as an
R-module, by restriction, and let {A*} be a Type L system in P(R[G]). Then
{M&RrA'} is a Type L system in P(R[G]), where each M&®gA® is given the
diagonal G-action.

Proof. Because M&p— preserves epimorphisms, we just need to show that it
commutes with direct limits of Type L systems; that is, we have to show that
if {A*, f¥} is a Type L system, then

P(R) P(R)
We have a canonical homomorphism
g lim (M&RAY) — M&g lim A%
(R

1 1
P(R) P(R)
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it is an epimorphism because the epimorphism

g : MRrA™ - M®pg h_n} Al
P(R)

factors as
MépA™ & lim (M&RAY) & Mép lim A’
P(R) P(R)
In fact we will show that ker g’ C kerh; this implies that ¢ is injective, as
required.
Now
ker g = M&pgker f* = M&p U ker fiot
i>ig

by the exactness of M®@r— (because M is R-projective) and the construction of
direct limits of Type L systems; moreover, writing g*? for M@r A% — M®@rA?,
we have by exactness of M®gr— again that ker g®* = M &g ker f??. Hence, by
the construction of direct limits of Type L systems,

ker h = U ker giot = U M®& g ker fiod,

i>ig i>ig

Thus we are reduced to showing that the subspace

U M&pker f! C M&p U ker fioi

i>ig i>ig

is dense. This can be seen by considering inverse limits: if M = yLnMj, then
Uiz, ker fiof = yLnNk, with all the M;, Ny, finite, then

Még | ker fioi = lim M; &5 N,

i>ig

and by the denseness of |, ker fiotin Ui, ker fio?, for each k there is some
i such that ker f©* — N, is surjective, so Mj®R ker fio! — Mj®RNk is too.
Denseness follows by [23] Lemma 1.1.7]. O

Finally, we need one more result to apply this to the problem of getting
information about group structure. Suppose G € PGrp, let H be a subgroup of
G, and let {H;} be a direct system of (closed) subgroups of H, with inclusion
maps between them, whose union H' is dense in H —note that H' is an (abstract)
subgroup of H, because the system is direct. Thus we get a corresponding
direct system {R[G/H;]} of R[G] permutation modules whose maps come from
quotients G/H; — G/H;. Note that this system is Type L, because the maps
R[G/H;] — R[G/Hj|] are all epimorphisms.

Lemma 5.3.4. @P(R[{G]}) R[G/H;] = R|G/H]. Hence {R[G/H;]} is Type L.
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Proof. Recall that, for X € G-Pro and M € P(R[G]), we let Cz(X, M) be the
U(R)-module of continuous G-maps X — M. We have

Hompygy( lim  R[G/H;], M) = lim  Hompgpey(R[G/H:], M)
P(R[G]) Mod(U(R))
lim  Ca(G/H:, M)
Mod(U(R))
= Ce( lim G/H;, M)
G-Pro
= HOIHR[[GH(R[[ hgl’l G/HJ],M) :
G-Pro

the first and third equalities hold by the universal property of colimits; the
second and fourth hold by the universal property of permutation modules,
Lemma Since this holds for all M, we have h_n>1P(R[[G]]) R[G/H;] =
R[[li—n;lG-Pro G/H;], so we just need to show that lim . G/H; =G/H.

To see this, we will show first that MG-Top G/H; = G/H'. Note that we
have compatible epimorphisms G/H; — G/H’, and hence an epimorphism f :
@G-Top G/H; — G/H'. Note also that the maps G/H; — liﬂc_%p G/H; are
surjective. Suppose f(z) = f(y) for x,y € ligg_Top G/H;. Take a representative
2’ of x in some G/H;,, and a representative 3’ of y in some G/H;,. Now the
images of ' and y' are in the same left coset of H' in G, i.e. a’hy = y'hy for
some hq,hy € H'. Write H; for the subgroup of H' generated by hi, he,z and
y. Thus the images of 2’ and y’ are in the same left coset of H; in G, i.e. 2’ and
y" have the same image in G/H; and hence in ligG_Top G/H;,sox =y, and f is
injective. Finally, note that, in exactly the same way as the construction of Type
L direct limits, hgl G-Top G/ H; has the quotient topology coming from G, which
is the same as the one on G/H'. Thus, by Propositioﬁn li_n>1G_Pm G/H;
is the profinite completion of G/H’, which is just G/H' = G/H by the same
argument as for Type L systems. O

By Lemma , h_n>1P(R) R[G/H;] = R[G/H] as well; indeed, by the same
lemma, any compatible collection of G-actions on these modules gives a direct
limit whose underlying R-module is R[G/H], and whose G-action is just the
one coming from any of the quotient maps

fi - RIG/H;] — R[G/H].

So if R[G/H;o] is a signed R[G] permutation module, define R[G/H;;0;] for
each i to be a signed R[G] permutation module by the G-action o;(g,z) = gx
if (g, fi(x)) = gfi(x) and o;(g9,2) = —gz if o(yg, fi(x)) = —gfi(x), for all
g € Gyx € G/H;U—G/H;. Clearly these G-actions are all compatible, and
they have as their direct limit (in P(A)) R[G/H;o]. In particular, we get the
following result.

Corollary 5.3.5. Given a signed R[G] permutation module R[|G/H;o], and
a direct system {H;} of subgroups of H whose union is dense in H, there is a
Type L system of signed permutation modules of the form R[G/H;;o;] whose
direct limit is R[|G/H;o].
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5.4 Type H Systems

Suppose A € P(A) has the form MjEJ A;, where each A; € P(A) is finite.
Suppose in addition that each A; is a direct sum A;; @ --® Aj ,; of A-modules
such that, whenever j; > jo, the morphism ¢, ;, : A;, — A;, has the property
that, for each k, ¢;,j,(A;, &) is contained in some Aj, 7. Then we say A has
the structure of a Type H system.

In the same notation, write I; for the set {1,...,n;}. Then the structure of
the Type H system induces a map v;, , : I;, — I;, for each j; > jo in J, giving
an inverse system {I; : j € J}: if ¢;,;, (A5, k) C Aj, w, define ¢;, ;. (k) = k.
Write I for the inverse limit and ¢; for the map I — I;. I is clearly profinite,
because it is the inverse limit of a system of finite sets; also I is non-empty
by [23, Proposition 1.1.4]. Now pick i € I. We call A® = @j Aj . ) the ith
component of A.

Proposition 5.4.1. Suppose M € P(A) is of type FP,. Suppose A € P(A)
has the structure of a Type H system. Suppose {A’:i € I} are the components
of A. Then for each n we have an epimorphism

P Exti(M,A") — Ext} (M, A).
P(R),i

Proof. Many aspects of the Type H structure carry over to Ext} (M, A).

Exty(M,A) = lim Ext} (M, A,)

—
P(R),j
by [3I, Theorem 3.7.2], and similarly
Ext} (M, A") = lim Ext}(M,A4;, @) (%)
P(R),j

for each ¢ € I. By additivity,
EXtX(M, AJ) = EXtX(M, Aj,l) @ e @ EXtX(M, Aj,nj)~

Note that each Ext (M, A;) and Ext} (M, A; ) is finite, because M is of type
FP.., and there are only finitely many homomorphisms from a finitely generated
A-module to a finite one.

Write C; for the image of

gj + Exty (M, A) — Ext} (M, A;) :

then by [23] Corollary 1.1.8(a)] we know Ext} (M, A) = y—P(R),j C;. We claim
that
fi+ €D Exti(M,A") = C;
P(R),i

is an epimorphism for each j, and then the proposition will follow by [23 Corol-
lary 1.1.6]. To see this claim, fix some j, and suppose that the image of f; is
some submodule C} # C;. We will obtain a contradiction by showing that the
image of f; is strictly larger than Cj.
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Now define, for 3/ > j, IJ’-, C I;s to be those elements k of I for which the
image of Ext} (M, Aj 1) in Ext} (M, A;) is not contained in C. For each j' > j
the map g; factors as

Ext} (M, A) 25 Ext (M, A;) 22 Ext? (M, A;),

so im(g;;) 2 im(g;) = Cj; hence I}, # @, and so I' = @j?j Il # @ by [23
Proposition 1.1.4].

Pick i € I'. By definition of I', Ext} (M, A; ;) is not contained in C?,
Ext} (M, Aj.,)) \ O} # @. Suppose that, for each & € Exty (M, A;,.@i)) \

there is some j, > j such that
v g im(f;, .o @) Bxty (M, Ay, @) — Exty (M, Aj)).

Since J is directed, there is some jy € J such that jy > j, for all = in the finite
set Exty (M, A;,,)) \ Cj. For each such x, im(fj, ., )) € im(fj, ., ) and
hence x ¢ im(f;,, LJ (1)), so that im(fj, ., () € Cj. But we chose ¢;, (i) to be in
I s SO Im f]o,bm g %, contradicting our supposition. Therefore there must
be some z € ExtA(M AJ 4 (1)) \ Cj such that, for every j' > j, x € im(fj/7bj,).
Write f; for the map Ext} (M, A*) — Ext} (M, A;), so that by () we have
f; = %iLnj, fjr ;- For every j' > j we have f;ij/(x) # @, and hence, taking
inverse limits over j/, we get (f‘)* (z) # @ by [23, Proposition 1.1.4], so that
z € im(f}) \ Cj. Finally, it is clear from the definitions that im(f;) 2 im(f}),
so x € 1m(f]) \ C”7 proving our claim and giving the result. O

As in the last section, we want to be able to make new Type H systems from
old ones.

Lemma 5.4.2. Suppose G € PGrp. Suppose M, A € P(R[G]), M = lim, My,
and let A = Y&ny, Aj1 © -+ @ Ajn, have the structure of a Type H system
in P(A). Suppose {A® : i € I} are the components of A. Then MRpA €
P(R[G]), with the diagonal G-action, has the structure of a Type H system
given by 1&1 ) k(Mk®RAj,l) ®- D (Mk®RAj7nj) with components {M@rA'}.

Proof. This is immediate, since ®r commutes with L and finite direct sums
commute with both. O

Again, this section finishes with a couple of lemmas allowing us to get infor-
mation about group structure.

Lemma 5.4.3. Suppose G € PGrp, and suppose {X;} is an inverse system in
G-Pro with X = @j X;. If each X; has a single G-orbit, so does X.

Proof. Write ¢; for the map X — X;. For Y C X, define G-Y = {gy :
g € G,y €Y} Pick x € X. Then ¢;(G-{z}) = G- ¢;({z}) = X for each j,
because each X has a single G-orbit, so G-{z} = @j X; = X by [23, Corollary
1.1.8(a)]. Hence the orbit of = is the whole of X. O

Lemma 5.4.4. Suppose G € PGrp, and suppose R[X] € P(R[G]) is a signed
permutation module. Then R[X] has the structure of a Type H system whose

components are signed permutation modules R[X'], where the X' are the G-
orbits of R[X].
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Proof. By Lemmawe can write X' U—X = lim X; U — X, where the X; U
—X; are finite quotients of X U —X preserving the algebraic structure. If R =
lim, Ry, R[X] = l'&nj’l Ri[X,], and each R;[X;] is a signed R;[G] permutation
module. Now as a G-space X; = (X;U—X;)/ ~ is the disjoint union of its orbits
m, co+s Xjn;, where ~ is the relation x ~ —z, so X; U —Xj is the disjoint
union of G-spaces X1 U—Xj1,..., X, U—Xj,, . Therefore we get

Ri[X;] = Ri[X;ja] © - & Ri[Xj,].
y for the map Ry, [Xj,| — Ri,[X,).

For l; > [y an(LlZ Ja2, write ¢(l1-,j1)(l2
For each orbit Xj, ,,

(b(ll,jl)(lz,jz)(thkl U _le,kl) = Xj2,k2 U _Xj27k2’

,J2

where X, 1, is the image of X, 5, in X;, (since X, », has only one orbit, so
any G-map image of it has one orbit too). Therefore

¢(l1,j1)(l2,j2) (Rll [thkl]) = Rlz [ij,k2]v

and hence we have the structure of a Type H system.

Now write I; = {1,...,n;}, define the maps I;; — I; for j/ > j coming from
the Type H structure, and let I = l'&ng, I;, v : I — I;. We give a bijection
between I and the set of orbits of R[X]. Given a G-orbit X’ of R[X], any
G-map image of it has one orbit too, so for each j,1 the image of

R[X'] = R[X] — Ri/[X]]

must be contained in some R;[X;; ] with one orbit. Define the element i € I
to be the inverse limit over j of ¢; and define the map b : {orbits of R[X]} — I
by b(X') = .

Conversely, for i € I, each X, (;) has a single G-orbit, so Xi = I‘Lnj X ()
does too, by Lemma It is easy to see the map i — X' is inverse to b,
giving the result. O

5.5 The Main Result

We can now use these results to get information about groups of type FP, in
IT}EQS. Given abelian categories C, D, define a (—00, 00) cohomological functor
from C to D to be a sequence of additive functors 7% : C — D, i € Z, with
natural connecting homomorphisms such that for every short exact sequence
0—-L—M-—N—0in C we get a long exact sequence

o 5 TYN) - T(L) = T™(M) — T"(N) — - --

We start by giving a (slight) generalisation of [19, 3.1], which holds for all
(—00,00) cohomological functors. The proof is a dimension-shifting argument
which goes through entirely unchanged.

Lemma 5.5.1. Let T* be a (—o00,00) cohomological functor from C to D. Let
0—+M -M,_1— -+ —=My—L—=0

be an ezact sequence in D. If T*(L) # 0 for some i then T"T (M;) # 0 for some
0<j<r.
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Define Hj(G, —) = 0 for n < 0. The functors H} (G, —) thus defined form
a (—00,00) cohomological functor from P(R[G]) to P(R).
The following theorem corresponds roughly to [19, 3.2].

Theorem 5.5.2. Suppose G € 17};{.’{ is of type FPo. Then there is some sub-
group H < G which is in X, some signed R[G] permutation module R[G/H; 0]
and some n such that HY(G, R[G/H;o]) # 0.

Proof. Note first that HY(G, R) = R # 0.

Consider the collection O of ordinals [ for which there exists ¢ > 0 and
H < G such that H € (L'HRg)sX and HL(G, R[G/H;]) # 0, for some signed
R[G] permutation module R[G/H;7]. It suffices to prove 0 € O. Observe first
that O is non-empty, because G € (L'Hg),X for some «, and then o € O by
hypothesis. So we need to show that if 0 # g € O, there is some v < 8 such
that v € O.

So suppose H € (L'HRg)sX and H4L(G,R[G/H;7]) # 0. If B is a limit, H
is in (L'HR),X for some v < 8, and we are done; so assume [ is a successor
ordinal. Now pick a direct system {H;} of subgroups of H whose union is dense
in H, with H; € Hr(L'Hg)g_1X for each j. Then we have a Type L system
{R[G/Hj; 7]} whose direct limit is R[G/H; ] by Corollary so we have
an epimorphism

lim Hpy(G, R[G/Hj;7]) — Hi(G, R[G/H;7])

P(R),j
by Proposition thus there is some j such that Hy(G, R[G/H;;7;]) # 0
too.

Suppose R[G/Hj; ;] has twist homomorphism § : H; — {£1}, and write
R’ for a copy of R on which H; acts by h-r = 6(h)r. Recall that H; €
Hr(L'Hg)s—1%; take a finite length signed permutation resolution

0O—-P,—-PFP,1—> - —>FP—-R—-0

of R as a trivial R[H;]-module with stabilisers in (L'Hgr)g_1%, and apply in-
duction Ind%j(—@RR’), where —®pR’ is given the diagonal H; action, to get
a sequence

0 — Ind§ (Po®@grR') — Indf (Py1@pR) — -
— Indf (Py®rR') — Indf (R&RR') — 0
which is exact by [23], Theorem 6.10.8(c)]. Now
Indf (R&rR') = R[G/H;; 7]
by Lemma [5.1.5} hence, by Lemma [5.5.1
Hy" (G, Ind (P,&RR))) # 0

for some 0 < r < n. Now Indgj (P,&RrR') is a signed permutation module P by
Lemma [5.1.4] so it has the structure of a Type H system, by Lemma with
components of the form R[G/K;7'], some K € (L'Hg)s_1X. By Proposition

B4 } ‘
P HE (G RIG/K:7']) - HE (G, P)
P(R),K
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is an epimorphism, so there is some K such that Hi'"(G, R[G/K;T']) # 0.
Since K € (LHR)p_1X, this completes the inductive step of the proof. O

In particular, if the only X-subgroup of G is the trivial one, by Lemma/[5.1.3
there is some n such that H (G, R[G]) # 0. If X = §, we can say slightly more.

Corollary 5.5.3. Suppose G € L/’I—;S is of type FP,. Then there is some n
such that HE(G, R[G]) # 0.

Proof. From Theorem [5.5.2] we know there is a finite H < G, a ¢ and an n such
that HE(G, R[G/H;0]) # 0. Pick an open normal subgroup U < G such that
U N H = 1: such a subgroup exists because the open normal subgroups of GG
form a fundamental system of neighbourhoods of the identity by [23], Lemma
2.1.1]. Then the Lyndon-Hochschild-Serre spectral sequence [31), Theorem 4.2.6]
gives that H (U, R[G/H;0o]) # 0, for some i < n. As a U-space, the stabiliser
of the coset gH, g € G, has the form

UNHY =U9 NnHY =UNH)?’ =1

hence G/H is free as a U-space, so as an R[U]-module R[G/H;o] is finitely
generated and free by Lemma and additivity gives H% (U, R[U]) # 0. Now

Hp(G, R[G]) = = Hi(G, Indg R[U])
= HEL(G, CoindS R[U]) by [B1} (3.3.7)]
= HL(U,R[U]) #0 by [23, Theorem 10.6.5],

as required. O

As in [I9] Theorem A], there is no particular reason to restrict from Ext-
functors to group cohomology: all we need to know is that the first variable of
these functors is of type F P, over R[G], and that it is projective on restriction
to R. We sketch the proof of the theorem which follows from this observation;
it is almost exactly the same as the proof of Theorem [5.5.2

Theorem 5.5.4. Suppose G € LHRX. Suppose M € P(R[G]) is projective
as an R-module, by restriction, and is of type FPo over R[G]. Then there is
some subgroup H < G which is in X, some signed R[G] permutation module

R[G/H ;o] and some n such that Extqy (M, M®gR[G/H;a]) # 0.

Proof. Replace Hy (G, —) with EX‘G%HGH (M, —). Replace the signed permutation
module coefficients R[X] of these functors with M&@prR[X], with the diagonal
G-action. Then the proof goes through as before, after noting three things: that
M®pr— preserves Type L structures by Lemma that it preserves Type H
structures by Lemma and that it preserves exactness of finite length signed
permutation resolutions because finite length signed permutation resolutions of
R are R-split. O

Once again, if the only X-subgroup of G is the trivial one, by Lemma [5.1.3|
there is some n such that Extiprey(M, M®&gR[G]) # 0. There is also a result
corresponding to Corollary
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5.6 Soluble Groups

We now establish some properties of nilpotent profinite groups; here we take
nilpotent to mean that a group’s (abstract) upper central series becomes the
whole group after finitely many steps. All these results correspond closely to
known ones in the abstract case, but there doesn’t seem to be a good profinite
reference, so they are included here.

Lemma 5.6.1. Fach term in the upper central series of a profinite group is
closed.

Proof. We show first that Z; (G) is closed. For each g € G, the centraliser Cg(g)
of g is the inverse image of 1 in the continuous map G — G,z +— [g, ], so it is
closed. Then Z1(G) = (,cq Ca(g) is closed.

Now we use induction: suppose Z;_1(G) is closed. We know the centre of
G/Z;—1(Q) is closed, and Z;(G) is the preimage of Z(G/Z;—1(G)) under the
projection G — G/Z;_1(G); hence Z;(G) is closed too. O

Thus nilpotent profinite groups are exactly the profinite groups which are
nilpotent as abstract groups.
Since G is nilpotent as an abstract group, write

G = C;bs(G) > Cgbs(G) >

for the terms of the abstract lower central series of G, and define the profi-
nite upper central series by C"(G) = C7% (G). Each C"(G) is normal, as

abs
the closure of a normal subgroup. Moreover, since [G,CT, (G)] = C™H(G),
we have [G,C"(G)] = [G,C% (G)] = C"™(G). If G has nilpotency class

k, C*1(G) =1 = C*1(G) = 1. In particular C™(G) has nilpotency class

abs

k+1—n,forn<k.

Lemma 5.6.2. Suppose G is a finitely generated nilpotent profinite group of
nilpotency class k. Then every subgroup H < G is finitely generated.

Proof. Let X be a finite generating set for G. Write G%* for the dense subgroup
of G generated abstractly by X, and C? (G*) for the terms in its (abstract)
upper central series. Now

02 (Gabs) — [Gabs’ Gabs] — [Gabs, Gabs] — [G7 G] — CQ(G)

abs
By [24, 5.2.17], C?,.(G*) is abstractly finitely generated, so its closure C%(G)
is topologically finitely generated.

We now prove the lemma by induction on k: when k£ = 1, G is abelian, and
we are done by [33] Proposition 8.2.1]. So suppose the result holds for & — 1.
Since C%(G) has class k — 1 and G/C?(G) has class 1, by hypothesis H N C?(G)
and H/(H N C?%(G)) are both finitely generated, and hence H is too. O

Lemma 5.6.3. Suppose G is a finitely generated torsion-free nilpotent profinite
group. Then G is poly-(torsion-free procyclic).

Proof. Suppose G has nilpotency class k. Consider the upper central series of
G,
1<Z1(G)<--- <1 Z,(G) =G.
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If we show that every factor Z;11(G)/Z;(G) is torsion-free, then it will follow by
Lemmal[5.6.2] that every Z;;1(G)/Z;(G) is finitely generated torsion-free abelian,
hence poly-(torsion-free procyclic), and we will be done. Both these facts are
known in the abstract case.

Clearly Z;(G) is torsion-free, and we use induction on k, on the hypothesis
that Z;11(G)/Z;(G) is torsion-free whenever G of nilpotency class k has Z;(G)
torsion-free. k = 1 is trivial. For k > 1, we show first that Z2(G)/Z1(G) is
torsion-free by showing, for each 1 # = € Z5(G)/Z1(G), that there is some
¢ € Hom(Z3(G)/Z1(G), Z1(G)) such that ¢(z) # 1. Then the result follows
because Z1(G) is torsion-free. So pick a preimage x’ of z in Z>(G). =’ ¢ Z1(G),
so there is some g € G such that 1 # [g,2] € Z1(G). Now define

¢’ Z2(G) = Z1(G),y = [g,yl;
note that ¢’ is a homomorphism, because

[gaylyQ] = [gayl][yh [gayQ]HgayQ] = [gayl][gayQ]a
since [g,y2] € Z1(G) = [y1,]9,92]] = 1. ¢'(2') # 1, and Z1(G) < ker(¢'), so

this induces ¢ : Z3(G)/Z1(G) — Z1(G) such that ¢(x) # 1, as required.
By hypothesis, the centre of G/Z1(G) being torsion-free implies that

Zi+1(G)/Z;(G) = Z;(G/ Z1(G)) [ Z;-1(G [ Z1(G))
is torsion-free, for each j. O

By [33], Proposition 8.1.1], the class of profinite groups of finite rank is closed
under taking subgroups, quotients and extensions. Procyclic groups have finite
rank by [33, Proposition 8.2.1], and hence Lemma shows that finitely
generated torsion-free nilpotent profinite groups have finite rank. Note too that
this implies that such groups are of type FP,, over any R, by Proposition

Lemma 5.6.4. Let G be a finitely generated torsion-free nilpotent pro-p group of
nilpotency class k, and let F' be a free profinite Z,[G]-module. I]‘HZ)(G7 F)#0,
then k <n and G has rank < n.

Proof. Suppose G has Hirsch length m. Note that & < m by Lemma [5.6.3
Then Lemma W gives also that cdz,G = m, by [31, Proposition 4.3.1], and
that G is a Poincaré duality group in dimension m by [31, Theorem 5.1.9].
Hence H%p(G, F) =0 for i #m, and so m =n > k. G is built, by extensions,
out of n groups of rank 1, so G has rank < n, by repeated applications of [33]
Proposition 8.1.1(b)]. O

Lemma 5.6.5. Let G be a profinite group, and suppose M € PD(R[G]) such
that HI({P’PD)’n(G,M) # 0 for some i. If H is a subnormal subgroup of G,
there is some i < n such that HI({IP’PD)J(H, M) #0.

Proof. For H normal, we use the Lyndon-Hochschild-Serre spectral sequence,
Theorem |3.3.12] For H subnormal, we have a sequence

H=G,<19G,_1<-- <Gy =G,
and we use the spectral sequence repeatedly to show that for each 0 < k <m

there is some 1y < n such that H]({P’PD)’R’“ (G, M) # 0. O

111



Lemma 5.6.6. Fvery subgroup H of a profinite nilpotent group G is subnormal.
Proof. Consider the upper central series of G,
1921(G)<--- < Zk(G) =G.

Then
H<HZ(G) < - <HZy(G) =G

gives a subnormal series for H: to see that HZ;(G) is normal in HZ;1(G),
note that H clearly normalises HZ;(G), and Z;+1(G) does because

[Zi41(G), HZ(G)] < [Zi41(G), G] < Zi(G) < HZi(G),
so HZ;11(G) does too. O

For abstract groups, the Fitting subgroup is defined to be the join of the
nilpotent normal subgroups. [33, Section 8.4] defines a profinite Fitting sub-
group of a profinite group G as the inverse limit of the Fitting subgroups of the
finite quotients of G this is not the definition we will use. Instead we define the
abstract Fitting subgroup to be the abstract subgroup generated by the nilpotent
normal closed subgroups of G.

Proposition 5.6.7. Let G be a torsion-free pro-p group, N its abstract Fitting
subgroup, and N > N the closure of N in G. If there is some free profinite
Z,[G]-module F € PD(Z,[G]) such that HS'"TPY"™(G, F) # 0, then N is
nilpotent of nilpotency class and rank < n. ’

Proof. We claim the join of any finite collection Ny, ..., N, of nilpotent normal
closed subgroups of G is nilpotent, normal and closed. Consider the abstract
join N’ of these as subgroups of an abstract group: then it is known that
N’ is nilpotent and normal. Moreover, because all the subgroups are normal,
N’ = Njp .-+ N,,, which is closed in G, so N’ is the join of Ny, ..., N,, as profinite
subgroups of G, and we are done.

So we can see N as the directed union of the nilpotent normal subgroups of
G. Suppose H is a finitely generated subgroup of G, generated by finitely many
elements of N. Then H is contained in a nilpotent normal subgroup of G (and so
it is also contained in N); hence it is finitely generated torsion-free nilpotent pro-
p, and subnormal by Lemma So by Lemma HéIIDP’PD)’Z(H7 F) #0 for
some i < n. Also H is of type FP, over Z,, so H%p(H7 F) # 0 by Proposition
[3:4:2) and hence H has nilpotency class and rank < n by Lemma

This holds for every finitely generated subgroup of IV, so N is nilpotent of
class < n. Thus the continuous map

n+1 n+1
NXNx---xN—=[N,N,[---,N]---]]

has image 1, and by continuity its closure
n+1 n+1
NxNx---xN—=[N,[N,[--,N]---]]

also has image 1. Therefore N is nilpotent of class < n too, and it is normal
because N is, so by definition of N we have N < N = N = N. Finally, we
have shown that every finitely generated subgroup of N has rank < n, so N
does too. O
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One of the useful properties of the Fitting subgroup for abstract soluble
groups is that it contains its own centraliser. The easiest way to show that the
same property holds for profinite soluble groups is to show that the two are the
same.

Lemma 5.6.8. Let G be a profinite group and N its abstract Fitting subgroup.
Write G for G considered as an abstract group, and let N be the Fitting
subgroup of G®*. Then, as (abstract) subgroups of G, N = N%*. Thus, for G
soluble, N contains its own centraliser in G.

Proof. Every nilpotent normal closed subgroup H of G is a nilpotent normal
abstract subgroup, so every such H is contained in NP3, and hence so is N, i.e.
N < Nabs,

Suppose instead that H is a nilpotent normal abstract subgroup of nilpo-
tency class i. Then the closure H is a normal closed subgroup of G. As before,
the continuous map

i+1 i+1
HxHXx---xH—|[H(H,J-,H] ]

has image 1, and by continuity its closure
i+1 i+l
HxHx---xH—[H[H,[ - ,H]--]]

also has image 1, so H is nilpotent. Hence H < H < N, and therefore N#P% <
N. O

The following result corresponds roughly to [I8, Theorem B], and answers
[23, Open Question 6.12.1] in the torsion-free case.

Theorem 5.6.9. Let G be a virtually torsion-free soluble pro-p group of type
FP,, over Z,. Then G has finite rank.

Proof. We can assume G is torsion-free: if it isn’t, take a finite index torsion-
free subgroup. Write N for the abstract Fitting subgroup of G. By Corollary
there is some n such that Hj (G,Z,[G]) # 0; by Proposition we

have H%P’PD)’"(G, Zy[G]) # 0 too, because G is of type FP,, and because G
is second-countable, by Remark c), so Z,[G] is second-countable too and
hence in PD(Z,[G]) by Remark i). Thus Proposition [5.6.7] gives us that
N is closed and has finite rank. Then, writing Cq(N) for the centraliser of N
in G, we have a monomorphism G/Cg(N) — Aut(N), and Aut(N) has finite
rank by [IIl Theorem 5.7], so G/Cg(N) has finite rank too. But by Lemma
Ca(N) < N has finite rank, so G does. O

We observe that, by Proposition Theorem has the following con-
verse: Suppose G is a soluble pro-p group of finite rank. Then G is virtually
torsion-free of type FP, over Z,.

Note that the proof uses the fact that G is second-countable. The class of
second-countable profinite groups includes all finitely generated profinite groups,
and hence all pro-p groups of type FP; over Z, (and all subgroups of such

groups), by Remark ¢). By Remark a), in fact all prosoluble groups
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of type FP; over 7. are finitely generated. On the other hand, the following
example shows that a group in 17}1\2{3” need not be second-countable even if it is
of type FP;. This example is adapted from [I0, Example 2.6]; the approach is
the same, but we construct groups which are not second-countable.

Ezxample 5.6.10. Consider a product of copies of As, the alternating group on
5 letters, indexed by a set I. Suppose I has cardinality N, for some ordinal
. Since Aj is simple, the finite quotients of []; As are all [, A5. By [10,
Example 2.6], the minimal number of generators of H?=1 As tends to oo as n
does, but the augmentation ideal ker(Z[[]/_, As] — Z) is 2-generated for all n.
It follows by [10, Theorem 2.3] that [[; A5 is of type FP; over Z.

Since Aj is discrete, the family F' of neighbourhoods of 1 in []; As of the

form
( 11 As) x {1}, x -+ x {1},
{i€l:ii, .. it}
for any 41,...,% € I, is a fundamental system of neighbourhoods of 1 in [[; As.

Since I has cardinality X, F' does too. Hence by [23, Proposition 2.6.1] []; A5

has weight X,. In particular, for a > 0, [[; A5 is not second-countable.
Finally, to see that [[; As € L’H;§, the easiest way is to note that @, As is

dense in []; As, and @, As is clearly locally finite, so we have [[; A5 € L'F.

Question 5.6.11. Are there profinite groups of type FPo which are not finitely
generated?

5.7 An Alternative Finiteness Condition

We change notational convention once again: in this section, H"(G, —) will
(P,D),n
mean H (G,-).

According to [23] Open Question 6.12.1], Kropholler has posed the question:
“Let G be a soluble pro-p group such that H"(G,Z/pZ) is finite for every n.
Is G poly[-pro]cyclic?”. Now, we know by [3I, Corollary 4.2.5] that requiring
H™(G,Z/pZ) to be finite for every n is equivalent to requiring that G be of type
p-FP o, and by [31], Proposition 4.2.3] equivalent to requiring that H"(G, A) is
finite for every n and every finite Z,[G]-module A. Also, by [33, Proposition
8.2.2], G is poly-procyclic if and only if it has finite rank. So there are two
possible profinite analogues of this question, either of which, if the answer were
yes, would imply [23, Open Question 6.12.1].

Question 5.7.1. Let G be a soluble profinite group such that H"(G, A) is finite
for every n and every finite Z[G]-module A. Is G of finite rank?

Question 5.7.2. Let G be a soluble profinite group of type FPo, over 7. Is G
of finite rank?

We will show that the answer to the first of these questions is no. Question

[b-72) remains open.

In this section, all modules will be left modules.

By analogy to the pro-p case, we define profinite G to be of type FP!, (over
Z) if, for all finite Z[G]-modules A, m < n, HZ'(G, A) is finite. This definition
extends in the obvious way to profinite modules over any profinite ring. Clearly,
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by the Lyndon-Hochschild-Serre spectral sequence [23, Theorem 7.2.4], being of
type FP/, is closed under extensions. In the same way as [31, Proposition 4.2.2],
FP,, = FP), for all n < oo; in this section we will see that the converse is not
true.

Lemma 5.7.3. If G is pronilpotent of type FP1, the minimal number of gener-
ators of its p-Sylow subgroups is bounded above.

Proof. For G pronilpotent, by [23, Proposition 2.3.8], G is the direct product
of its (unique for each p) p-Sylow subgroups. If G is finitely generated, pick a
set of generators for G; then their images in each p-Sylow subgroup under the
canonical projection map generate that subgroup. Hence the minimal number
of generators of the p-Sylow subgroups of G is bounded above. We know G is
a fortiori prosoluble, so by Proposition and Remark a) G is of type
FP; if and only if it is finitely generated, and the result follows. O

Lemma 5.7.4. Suppose A is a finite G-module whose order is coprime to that
of G. Then Hg(G, A) is 0 for alln > 0.

Proof. By [23, Corollary 7.3.3], ¢d,(G) = 0 for p { |G|. In particular,
HZ (G, A), =0for all p | |A],n > 0.
On the other hand, by [23, Proposition 7.1.4],
H2(G,A) = @ HZ (G, Ay) = P HZ(G, A), =
pll A pll Al
O

Proposition 5.7.5. Let G be pronilpotent. Then G is of type FP), if and only
if every p-Sylow subgroup is of type FP!.

Proof. Suppose every p-Sylow subgroup is of type FP/,. Suppose A is a fi-
nite Z[[G]] module. Now A is finite, so only finitely many primes divide the
order of A. Suppose pi,...,pm are the primes for which p; | |A|, and write
7 for the set of primes without p1,...,pm,. Write G again as the direct prod-
uct of its p-Sylow subgroups, G = Hp Sp. By the Lyndon-Hochschild-Serre
spectral sequence ([23, Theorem 7.2.4]) ]/, S,, is of type FP;,. Thus, apply-
ing the spectral sequence again, H%JFS(G, A) is a sequence of extensions of the

groups HZ(TT;~, Sp,, Hi(I1,cr Sps A)), which by Lemma collapses to give
HIP (T, Sp,, Allver ) finite.

Conversely, if some S, is not of type FP,, there is some S,-module A and
some k < n such that HZ"'(SP,A) is infinite. All groups are of type FPy and

hence of type FP(, so we have k > 0. Then by Lemma we have that
HE(Sp, A) = €D HE(Sp, Ay) = HE(S,, Ay)
Pl A

is infinite, and so we may assume A = A,. Then we can make A a G-module by
having every S,/, p’ # p, act trivially on A, and the spectral sequence together
with Lemma [5.7.4] gives that

HE(G, A) = HE(S,, Al 50) = HE(S,, A),

which is infinite, and hence G is not of type FP/,. O
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Finally, as promised, we will answer Question by constructing a soluble
(in fact torsion-free abelian) profinite group of type FP’_ which is not finitely

generated, and hence not of type FP; by Proposition and Remarks[4.3.5(a),
and not of finite rank.

Example 5.7.6. Write p, for the nth prime, and consider the abelian profinite
group G =[], (Ili~, Zp,). By Lemma G is not of type FP;. By Ex-
ample and the Lyndon-Hochschild-Serre spectral sequence, the p,-Sylow
subgroup [}, Z,, of G is of type FP, for each n, and hence of type FP. . So

by Proposition G is of type FP._.
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